E. E. TeipThliInHUKOB

MATPUYHBIN AHAJII3

n

JINMHENMHAS AJITEBPA

Mocksa 2004—2005






OrjiaBJjieHue

IIpeauncnosue

Jlekmus 1
1.1 JInHeiinbie OTOOPAYKEHUA U MATPUIIBL . . .« « . .« o o o v o o oo o
1.2 VMHOKEHUE MATPHUIL .+« o v e v o e e e e e e e e e e e e e e
1.3 AcconmmaTuBHOCTD YMHOMKEHUS MATPUTL . . « + « o« o o o o o oo o
1.4 HexkoMMyTaTHBHOCTD YMHOXKEHHS MATPHUIL . . . . . « « « « o o o o . .
1.5 CiioykeHre MATPUI © YMHOYKEHHE HA YUCTO . . . . . . . o« o . o . . .
1.6 VMHOKEHHE OJIOYHBIX MATPHIL .« .« « v v v v v v e e e e e e e e e e
1.7 BuraucanTesbHbIN aCIEKT YMHOXKEHAA MATPHIL . . . . « . . « . . . . .
1.8 XOpolIma, JIU TPOTPAMMAT . .« . v v v v v v e e e e e
1.9 Meron BuHOorpaza . . . . . . . . . . ... e e
1.10  Meton IlTpaccena . . . . . . . . . . . .
1.11  Pexypcus A n X N-MATPHUIL . . . « « « o v v v v o e et e e e e e

Jlekmnus 2
2.1 MHOXKECTBA M 3JTEMEHTBI . . .« o v o v o e e e e e e e e e
2.2 Orobparkennst, (PyHKIUU, OTEPATOPBI . . . . « o o o o o o oo oo o ..
2.3 AreOpanvecKknme OMEPAIHAT . . . . . . . o . o o o v e e e
2.4 ACCONMATUBHOCTD M CKOOKH . . . . v o o it v i it e e e e e
2.5 AcconmmaTuBHOCTD MPU YMHOKEHUH MATPHUIL . . . . . . . . . . . . . . .
2.6 Dpymmbr . . oo
2.7 [TpuMepsr a0ETEBBIX TPYIIIT & o o v v v v o e e e e e e e e e e e e
2.8 ['pynmna HeBBIDOXK/IEHHBIX JUArOHAJBHBIX MATPHUIL . . . . . . . . . . .
2.9 ['pynmna HeBBIPOXK/IEHHBIX TPEYTOABHBIX MATPHI . . . . . . « . . . . .
210 Iloarpymmbl . . . . . . o Lo e
2.11  CTemeHH MEMEHTA . . . .+« + v v v et et e e e
2.12 HWKIAYIECKHE TPYIIIIBL . .+ « v v v v v e e e e e e e e e e e e e e

Jlekiusa 3
3.1 Cucrema JUHEHBIX aJredpanvdecKux ypaBHEHUNH . . . . . . . . . . . .
3.2 JInHEHHBIE KOMOMHAIIAM . . . . . . o v v v v e e e e e e e e e
3.3 JIMHEIHAS 3ABUCHMOCTD . .+ + « o v v v vt e e e e e e e e e
3.4 JIMHEIHAS HE3ABUCHUMOCTD . .+ . .« « v v v v e e e e e e e e e e e
3.9 Tpau3uTuBHOCTH JUHEHHON 3aBUCUMOCTH . . . . . .+ + « o o o o . . .
3.6 MonoTonHOCTH YHC/Ia JUHEHHO HE3aBUCUMBIX BEKTOPOB . . . . . . . .
3.7 Bazuc m pasMepHOCTDb . . . . . ...
3.8 JlomostHEHME JIO OABMCA . . . v v v . e e e e e e e e e e
3.9 CymecTBOBAHME OA3BMCA . . . . v v o v v o e v e e e e e e e e

© 0000~~~ O O Ut ot [

e e e e e e e e
U Ot Ot s s W W NN = =



1

OI'TABJIEHNE

3.10

Jleknus 4
4.1
4.2
4.3
4.4
4.5
4.6

JIekmug 5
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8

JIekmnusg 6
6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8

Jlekiua 7
7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
7.10

Jleknuga 8
8.1
8.2
8.3
8.4
8.5
8.6

COBMECTHOCTH CHCTEMBI JIMHEHHBIX ajaredOpandeckux ypapaeauii . . . 21

23
NuaukaTop MUHEHHON 3aBUCHMOCTH . . . . « « o v o v v v v e e o oo 23
[ToAcTAaHOBKHM M MEPECTAHOBKH . . . « « « « v v o v v v e e e e e oo 23
HUKABI 1 TPAHCTOBUIME . .+« o . o v o e e e e e e e e e e e e e e e 24
YHeTHOCTD MOACTAHOBKH . . . . . « + t v vt v v e e e e e e e e e 26
EnnncTBeHHOCTH MHAMKATOPA JUHEHHON 3aBUCUMOCTH . . . . . . . . . 27
(@) 11 0P (B 0% cX) 23 28

29
Onpeneurenb TPAHCTIOHUPOBAHHON MATPUIBI . . . . . . . . . . . . . 29
Onpeaenurenb Kak QYHKIUSA CTOJIONOB (CTPOK) MATPUIBL . . . . . . . 29
CymecTBoBaHIe WHANKATOPA JUHEHHON 3aBUCHMOCTH . . . . . . . . . 31
[ToAMATPHAIIBI 1 MEHODPBL .+ « + v v v v v v e e e e e e e e e e e e o 31
BaMedaHue O MOACTAHOBKAX . . . + « v v v v v v v e e e e e e e 32
Pazbuenne MHOXKECTBA MOACTAHOBOK HA, MOIAMHOMXKECTBA, . . . . . . . . 32
Teopema Jlammaca . . . . . . . . . ... 33
OnpegenmuTenb 0JT0YHO-TPEYTOABHONR MATPHAIIBL . . .+ .+ . o+ « o . . . . 34

35
OOpaTHAST MATPHIIA « + « « « « o v e e e e e e e e e e e e e e 35
Kpurepuit 06paTuMOCTH MATPHUIIBI . . . . o o o o v o v e e e e e e 35
Obpaienne u TPAHCIOHAPOBAHME . . . . . o .« v v o e v e oo e 36
['pynma oOpaTHMBIX MATPHIL . . . .« v v v v v e e e e e e e e e e 37
ObpaleHue HEBBIPOKACHHON MATPHIIBL . . .+ « « v o v v v v o v 37
[IpaBumo Kpamepa . . . . . . . . . . . . . ... 38
OnpenenuTenb TPOUSBEAECHUS MATPHIL . . . . . « o o o o v o oo v o 38
O0paTUMOCTD W HEBBIPOKIEHHOCTD . .« . « o« o o o et e e o e oo . 39

41
Paznenenne mepeMeHHBIX M MATPHIIBL . . .« « + v v v v v v v v v o o 41
CKeJIeTHOE PABTIOKEHIE .« v v v v v v o e e e e e e e e e e 41
Panr marpunbt . . . .. ..o 42
OkaijiMmeHne 00paTUMON TOAMATPHUIIBL . . . . « v o o o v o o e o 42
Teopema 0 DABUCHOM MHUHOPE « .+« © v v v v v v e e e e e e e e e 43
PaHru m MaTpudHbIEe ONEPAIUE . . .+« « v v v v e e e e e e e e e 44
OHOpOIHAST CHCTeMa JTUHETHBIX aJredpanvdecKuX ypaBHEHUH . . . . . 45
Teopema Kponekepa-Kamemmm . . . . . . . . . ... ... ... .... 47
O01ee pereHne cucTeMbl JUHEHHBIX ajreOpandeckux ypapuenmit . . 47
HeycToftamBoCTb paHTA . . . . . . .« . o v o A7

49
UckmodeHne HEM3BECTHDBIX . . .« .« v v v v v v v e e e e e e e e e 49
DIEMEHTAPHBIE MATPHITBL . . . .« . o o o o e o e e e e e e e e e 49
CTYyHeHIATBIe MATPHUIBL . . « « + o o e o e e e e e e e e e e o1
[IpuBemeHne K CTYNEHYATONR POPME . . . . . v o v v v v i e e o1
[IpuBesenue K auaroHaabHOR pOpMe . . . . . . . . . . ... ... 52

ODKBUBAJEHTHBIE MATPUIIBI . . .« + « o« o e o e e e e e e e e e 52



E. E. Toiproiiinnkos

111

8.7
8.8

Jlekiusa 9
9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
9.10
9.11
9.12

JIekmuga 10
10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9
10.10
10.11

Jlekmus 11
11.1
11.2
11.3
11.4
11.5
11.6

Jlekmnusa 12
12.1
12.2
12.3
12.4
12.5
12.6

Meroa laycca u LU-pPa3siokKeHHE . . . . . . . o v v v v oo v
LU-pazjiozKeHne u CTPOro PeryagpHble MATPUIBL . . . . . . . . . . . .

MeTom KOODIMHAT . . . .« o v v v v e e e e e e e e e e
HampaBieHHBIE OTPE3KHI . . . . . . v v v v v e e e e e e e e e e
OTHOIIEHHE SKBUBATECHTHOCTH . . .« + « « v o v e v e e e e e e e e e
CBODOITHBIT BEKTOD .« « « v v v o v v e e e e e e e e e e
JInHeiiHbIe Omepaluy HAM BEKTOPAMM . . . . o . « o v v o v v e e v
KoOpIUHATEL BEKTOPA . . . . . v v v v v e e e e e e e e e
NzoMopdusm u JUHEHHAS 3aBUCUMOCTD . .+ « v« « v v v v v o v e v
Konnuneapubie # KOMILIAHAPHBIE BEKTOPBL . . . . . . « .« v o o o . . .
[IpsgMas HA IIOCKOCTH . . .« o v v v i v e e e e e e e e e e
[T10CKOCTD B IPOCTPAHCTBE .+« . . v v v e e e e i e e e e e e e
[IpeobpazoBaHme KOOPIHHAT . . . . .« « o v v vv v e e e e e e
[ToaymI0CKOCTH U HOMYIPOCTPAHCTBA . « + « v v v v v e e e e e v

CxasgpHOe NPOU3BeJICHIEe TeOMETPUYECKUX BEKTOPOB . . . . . . . . .
CraJigpHOE HPOM3BEACHHE U KOOPAUHATDL . . . . . . . . o . o . . . . .
OO0 000DIICHUSAX . . v . . o o v i i i e e e e e e s e
OpHeHTAIUSA CHCTEMBL BEKTOPOB . . . . .« v v v v v e e e e e e e e
BekTopHOe 1 cMeIIaHHOe MPOU3BEICHU « . . . . o o v o v v v o
BekTopHoe nmpoussenenne B JeKapTOBLIX KOOPJAMHATAX . . . . . . . . .
CMelanioe Ipou3BeIeHue B JIeKAPTOBBIX KOOPAUHATAX . . . . . . . .
Hopmauin K IpIMOR ¥ MIOCKOCTH . . . « . o v o v e e e e e e
Paccrosgnue or TOYKE J0 OPAMOR HA IMIOCKOCTH . . . . « . o . . . . .
Paccrosume oT TOUKH J0 TIOCKOCTH . . « « « v v v eoe e e e e e e o
Kpurepuu napajiielbHOCTH BEKTOPa UPAMORA U ILIOCKOCTH . . . . . .

JIMHEHHDBIE TPOCTPAHCTBA « « + « « o o v v e e e e e e e e e e o
[Tpumeps! HeCKOHETHOMEPHBIX JIMHEHHBIX MIPOCTPAHCTB . . . . . . . .
[Ipumepbl KOHEYHOMEDHBIX JHHEHHBIX TPOCTPAHCTB . . . . . . . . . .
Basuc m pasMepHOCTb . . . . . . . ...
[ToanpocrpancTBa JUHEHHOIO HPOCTPAHCTBA . « « o + o« o o o o o o .
CyMMa u mepecedennie MOAMPOCTPAHCTB . . . . . . . . . o« o« o . . .

Paznoxkenne mo 6a3ucy . . . . ...
NzoMopdusM JUHEHHBIX MPOCTPAHCTB . « « « o« o o o v o o o oo o
[IpocTPaHCTBO MHOTOWICHOB . . .« « v v o v vt e e e e e e e e o
[Ipsimast cymMa MOAHPOCTPAHCTB . .« v o v v v e e i e e e e e e o
JlomoTHUTe TbHBIE TPOCTPAHCTBA U MPOEKIIHT . . . . . . . . . . . . . .
Borancienue mogmpoCTPAHCTBA . .« o o v v v o e e e e e e

23
54

55
%)
56
57
28
28
59
60
60
61
62
62
63

65
65
65
66
67
67
69
69
70
70
71
71

73
73
74
75
76
77
77



v OT'JIABJIEHHUE
JIekmusg 13 87
13.1  JIuHe#HbIe MHOTOOOPA3HSA . . . .« « v v e e e e e e e e e e e e 87

13.2 AP OUHHBIE MHOKECTBA . .« & v v v v e e e e e e e e 88

13.3  THOEPIIOCKOCTH . . . . . . v o v v v v it e e e e s e e e 88

13.4  TIoAyHPOCTPAHCTBA . . « v v v v v it e e e e e e e 89

13.5  DBBIDYKIBIE MHOMKECTBA . . « .« « v v v v e v v e et i e e e e 90
Jlekiua 14 93
14.1  KOMIIIEKCHBIE THCTA . . .« « v v v v v v e e e e e e e e e e e e 93

14.2  KOMILIEKCHAS TIJIOCKOCTD . « v & v v v v e e e e e e e e e e e e e e 94

14.3  IIpeobpa3oBaHUS IIOCKOCTH . . + « v v v v v v e v e e e e e e e e 95

14.4  KOpPHH M3 €UHUIBL . . . « « v v v o o e e e e e e e e e e 97

14.5 I'pynma KopHeil cTemeH: 10 U3 €TUHUIBL . . . . . . . . . o o o o . . . . 97

14.6 Marpunpl ¢ KOMILIEKCHBIMH 3JIEMEHTAMU . . . . . . « « o o o o o« . . 98
JIekmnuga 15 99
15,1  KoabIla M IO . . . . . . . o o it e e e e e e e e e e 99

15.2  JeJIUTeT! HYTST . . .« © o v v v et e e e e e 100

15.3  KOABIO BBIYETOB . . . . « . v o i i it e e e e e e e e e e 101

15.4  BioxkeHus 1 H30MOPAMHUIMBL . . .+ v v v v e e e e e 102

15.5  Ywucsio 371eMEHTOB B KOHETHOM TIOJIE . . o v . v v v o et e e o e e e 103

15.6  Ilome ACTHBIX . . . . . . v v v v i e e s e e e 103
JIekmnus 16 105
16.1  Jlumeiinple MPOCTPAHCTBA HAM TOTEM . . . o v o v o v v e e e e e e 105

16.2  MHOTOWIECHBI HAM TIOIEM . . .« .« + o vt v v e v e e e e e e e e 106

16.3  KOJBIO MHOTOYIEHOB . . . « « © v v v o vt e et e e e 107

16.4  JleJJeHHE C OCTATKOM . .« + « v v v v v v e e e e e e e e e e e 108

16.5  Haumbombmimit OOIMUI JETHTEID . . . .+ v v v v v e e e e e e e e e e 108

16.6  3HaYeHUS MHOTOWICHA M KOPHH . .« .« . « « v v v v v v e e e oo o 109

16.7  IIpHCOEIMHEHHME KOPHS . . . . .« . o v v v v it et e e e e e e 110
Jlekmuga 17 113
17.1  KOMILIEKCHBIE MHOTOWIEHBL . . . + « « v v v v e e e e e e e e e e e 113

17.2  IlocnemoBaTeIbHOCTH KOMILIEKCHBIX UHCET . . . o o v v o v v v o o . . 113

17.3  HemnpepbiBHble DYHKINU HA KOMILIEKCHOM MJIOCKOCTH . . . . . . . . . 114

17.4  CpoficTBa MOJYJSA MHOTOUTIEHA . . . « « « o ¢ o o v e e e et e e o 114

17.5  OcHOBHas TEOPEMA AJTEOPBI . . . . « o o v v e e e et et e e 115

17.6  Pazno:keHHe KOMILTEKCHBIX MHOTOWIEHOB . . . . .« . « « o o o o o . . . 116

17.7 Pa3nokeHue BEIIeCTBEHHBIX MHOTOUYJACHOB . . . . « .« o v v v v v o .. 117
JIekmusga 18 119
18.1  @opwmynawt Buera . . . . ..o 119

18.2  MHOTOWJEHBI OT 78 MEPEMEHHBIX . . « .+ « v v v v o e et oo e e e e 119

18.3  Jlekcukorpadudeckoe YIOPSIOUCHUE . . . . . o o oo oo v oo o 120

18.4  CuMMeTpHUYECKHE MHOTOWIECHDBL . . . « .« v v v v v v e e e e e e e 120

18.5  HBIOTOHOBBI CYMMDBI . . . v v v v v i i e e i e e e e e e e e e 122



E. E. Teiproimaukon \
JIekmnuga 19 123
19.1  AurebpamvecKkme MHOTOOOPABHST . . . . . o o o o v oo v o e o o 123

19.2  Kgajgparudubie MHOTOUYJIEHBI OT JBYX HMEPEMEHHBIX . . . . . . . . . . . 123

19.3  lloBopoT /eKapTOBO# CHCTEMBI KOODJIAWHAT . .+ « « « « « o o o« o . . . 124

19.4  Capur gekapToBOi CHCTEMBI KOODAMHAT . . . . . . . . « o v o o o . . . 125

19.5  DIIUIC . . . . . . e e e 126

19.6  Tumepboma . . . . . . . .. L e e 128

19.7  Tlapabosa . . . . . . . . . . e 130
JIekmnusg 20 131
20.1 KpagpaTwyHble MHOTOUIEHBI OT TpeX MepeMeHHBbIX . . . . . . . . . . . 131

20.2  /lexapTOBBI CUCTEMBI U OPTOTOHAJIbHBIE MATPUIBl . . . . . . . . . . . 131

20.3  Meroa BpalleHUM . . . . . . . ... e e 132

20.4  BaoxkeHHBIE TOOIOCAECAOBATCABHOCTH . . . . « « « « « o o o oo oo 133

20.5  JInaroHaJu3alus B TMPEIEITIE . . . . o o o o v v e e e e 134

20.6 /IwaroHanmusanus BeNeCTBEHHBIX CUMMETPUYHBIX MATpHIL . . . . . . . 135
Jlekmug 21 137
21.1 IlpuBeneHHBIe YpaBHEHUS MOBEPXHOCTH BTOPOTO TMOPAJKA . . . . . . . 137

21.2  DUUIMICOWIL . .« v v v e e e e e e e e e e e e 138

21.3  OAHOMOJIOCTHBIA THHEPOOTOUT . « .« o v v v v v e e e e e e e e 138

21.4  JlunefidaTtasi MOBEPXHOCTD . « « « « v v v o e e e e e e e e e e e 139

21.5  JIBYHOJIOCTHBIM THIEPOOIOU . « « « v v v v v v e e e e e e e e e e e 139

21.6  DUUIMOTHYECKHUH KOHYC . .« . v v v v v v e e et e e e e e e e e e e 140

21.7  DumnrudecKuit napabOSONI . . . . . . .. e 140

21.8 T'unepbonumyeckuii MaApabOSOUI . . « . . o o v v v i e e e 140

21.9 HunuHAPUYECKHE MOBEPXHOCTH . . . « « « v v v v v e e e e o 141
Jlekmuga 22 143
22.1 HopmupoBaHHOE MPOCTPAHCTBO . . . « « « v v v v v e e e e e o 143

22.2  Boinykible GYHKIUU U HEPABEHCTBA . . . « . « « o« o o o oo o 143

22.3  Hepaencrsa ['enbiepa 1 MUHKOBCKOTO . . . . . . . . . . . . . .. .. 144

224 Hopwmbr Tempaepa . . . . . o o o oo 145

22.5  3aueM HYZKHBL HOPMBIT . . . . o o v v v v v et e e e 146

22.6  Hopwmbl B 6€CKOHEYHOMEPHOM MPOCTPAHCTBE . . . . o+« v o o o v . . 147

22.7  Merpudeckoe IPOCTPAHCTBO . . . .« v v v v v v v e 147

22.8  IIpefenbl M MOTHOTA . . .« o v o v v o v e e e e e e e e e 148
Jlekmnus 23 149
23.1  MmuoxkecTBa B METPUYECKOM MPOCTPAHCTBE . . . .« . .« « o o« o . . . 149

23.2 KOMHAKTHOCTb M HEMPEPBIBHOCTD . . « « « « v v v v v e et e o o 150

23.3  KoMmakTHOCTb €IUHHIHON CPEPBI . + .« v v v v v v v v o e e o e e 150

23.4 DKBHBAJIEHTHBIE HOPMBL . . .+ « « o o o v et e et e e e e 151

23.5 KoMmakTHOCTb 3aMKHYTBIX OTPAHUYEHHBIX MHOXKECTB . . . . . . . . . 152

23.6  Hamyyumme TpUOIUZKEHUS . . . . . o o v v v v o e e e 152



Vi OT'JIABJIEHHUE
Jleknusga 24 155
24.1  EBKJIHAOBO HPOCTPAHCTBO . . « « « v v o e e e e et e e e e e e 155

24.2  VHHUTApPHOE MPOCTPAHCTBO . . « « © « v v e e e e e e e e e e 155

24.3  DbunuHeliHble U TOJYTOPAJUHEHHBIE DOPMBI . « « « o v v v v o v o v 156

244 JIMHHA BEKTOPA .« « v v v v v v e i e e e e e e e e 156

24.5 ToxaecTBO NAPAIETOTPAMMA . . . « « o o o v v e i e e e e e e 157

24.6  OpPTOTOHAJBHOCTH BEKTOPOB . . . . « o o o v v e e e e et e o 159

24.7  OPTOrOHAJBHOCTD MHOXKECTB . . « © v v v v v v e e et e e e e e e 160

24.8  OpToroHajbHasl CyMMa MOANPOCTPAHCTB . . « « « o v o o v v v e v o 160
JIekmnus 25 163
25.1  Marpuma I'pama . . . . . . . ..o 163

25.2  CkansipHOe TPOM3BE/IEHNE B KOHETHOMEDHOM MPOCTPAHCTBE . . . . . . 164

25.3  llepneHAWKYJAAD U TPOEKITAS . .« « « « o v v v v v e e e e e e o 164

25.4  OPTOTOHATBHBIE CUCTEMBL . . « « & v v v e e e e e e e e e e e 165

25.5 Ilpomecc OPTOTOHAMHUBAIMMKM . . . . . v o o v v e oo e e e e e e e e 166

25.6  omoaneHwe JI0 OPTOTOHAABHOTO 0A3MCA . . .« o o v o 2 o v o o o v . . 167

25.7 DHWOPTOTrOHAJTBHBIE CHCTEMBI . . . .« o v v v v e e e e e e e o 167

25.8  (QR-pasyioKeHUEe MATPHUIIBL . . . « « « v v v v e e e e e e e e 168
JIekmnus 26 171
26.1  Jluneiiuble (DYHKIMOHAIBL . . . . . o o o v v v v e e e 171

26.2  CoupsizKeHHOE TPOCTPAHCTBO . . .« . « o o o v o e e e e e e e e e 172

26.3  IlpuMmepbl MTUHEHHBIX PYHKIUOHAIOB . . + « v o v v v v v e o e e v 172

26.4  Pa3MepHOCTDH JIOMOJHUTETHHOTO MMPOCTPAHCTBA . . . .+ . . . . . . . . . 173

26.5  Jluneiiable (DYHKIMOHABI U THIEPILIOCKOCTH . . . . . . . . . . . . . . 173

26.6  OTUOpHBIE TUMEPILIOCKOCTH . . . « o « o o o et e e e e e e e e e 174
Jlekmusa 27 177
27.1  JIWHEHHBIE OMEPATOPBL . . « + v v v v v e et e e e e 17

27.2  HempepblBHOCTDH W OTPAHUICHHOCTD . .« « .« « v o v v v e e e e o v o 17

27.3  OueparopHAst HOPMA, . . . . « .« v o v et e e 178

27.4  MaTpuaHas HOPMA . . . .« o o o v v e e e e e e e e e 179

27.5  Hopma @poOEHHYCA . . . . . v v v v v i e e e e e 180

27.6  COXPAHEHUE HOPM . . .+ + v v v v v v e e e e e e e e e e e e 180

27.7  YHHUTApHO MHBAPUAHTHBIE HOPMbI . . . . « « . o o 0 v o o oo 181

27.8  CHHTYJISIpHOE PA3IOKEHNE MATPHIIBI . . .+ « v v o v v e e o v e e v 182
Jlekius 28 185
28.1 Marpuma JUHEHHOTO OMEPATOPA « « + « « + v v v v e e e e e e e o 185

28.2  IlpowsmesieHne JUHEHHBIX OTIEPATOPOB . . . . . v v v v v v v e o o o 186

28.3  Ilepexom K JAPYIUM OA3UCAM . . . . o o v v v v v e e e 186

28.4  IlpeobpazoBaHme MOMOOMST . . . v v v v o v it i e e e e e e e e 187

28.5 VHBapWaHTHBIE MOAMPOCTPAHCTBA . .+ « « « v v v v v v e e e e o o 188

28.6  fapo m oOpa3 IMHEHHOTO OMEPATOPA . « + « v v v v v o e e o e e v 188

28.7  OOpATHBIH OMEPATOD - « « « « v o v e e e e e e e e e e e 189

28.8  OproroHaJbHBIE JOTOJTHEHWS SIpa U 00pa3a, . . . . . . . . . . . . . . 190



E. E. Toiproiiinnkos vii
Jlekmnusa 29 193
29.1  JInaroHaJIM3yeMble MATPHIIBI . . . . « « o o o o o v i e e e e e e e 193

29.2  CobcrBennblie 3HAYCHUS U COOCTBEHHBIE BEKTOPDBI . . . . . . . . . . . . 194

29.3  CoOcTBeHHDBIE BEKTOPBI JIJId PA3JIUIHBIX COOCTBEHHBIX 3HAYCHHIT 195

29.4  XapakTepUCTUYECKOE YPABHEHUE . . . . o o o o v v vt e oo o 195

29.5  AsrebGpanmdeckas KpaTHOCTh COOCTBEHHOIO 3HAYEHHUST . . . . . . . . . . 196

29.6 XapakTepucTu4iecKuii MHOINOY/IEH M 1mojgobme . . . . . . . . . . . . .. 196

29.7 IlpuBeneHue K ITOUYTH TPEYTOJBHON MATPHUIE . . . . . . . . . . . . . . 196

29.8  Marpumpl OpobEHUYCA . . . . . o oo e e e e 197

29.9 BwruucieHune XapaKTepUCTHIECKOTO MHOTOWIIEHA . . . . . . . . . . . . 198
JIekmusa 30 199
30.1  OpanomepHble HHBAPUAHTHBIE MOAIPOCTPAHCTBA . . . + .+ . « . . . . . 199

30.2 Teomerpudeckasi KpaTHOCTb COOCTBEHHOT'O 3HAYEHUSA . . . . . . . . . . 199

30.3  MarpuvuHoe BbIpaKeHue UHBAPUAHTHOCTH . . . . « . « « « « o o o . . . 200

30.4  Cykenune ormeparopa Ha MOAMPOCTPAHCTBO . . . .« o v v v v v o o L . 200

30.5  VuBapwaHTHBIE MPOCTPAHCTBA W CABUTH . . . . . . . « « « o o o o o . . 200

30.6  TpeyrosbHas GOpMa MATPUITBL . . .« o o o v oo e e e e 201

30.7  CHeKTPAJBHBIA PAIYC . « o o o v v v e e e e e e e e e e 201

30.8 Teopema Ilypa . . . . . . . . . . .. 202

30.9  Jlenuresu W MOMIPOCTPAHCTBA . . . + o o v v v oo e e e e e e e o 203
JIekmuga 31 205
31.1  MHOrOWJI€HBI OT MATPHUIBL . . . .« « o o v o e e et e e e e e e 205

31.2  KopHEBBIE MPOCTPAHCTBA . . . « v v v v v e e e e e e e e e e e e o 205

31.3  HuiabHOTEHTHBIE OMEPATOPDBL . .« « o v v v v e e e e e e e e e e e 206

31.4  KopHEBOE PA3TOKEHME . . . . « v v v v e e e e 207

31.5 DBaouno pmaronajibHas GOPMaA MATPHUIIBL . . . . . « . .« .« o o o . . . 207

31.6  Teopema l'ammibroHa-Komm . . . . . . . . . . .. ... ... ... .. 208
Jlekmnus 32 209
32.1  MuanMaIbHOE HHBAPUAHTHOE MOAMPOCTPAHCTBO . . . . . . . . . . . . 209

32.2  ZKOpAAHOBBI HMEMOTKHI . . .+ « o v v v o e e e e e e e e e e e e 209

32.3  2KopmanoBa poOpMa MATPHIIBI . . . + « v v v v v v e e e e 210

32.4 HMupgekc cOOCTBEHHOTO BHATEHUS . . . . .+ « « v v v v v e e e e o 210

32.5 2KopaaHoB 0a3uc B KOPHEBOM HPOCTPAHCTBE . . . . . . . . . . . . . . 211

32.6  CymiecTBOBaHNe U €IMHCTBEHHOCTH KOPJAHOBOMW (POPMBI . . . . . . . 212

32.7 IuBapuaHTHbBIE NOJIIIPOCTPAHCTBA JJIsI BELHIECTBEHHBIX MATPUIL 213

32.8  BemecTBennslit anaaor xKopaaHoBoit popmMbr . ... L. L L L L L 213

32,9 Boluucienue )KOpAAHOBOW (DOPMbBI . . . . . . v v v 214
JIekmuga 33 217
33.1  HopMaNbHBIE MATPHIIBI . . .« . o v o vt ot e e e e e e e e e e 217

33.2  VHHUTApPHBIE MATPHUIIBL . . + « « o v v v e e e e e e e e e e e 218

33.3  Marpuiipl oTpazKeHus U BPAMIEHUS . . . . . .« o . o o oo 218

33.4  DPMHUTOBBI MATPHIIBL . . + « v v v v v e e e e e et e e e 219

33.5  DPMHUTOBO PABMOKEHHME . . . . . o v vt v e e e e e e 219

33.6  HeorpumatenbHasg W MOJOXKUTEIbHAS ONPEAETeHHOCTD . . . . . . . . . 220

33.7  KBagpaTHBIA KOPEHD . . « . v o v v v et i e e e e 220



Viil

OI'TABJIEHNE

33.8
33.9

Jlekiiusa
34.1
34.2
34.3
34.4
34.5

Jlekiiusa
35.1
35.2
35.3
35.4
35.5
35.6
35.7
35.8

JIekmnus
36.1
36.2
36.3
36.4
36.5
36.6
36.7
36.8
36.9

JIekiusa
37.1
37.2
37.3
374
37.5
37.6

JIekmnus
38.1
38.2
38.3
38.4
38.5
38.6
38.7

34

35

36

37

38

Baouno jauaronanbaast popMa BENIECTBEHHON HOPMAJIbHOW MaTPUILbI .
Bsouno nmnaronasbaas (popMa OPTOrOHATBHOW MATPULIB . . . . . . .

Marpuma Dypbe . . . . . . . e e
[HMUpKYyJIAHTHBIE MATPHITBL . .« v o o o v e e e e e e e e e e e e e
AJIPEOPBI MATPHIL . . . . v v o v v s e e e e e e
OHOBpeMeHHOe MPUBEICHNE K TPEYTOJIbHOMY BHIY . . . . . . . . . .
brictpoe mpeobpazoBanue Pypbe . . . . . ...

CHHTYJISIpHBIE YUCTA W CHHTYJISAPHBIE BEKTOPBL . . . . . . . . . . . . .
[TongpHOe PABIOKEHNE . . . . . o v v v e i e e e
BBIBOABI M3 CHHTYISIPHOTO PASJIOKEHHS . . « + « v o v o v o o o v o
CuHTYJIIpHOE PA3IOKEHNE U PENTeHHe CUCTEM . . . . . . . . . . . . .
MeToa HAUMEHBIIAX KBAIAPATOB . . . .« « « v v o v v o e e e e oo o
[TceBmooOpaTHAT MATPUIIA . « « « « o v o v v e e e e e e e e e e
Hamnydmpe anmpoKCHMAaIu ¢ TOHUKEHAEM PAHTa . . . . . . . . . .
PaCCTOﬂHI/Ie A0 MHO2KECTBa BBIDOXKJICHHBIX MaTpuIl. . . . . . . . . . .

Ksajgparuunbie GoOpMBI . . . . . ..o
KOHTPYSHTHOCTD . . . . . . . . o ot s e e
Kanonnuecknit Buj KBaAPpATHIHONR POPMBL . . . . . . . . . . o . . . .
BAKOH MHEPIHM . . . .« o« o o v ot e e e e e e e e e
OPMHUTOBA KOHIDYIHTHOCTD  « « © « o v o v v e e e e e e e e e e e
Kanonnueckunii Buj mapbl KBaJIpaTudHbiX POPM . . . . . . . . . . . .
Meron Jlarpanzka . . . . . . . . . ...
MeTo KBAJAPATHOTO KOPHS « « « + « v v o v o e e e e e e e e e e e
Kpurepuil moJ0KUTEIBHOR ONPEIETEHHOCTH .+ « « o v o o v o v o o . .

Paznenenne cobcTBeHHBIX 3HAYCHHUIT S9PMUTOBOIR MATPHIIBL . . . . . . .
Bapuarmuonnsie cBoiicTBa COOCTBEHHBIX 3HAYEHUH . . . . . . . . . . .
COOTHOIICHUS PABACITCHIST . » o + « v v v v e e e e e e e e e e e e e
Kpurepuit HeoTpuiaTeIbHON OMPEICTCHHOCTH . . . . . . . « . . . . .
Bapuammonnble ¢cBOMCTBA CHHTYJAAPHBIX YHCET . . . . . . . . . . . . .
Paznenenne CHHTYISAPHBIX GHCET . . o . v v v v v i v e e e e e e

CONPSIZKEHHBIA OMEPATOD « « « « + « o o v e e e e e e e e e e
MaTtpuiia cOmpsazKEHHOTO OMEPATOPA .« .« « « « « o v o v v e v e oo e o
HopMmanbhbrit onepaTop . . . . . . . . ..o
CaMOCOTIPSIZKEHHBITT OMEPATOD .+« « « « v v v v o e v e e e e e e
MuHIMHT3AIMST HA TOAMPOCTPAHCTBAX . « « o« o o o o o e e o o o o .
MeTon COMPSAKEHHBIX TPATMEHTOB . . . . .« o o o o oot e e o e oo .
JIBYUJIEHHBIE (DOPMYJTBI .« o o o v v v e v e e e e e e

221
221

223
223
224
225
226
227

229
229
230
230
231
231
233
233
234

235
235
235
236
236
237
237
238
239
241

243
243
244
245
246
248
248

249



E. E. Toiproiiinnkos 1X
JIekmnusa 39 255
39.1  CHOekTPaSbHBIE BATATH . . . « o« o o o o e e e e e e e 255

39.2  HenpepblBHOCTb KOPHEH MHOTOWIEHA . . . « « « v o v v v v v oo v o 255

39.3 BoswmylmeHne CIeKTpa MATPHIBL . . .« . « « o v o v v v e e e e o o 257

39.4  IIpeobpa3oBanus OTPayKEHUS M BPAILMEHUST . . . . . . . . . . . . . . . 258

39.5 IlpuBesenue K TPEYTOABHOMY BHILY . « « « « « o v o v oo oo oo oo 259

39.6 IlpuBesnenmue K MOYTH TPEYTOIBHOMY BHIY . . « « « « v o o o o o o o . 259

39.7 IlpuBenenue K IBYXIAMATOHATBHOMY BUIY . . .« « o« v v v v v v o v o . 259

39.8  Bolunmciaenue CUHTYJIAPHBIX YHCEIT . . . . . o o o v o v o e o e L 260
JIekmnus 40 263
40.1  MmuoromepHble MACCUBBI B MATPHUIIBL . . . . « « o+ o o o o oo o . 263

40.2  TpexmepHble MacCUBBI U TPUJIMHEHHBIE PA3JIOKEHAT . . . . . . . . . . 263

40.3  CeUYeHHST TPEXMEPHOTO MACCHBA . . . + « v« v v v e v e e e e e o 264

40.4  Tlpumepbl TPUIMHEHHBIX PA3AOKEHUN . . . . . . . . . . . . . . . . .. 265

405 BeeHETaK . . . . . . ... 265

40.6  DKBUBAJEHTHBIC TPUJIMHEHHBIC PABTOKEHAT . . . « .« o o o o o o o . . 266

40.7 EDuHCTBEHHOCTDL C TOYHOCTBIO M0 DKBUBAJEHTHOCTH . . . . . . . . . . 266

40.8  TeH30pHBIN PAHT U YMHOKEHHE MATPHUIL . . . . . + « « o o« o o o o . . 268
onmonuenune Kk jgekmum 1 271
41.1  IlapannenbHasg OpMa AJTTOPATMA . .+ « v v v v v v e v e e e e e o 271

41.2  Cxema caBaumBaHMs U MapaJLIeJbHOE YMHOXKEHAE MATPUIL . . . . . . . 271

41.3  Marpuiipl 1 peKYPPEHTHBIE BBIUUCHACHUS . . . . . « « . o « o o . . . . 271

41.4  Mogen 1 PEATTbHOCTD .+« v v v v v e i e e e e e 272
omnostHeHne K Jjiekiuu 2 273
42.1  KOHEYHBIE TPYIIIBI . . . v o v v v v e e e e e e e e e 273

42.2  CMexKHble KJIacChl, HOpMAaJIbHbBIE JIeIUTeH, (PAKTOP-TPYIILL . . . . . 273

42.3  M3oMOPMU3MBI TPYIIIT . . o v v v v v o e e e e e e e 274

42,4 ToMOMOPMUBMBL TPYIIIT © + + v v v v v e e e e e e e e e e e e e e 275

42.5  M306BITOYHOCTD B ONMPEACTCHUU TPYIIBL . . « .« o o o v v o oo v o o o 275
Honmonuenue K Jjeknum 4 277
43.1  3HAKOMEPEMEHHAS TPYIIHA . . « « v v v v v e e et e e e e e e o 277

43.2  Iloarpyniibl CAMMETPUYECKON IPYIIIbL . . . o« o v v v oo o v o o 277

43.3  YerTHOCTH 0€3 MHBEPCHI . . . . . . . . . v v vt e 278
omnostHenne K Jjieknuu 5 279
44.1  @yHKIMOHAJBbHOE JIOKa3aTeJabCTBO Teopembl Jlammaca . . . . . . . . . 279

44.2  OnpeenuTesud ¢ HYJEBBIMA YWICHAMHI . . . « .« o o o v v v v o o o o 279
HomosmHenue K Jjiekiuu 6 281
45.1  Marpunpl ¢ InaroHaJIbHBIM HPEOOIATAHTEM . . . . . . . . . . . . . . 281

45.2  Oupenemuresib U BOSMYIIEHUST . . . . « .« o o o o u o e e oo . 281
Hdomonuenune K jgekmum 8 283
46.1  BbIOOD BEAYIIETO JIEMEHTA . . « o v v v v e e e e e e e e e 283

46.2  Borumciaenue oOpaTHON MATPUIIBL . . . .« o o v v v o v v e e e e 284



OI'TABJIEHNE

Hdonmonuenune k jeknum 13

47.1
47.2

AdbunHAT HE3ABUCHMOCTD . . . . o o o i v e e e e e
JluHeliHble HEPABEHCTBA U MUHUMUBAIMAA . . . . . . . . « o « . « . . .

onmonuenune K jgexkmuu 14

48.1
48.2
48.3

KBagpaTHbie YPABHEHUS . . . . .« « « v v v v v e
Kybuueckue yPaBHEHHST . . . . v o v v v v o e e e
VpaBHEHUS YETBEPTOH CTEHEHU . . . . . . o o o ov v v e e e e

Hdomonuenune k jeknum 16

49.1
49.2
49.3
49.4
49.5
49.6
49.7
49.8

MyabTHILITUKATUBHAS TPYIITA OIS BBIYETOB . . . . .« . . . . . . . . .
PesyapTanT . . . . . . ..
[TocTpoennsa nmupkyaeM w JUHERKOH . . . . . . . . . . . . . . . . ...
Koneunble pacmmpenus moaeit . . . . . . . . ...
Kpyrosbie MHOTOWIEHBI IPOCTONW CTEMEHU . . . . . . . « « o« . o . . .
[IpaBUJbHBIE T-YTOMBHUKI . . . . « « « o o o v e v e e e e e e o
DHJIOMOPDUBMBL 1 ABTOMOPMUBMBL . . .+ o v v o v o e e
AMTedpamaecKme TUCHA . . . o« o o v o e e e e e e e

Honmonuenune K jgexkmum 17

50.1
50.2
50.3
50.4

Kparubie KOpHU U TPOUBBOJIHBIC . . . . . o o v o ov v o e e e e e e
Paznocrnbie ypaBHeHust ¢ MOCTOSTHHBIMA KOYbdUIHEHTAMA . . . . . .
[Tose pas/MOKEHUS . . . . o o v v v e e e e
KOpHI/I MHOTOYJICHOB Ha/Jd IIPOU3BOJIBHBIM IIOoJeM . . . . . . . . . . . .

donmonuenune kK jgeknum 18

ol.1
51.2
51.3
0l.4
51.5
51.6
ol.7
51.8
51.9

Eie oiH0 10Ka3aTe/IbCTBO OCHOBHOW TEOPEMBI aaredpbl . . . . . . . .
HopmasbHbIe OIS M OIS PA3TOKEHUS - . o . o o o o o o oo o o
PamukanbHble DACIIIUDEHUS . . . . . .« o o 0 v v e e e e
ABTOMOPMU3MBI U PACTIUPEHUST . . . « o . o o o oo e e e e o
Pacmupennsa Lamya . . . . . . . . . . ..
[IpoMmekyTodHbBIE O M TOATDYIIIBL .« . .« . o v o v o e oo o
Paspemmmocts aarebpandeckux ypaBHeHU# . . . . .. ... ... L.
Hopmanbhbie jieiure/in CHMMETPUIECKON TPYIIBL . . . . . . . . . . .
['pynmsl npu MOCTpOeHWY NMPABUJIBHBIX MHOTOYTOJBHUKOB . . . . . . .

Jdonmonuenne kK jeknum 19

52.1
52.2
52.3

Knaccndukanus JUHEA BTOPOTO TMOPSIIKA - « « o« « o o o o o o oo o
MHBapuaHThl JIMHUU BTOPOTO MOPSIIKA .+« « o« o o o oo o o o oo o
Onpeneserne THITA JIHHIH . . . . . . « .« o o o o oo e e e e

donmonuenue K jJeknum 22

53.1

IlomonHeHHE TPOCTPAHCTBA . . . « v v v v e e e e e e e e e e e e e

domonuenue K jeknum 23

54.1
54.2
04.3
54.4

[ToampocTpaHCTBa K 3AMKHYTOCTD . . « « « « v o v o v e e o o
Ennnnanas cdepa B 6ecKOHEUHOMEPHOM TPOCTPAHCTBE . . . . . . . .
leomerpudeckue cBOUCTBA €MHUYHBIX MIAPOB . . . . . . . . . . . . .
Tomomoruvaeckme MPOCTPAHCTBA . . « v v v o v v e e e e e e e e

287
287
288

289
289
289
290

291
291
291
292
294
295
296
297
298

299
299
299
301
301

303
303
304
304
305
305
305
306
307
307

309
309
309
310

311
311

313



E. E. Toiproiiinnkos xi
54.5 KoMmnakTHble MHOZXKECTBA B TOIOJOIMYECKOM IPOCTPAHCTBE . . . . . . 315
Jdonmonuenne K jeknum 25 317
55.1 Ilorepst OpTOrOHAJIBHOCTH HPU BBIYUCACHUSAX . . . . .+ « « « o o o . . . 317

55.2  O06obmieHne TEOPEMbl O MEPHEHJIUKYIAPE .+ « v o v v v v v v o v o v 318
donmonuenune Kk jeknum 26 319
56.1  CrpoeHHUe BBIIYKJBIX MHOKECTB . . . . « o « o o v v v v e oo oo o 319

56.2  JIMHEHHbIE HEPABEHCTBA . . . « .« © o v v o e e e e e e 320

56.3 Ilomck TOYKW B epeceveHWH TUMEPIIOCKOCTER . . . . . . . . . . . . . 320

56.4  Jluneiinble (pyHKIMOHAJBI U CKaJIPHbIE POU3BEJICHUS . . . . . . . . 321

56.5  JyadbHBIE HOPMBI . . . « « v v v v v v e e e e e e 322
Jdomonuenue K jgexkmum 27 325
57.1 Bwibop 6a3mca . . . . . . ... e e e 325

57.2  Dbasuchl B IPOCTPAHCTBE MHOTOUJIEHOB . . . . . « o o o o v o v o o o . 326
Jdononuenne K jeknum 32 329
58.1  MuHMMAJILHBIA MHOIOYJIEH MATPULBL . . « « o« o o v o v o o e o o o 329

58.2  zKoppmanoBa dopMma: mpAMoe JOKAa3aTeJbCTBO 110 MHAYKIUA . . . . . . 329
Honmonuenune K jerum 34 331
591 CBEPTKH . .+« v v v v v e e e e e e e e e e e 331

59.2  CioxuocTh npeobpazoBanust Dypbe . . . . . . . ... 332

59.3  DBuicTpble NpUOIUKEHHDBIE BBIYHCICHAA . .+ « « « « o v o v v o v e v o 332
Homnoraenue k Jjieknuu 35 335
60.1  OOmuit Bu/T yHUTAPHO HHBAPHAHTHBIX HOPM . . . . . . . . . . . . . . 335
Hdonmonuenune k jgeknum 36 337
61.1 T'mneprmoOBEepPXHOCTH BTOPOTO TMOPSIIAKA . . . « « o v o oo oo o o e 337

61.2 T'eomerTpmdueckue CBONWCTBA TUMEPHOBEPXHOCTEH . . . . . . . . . . . .. 338
domonuenue K jgexkmuum 37 341
62.1 DpMHUTOBO BO3MYIIEHHUE 3aJAHHOTO PAHTA . . . . . « .« o« « o o o o . . 341

62.2  CobGcTBeHHBIE 3HAYEHUSI W CHHTY/ISIPHBIE 9ACTA . . . . . . . . . . . . . 342

62.3 Makopuzamus U HEPABEHCTBA . . . . « « « « v v v v v e e 343
HomotHenue k Jjeknuu 38 345
63.1 UYncmo uTepamMil . . . . ... ... e e 345

63.2 Kak yOBIBAIOT HOPMBI HEBAZOK . . . . « « o o v oo e o e o e e 345

63.3  OreHKa ¢ TOMOINbI0 MHOTOWICHOB YeObImeBa . . . . . . . . . . . .. 346

63.4  IIpenoOyc/iOB/IEHHBIIT METOJI COMPSYKEHHBIX I'PAJIUEHTOB . . . . . . . . 347

63.5  O000IIeHns METOIA CONPSI:KEHHBIX TPAIUEHTOB . . . . . . . . . . . . 347
HomostHenue k Jjekiuu 39 351
64.1 Jlokanuzamus cOOCTBEHHBIX 3HAYEHUHA . . . . . . . . . . . . . . . . .. 351

64.2  Paccrosinue Mexy CeKTpaMyd HOPMAJbHBIX MATPHIL . . . . . . . . . 352



Hdonmonuenune k jgeknum 40 353

65.1 IIpeobpa3oBanus MacCUBOB C TOMOIIBIO MATPHUIL . . . . . . . . . . . . 353
65.2  OproronajibHble MPeOOPA30BAHUA MACCHBOB . . . . . . . . . . . . . . 353
65.3 Pazmoxkenme Takkepa . . . . . . . . . . .. ... 354

JIureparypa 357



IIpeaucioBue

JlaHHasi KHUTA BO3HUKJA B XOJe UTEHHs JEKIUil [ CTYJAeHTOB MEepBOTO Kypca (Paxy/ib-
TeTa BbIYUCJIUTEJIbHOW MarTeMaTuku u KubepHeTukKn MOCKOBCKOTO rocy1apCTBEHHOIO YHU-
Bepcutera um. M. B. JlomonocoBa. Fe riaBbl mosiB/Isiinch MOYTH CUHXPOHHO C JIEKIUSAMU W
CTAHOBMJIMCH JOCTYITHBIMU CTYAeHTaM OJaroaspst nareprery. Iloce aToro mepBoHadabHbIH
TEKCT IOCTOSTHHO MEHSIJICS — MMOMUMO HCIPABJICHUS OIeYaTOK, aBTOPY XOTEJIOCh HANTH TaKoi
CTHJIb U3JIO?KEHHSI, KOTOPBIH TO3BOIUI ObI MOJIYYUTH HEOOXOIUMBIE OCHOBBI IIPEIMETA, U, B TO
JKe BpeMs, JjiaJi Obl BOBMOXKHOCTH Haubo/iee 3aMHTEPECOBAHHBIM YUTATEJISIM TOWTH JaJblile,
HHOI/JIA OYeHb JAJEKO — BILJIOTH JI0 0OCYXKJIEHUS HETPUBHAJIBHBIX MTPUIOKEHUNH, KOTOPHIMH
OYeHb CHJIbHA JIMHEliHast ajaredpa.

Jlanubiit 3aMbices1 TOTPedOBaJ ONpEIeAeHHONR CTPYKTYPbl 0T KHurn. OHA COJEPKUT KaK
OBl HECKOTLKO T1acTOB. [Ipezkie Bcero, 310 OCHOBHOI, 003aTe/IbHbIN MaTEepUAT — €ro MOZXK-
HO YUTATDH O€3 CCHLJIOK Ha JIONOJTHEHUs, & MHOT'HE YUTATE/IN MOTYT UM U orpannduthes. [lean
aBToOpa I10 OTHOLICHUIO K TAKUM YATATEAM — OCTaBUThb Yy HUX OILIYIIeHUe KPAacCUBOH U IPOC-
TOI HAYKW, KAKOBOU U sIBJIsieTcs TnHelHas anredpa. Ho MeHbIme Bcero XoTenoch ObI OCTABUTH
BIleYAT/IeHNe HAayKWU, 3aBepIInuBINeil cBoe pa3BuTue. [ 3T0ro m HanmmcaHbl JOTOTHEHUS, B
KOTOPBIX JIMHe#Has ajrebpa Hpeicraer yxKe He OYeHb HPOCTO HayKoi, BeJylieil cBOMMU
METOJAMU K OYeHb MHTEPECHBIM M 9aCTO 3HAMEHUTBIM pe3yJibTaTaM B APYTIUX pasjenax Ma-
TEeMaTUKU U ee IPUJIOXKEHU.

YecTorrobuBbiil auTaTe/1b, BO3MOXKHO, Oy/I€T CTPEMUTHLCHA MPOUECTb KHUT'Y OT KOPKHU 10
KOPKH. ABTOD JIO/KEH HPeaylnpeanTh, YTO 3TO MOMKET MOTpebOBATH OOBINNX YCHIUNH U
BITOJIHE BO3MOYKHO, 9TO K KAKMM-TO MECTaM JIy9Ille BEPHYTHCS yKe MOCIe 3aBEPIIeHHs mep-
BOTO rojia obydenus. Besje gBHO yKa3aHO, KAKOH MATEPUAJ CUHTACTCS JOMOJHUTEILHBIM.
Bostee Toro, 10MOMHATEILHBI MaTePHA TAKXKe HMEeT JIBa YPOBHS — TO, 9TO HabGpaHo MeJ-
KUM PUTOM, JTOJKHO CIUTATHCs "0ojiee JOMOTHITe IbHBIM ' .

Ham kypc ecrecTBeHHBIM 00pa30M BKJIIOYAET B ceOs U OCHOBBI AHAJUTUYECKON reoMer-
puun. Xopolre yI4eOHUKH B JIyXe 3Tofl Tpaauluu, 0e3ycJI0BHO, yKe cO3TaHbl. TeM He Menee,
JaHHagd KHUTA OTJMYAETCT YKa3aHHBIM BBITIE 3aMBICJIOM COeJIMHEHNS HECKOIBKNUX TJIaCTOB U
MOYKET OKa3aThCH MOAE3HON ele Mo Py TPUIIH.

Bo-niepBriX, B onpeneneHHON cTemeHn KHUTY MOYKHO PACCMATPHUBATH KAK PACITHPEHHBIH
KOHCTEKT JIeK1wit. OTCIofa c2KaToCTh U JAKOHUYHOCTD, CBOICTBEHHAS OTPAHUYIEHHBIM BO Bpe-
Menu JiekiuaM. [lo 31oit ke npuunbne, B KHUT'e HET “JJIMHHBIX CCBLJIOK U HPUCYTCTBYIOT
Hen30ezKHbIE B JICKITUAX HAIOMUHAHUSA U TTOBTOPEHUS.

Bo-BTOpBiX, 06CYKIeHHE COBEPITEHHO KJIACCHYECKUX BOIPOCOB OOBIYHO UMeeT MPOI0TKe-
HUE B JIONOJHUATEJIbHOA 4acTu, jJeJalolee O4eBUAHbIM, YTO U3ydaeMad HaMU HAYKa ABAACTCA
KUBOH, YCIENIHO Pa3BUBAIIIECHCH U NPOYHO CBA3AHHON CO MHOIMMHU JPYIHMU Pa3ieaaMu
MaTeMaTHKu. Kak TOJBKO MOABJSETCS BO3MOXKHOCTH CJIeJIATh TIAard B HANPABICHUH OCODO
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BIEYATJISIONUX JJOCTUZKEHUN, 5 TBITAIOCh ITO JiejiaTh. Ho B KazKJIOM TAKOM CJIydae st CHUTAI0
BayKHBIM H30€raTh YUCTO JCKJIAPATHBHOIO OMUCAHUA — €CJIH YZK 4YTO-TO OOCYKIAeTCH, TO
BCer/a ¢ sICHBIME (bOPMYIHPOBKAME ¥ TOTHBIMU ([OYTH BCETIA) JTOKA3ATETbCTBAMU.

B-Tperbux, B KHUTE HJIET OJHOBPEMEHHOE PA3BUTHE HECKOIBKIX TeM — I0/I0OHO TOMY, KaK
9TO JeJaeTcCd B MOTH(POHNIECKOM MY3BIKAJILHOM IpOu3BeieHuH. [JlaBHas TeMa, KOHeYHO, —
9TO BCE, UTO CBSI3aHO ¢ KOHIENIIeH THHEeHHOM 3aBUCHMOCTH BEKTOPOB. B KauecTBe m0O0IHOI
(XOTs M He MeHee 3HAYUTEIbHOM) TeMBbl B CAMOM HavaJie BO3HUKAET MOHATHE ajaredpanveckoii
onepanyuu W I'PYIIIBI. 9Ta TeMa BIOCJAEJCTBUU NPUBOJUT K BazKHBIM IMOHATHAM KOJbIa KU
OJIsI, & 3aTe€M U K CBOeoOpa3HOil TouKe “KOHTpAIyHKTa” (B TO Ke My3bIKAJIbHON aHAJIOIHH ),
KOIJa CBOMCTBA JIMHEHHOIO MPOCTPAHCTBA IPUMEHAIOTCA K U3YUYCHUIO PACIIAPEHUN HOJIei.

B monomHUTENBHBIX YAacTAX B C2KATOM U B TO 2Ke BpeMs 3aMKHYTOM BHJe MOXKHO HailTh
BeCbMa, HETPUBHUAJIbHBbIE PE3YJIbTaThl, BbIXOJMIIUNE 33 PAMKH COOCTBEHHO JIMHEHHO# aJired-
pbl (HampuMep, BOIPOCH O MOCTPOEHUH MPABHJILHBIX N-YTOJBHUKOB H PA3PENIHMOCTH Aaret-
pawdeckux ypapHenuii). OGIIen3BecTHO, OJHAKO, YTO 3HAYEHUE W CUJIA JIMHEHHON aireOGphl
00yCTIOBIEHBI TIPEYKJIE BCETO ee MHOTOUYNCIEHHBIMU MPUIOKEHUSAMHA.

4 corytacen ¢ Tem, 4TO JIMHEIHOM aJiredpe He cJIeIyeT VIUTDh “‘CAUIMKOM abcTpakTHo”. Tem
Oosee, 9TO €CTh BO3MOKHOCTH MO3HAKOMUTBLCS ¢ OCHOBHBIME IIOHITHSAME, PAOOTast ¢ TPOCTHI-
MH OJ1d MOHUMAaHHNA O6”beKTaMI/I — MaTpullaMH, a He C a6CTpaKTHbIMI/I 3JIeMeHTaMU JINHEeHHBIX
poCTPaHCTB. B TO »Ke BpeMsl, MHE KayKeTcsl, 9TO Olpejie/ieHHas 1032 a0CTPAKTHBIX MOHATHIT
YMECTHA 1 JazKe IOoJIe3Ha Ha caMoil paHHeil crajaun o0y deHus. B camom jesie, Bpsi T MOYKHO
CYATATh UYPEe3MEPHBIMHU YCHJIMS HA OCBOEHHE BCEro JIHIIb OIPEee/JeHUs IPYIIIbl U HPOCTeii-
mux ee cBoiicTB. OJIHAKO, €CJIU 9TO CJIeJIaTh Ha PAHHEM 3Tale oOydueHHsd, TO B JaJbHelInemM
HaXO0JAUTCdA MHOI'O ITIOBOAOB /IJIAd BO3BPAIICHUA K 9TOMY IIOHATHUIO B CBA3U C IIpDUMEPpaMu I'PYIIIIL,
KOTOpbIE€ eCTeCTBEeHHbLIM 06pa30M BO3HHUKAIOT B Pa3HBIX MeCTaX KypcCa.

Mue kaxkercs, 4To ymnpoinenue (GopMbl M3J0KEHUS BCE YKe MOYKET coueTaThcd ¢ OoJiee
HaIOJHEHHBIM cojiepxkanueM. 1o kpaiineit mepe, s crpemuiics K 3tomy. JIuneiinas aareopa
U ee TPUJIOKEHHST HACTOJILKO PYHIAMEHTAIbHBI U BaXKHbI, YTO HET HUKAKHUX OCHOBAHUH 114
peajibHOro coKpalleHus obbema 00s13aTe/IbHbIX 0a30BbIX 3HAHUI B JJAaHHON 00J1aCTH.

B mamem kypce npeaMer JHHEHHONH aareOpbl MOHUMAETCSA B PACIIHPEHHOM CMBICIE, 10-
BOJIBHO Y9aCTO Mbl OKa3bIBaeMCA Ha TEPPUTOPUU CMEXKHbIX AUCHUIIINH — MaTeMaTHu41eCKO-
r0 aHaJM3a, BBHIYUCIUTEIbHBIX METOJOB M, KOHEUHO, 0o0meil ajareOpnl. I'paHuIbl aBIA0TCA
VCJIOBHOCTBIO, KaK U B KuU3HH. OCOOEHHO YacTO OHHM MEPeceKaloTcd IIPU pa3paboTKe COBpe-
MEHHBIX MH(MOPMAIMOHHBIX M BBIYUCIUTEIbHBIX TEXHOIOTHIA.

HaHpHMep, OJHa M3 I'JIaBHbIX O6$I3&T€JlebIX TeM IIE€PBOIro cemMeCrpa — Teopusd U MeTo-
JIbl WCCJIeJIOBAHUSI M peIlleHusl CUCTeM JIMHEeHHBIX ajredpamdecknx ypapaeHuii. Marepuas
BIIOJIHE 3JIEMEHTAPHBIN M, BO3MOYKHO, OCTABJISIONINI BledaTeHue abCOMIOTHON 3aBepIieH-
noctu. OIHAKO, MPAKTHIECKass HEOOXOIUMOCTD PeIllleHUs CUCTEM ¢ MUJIJIMOHAMU ypaBHEHU
7 HEU3BECTHBIX U MMOABJICHUE BBIYACIATEILHON TEXHUKH € APAJJIEIbHBIM BHIITOJHEHUEM OTle-
panuit 1aam UMIYJIBC K U3YYEeHWIO HOBBIX, Mapasae/JbHBIX CBOHCTB aJropuTMoB. B manmom
Caydae yCIIeXd MPsIMO CBI3aHBbI ¢ POCTOM MOIIKM KOMIBIOTEPOB. B TO Ke Bpemsd - u MHe 0CO-
OEHHO MPHUATHO CKa3aTh 00 TOM - BBIXOJ HA PAJIMKAJIHLHO HOBBIH ypPOBEHb BO3MOYKHOCTEIR
ObLT cjiestal GJiarolapss HOBOMY MaTeMaTHIeCKOMY 3HAHUIO, a He POCTY MPOU3BOIUTETbHOC-
TH KOMIIBIOTEPOB. boee Toro, /i JaHHON BIIOJIHE KJIACCHIECKON 3a1a91 JUHEHHON aaredpsl
moTpebOBaAIOCh pa3BuTHe (hYHIAMEHTAILHBIX BOIPOCOB U3 00JIACTH MaTeMaTHYECKOTO aHa-
JIN3a ¥ TeOPHUH IIPUOIMKEHMT.

OraenbHbIe MECTA B KHUTE COEPKAT MATEPHUAJI, KOTOPBIH BOOOIIE He/Ih3sT HANTH B KAKHX-
Jibo yuebHMKaX U jlazke MoHorpacdusx. B wacTHocTn, 310 0THOCUTCS K Teopeme 0O 00001e-
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HUAX METOJIOB CONPSAKEHHBbIX I'paJuenToB. B eie 0o/ibliieil crenenn — KO BCeMY MaTepuaJiy
3aKJIIOYUTEIBHON JIEKIIAH, MOCBANIEHHON MHOTOMEPHBIM MaCCHBaM, TEH30PHBIM PAHTaM W TO-
JIMJIMHETHBIM 0000IIEHUSIM CUHTYJISIPHOTO PA3JIOKEHUS MATPHUIIHI.

K ponoanurensHoMy marepuasy, BEPOSTHO, CICAyeT OTHECTH W BKJIOYEHHBIE B TEKCT
JEeKIuil 3a7a9u. DTO MMEHHO 33J1a4dd, a He ylpaxkHeHWs. Bojee Toro, oOBIYHO 9TO He ca-
Mble JIETKHE 33Ja9M, HO P 9TOM MOACKA3KOH K X PEHIEHUI0 ABJISETCH CAMO PACIOIOKEHHEe
3aaum. KOHEYHO, JijId aKTMBHOTO OCBOEHUsl JMHEHHOM aareOpbl HyKHbI U yIPAXKHEHUS, U
31441 PA3HOTO YPOBHS CJIOKHOCTH. VX MOKHO HAHTH B Pa3aMYHBIX Pa3/esax CyllecTBYIO-
mux 3a1a9eukoB (Hampumep, [11, 17, 20, 25]).

B Te Bpemena, korna daxyabrer BMuK Tosbko nosBuiics, MareMaTUKU-BHIYUCTUTEIH
JaCcTO CeTOBAJM Ha TO, UYTO B 00d43aTeJhbHBIX KypcaxX MeX-MaTa HHYero He TOBOPHJIOCH O
BOSHUKINKX Tepesl HUMA mpobieMax. B HacTosimee BpeMsl MOYXKHO Y Ke TOBOPUTH O TOM, UTO
MAaTEeMATUKAM-BBIIUCIATEISIM YaCTO He XBATACT 3HAHWI U3 TPAIUIINOHHBIX UMEHHO JIJIST MeX-
MaTa pazieaoB MareMaTuku. MoOKHO TPUBECTH MPUMEDPHI PEKOPIHO 3(PPEKTUBHBIX BbIUHC-
JINTEJILHBIX TEXHOJOTH, BO3HUKIINX HAa OCHOBE WMJICHl M alapaTta Ka3ajaoch Obl JTAJEeKUX OT
NpUIoKeHuil obacTeil — HampuMep, aiaredpandeckoil Tononoruu. [locienane 3agBaenns B
JIAHHOU KHUTe OCTAHYTCS BCe Ke JIHIIb JIeKJIapalusaMi, K COKAJIeHUI0 aBTOPa U YUTATeJIel.
Ho Beapb 910 utb HAYATO Ty TH!

B mioboMm fene oveHb BaykeH HAYAJIbHBINH UMIYJIbC. [lIsd JaHHON KHUIH €ro reHepaTopoM
oLt B. A. Uibun, npuriacuBmmii MeHst npounTtarh jgeknun Ha BMuK.

B Wucruryre BblaucauTebHON mMareMmaruku Poccuiickoil akajeMun HayK, rae s UMero
4ecTh paboTarh, ITO MpejIokKeHne ObLI0 ropsa4o nojiaepxkano B. B. BoesogunbiM, B. II.
HpivaukoBeiM 1 [ . MapdyykoMm, mONpoCHBIIEM MeHd B TO K€ caMOe BpeMd ITOMOYb B
opranu3anuu Ha BMuK HoBoit kadeapbl — Kadeapbl BHIYUCIHTEILHBIX TEXHOJIOIUNR H MOJIe-
JINPOBaHUs, KOTOPOH OH CTaJ 3aBeI0BATD.

Mmue ocTaBaJoch TOJIBKO COIVIACUTHCS M MONBITATLCA CAeJIaTh TO, O YeM s, CKopee Bce-
ro, yzKe JiymMaJi — HoIpo0OBaTh pPaccKa3aThb CTYJEHTaM O JUHeHHO# ajrebpe To, 4TO 4 cam
OBl XOTeJ yCabIaTh, Koraa Obla cryaenToM. [lo kpaiineit mepe, caMOMy MHE 3TO BCe TTOKa
HpaButcd. [103ToMy BCceM Ha3BaHHBIM JIUIAM BLIPAYKal0 MCKPEHHIOK 0J1aroJapHOCTh. X049y
nobarogaputh Takzxke C. A. Iopeitnosa, H. JI. Bamapamxkuna, X. /1. Ukpamosa, . . Kuwm,
B. C. [Tandepona, B. H. Uyrynosa u Bcex Tex, KTO y2Ke ¢JeaaJ1 UIH ellle ¢IeaeT 3aMedanus
[0 TEKCTY JICKIIUA.



. IPEAUCJIOBINE




Jlekims 1

1.1 JIwneitHbIe OTOOpPaKEHUA W MATPUITHI

B maremaruke u JIpyrux Haykax I[OCTOSHHO U3y4aeTcs 3aBUCUMOCTH OJHUX BEJUYMH OT
apyrux. OOGBIYHO 3aBHCHMOCTH OIICBIBAETCS PA3IHIHOTO THIA GYHKIUAMEI (0TOOparKeHunsI-
mu, oniepatopamu). IIpocreiimmit caydait — juHeitHbie oToOpakenns. CTporue ompe/ieeHust

MBI JaUM I037Ke. A IOKa IPEeIOJOKNM, YTO MEePEeMEHHBIE U1, . . . , Y, BBIPAXKAIOTCI depe3
1, ..., T, CICAYIOIIM 00Pa30M:
Y1 = i + ...+ ATy,
(*)
Ym = @miT1 + ...+ GmpTy,

rje KodpPUIUEeHThl CUUTAIOTCS 3aJaHHBIMU TMOCTOSITHHBIME BeqnuuHamu. CobepeMm Bce mo-
CTOsiHHBIE KOI(DMUIUEHTHI B MPSIMOYTOJIbHYI0 Tabauiry u 0003HadnmM ee OykBoit A; coctaBum

TaKKe TaOJIUIbI-CTOIOIbBI U3 BEJUINH T1, ..., Ty U Y1, Ym:
ail ... Qin I n
A= ... ... 0, a=|.., y=
Qm1 - Qmn Tn Ym

Takuwe TabJUIBI 1 HA3BLIBAIOTCA MAMPUyamu. Mbl mMeeM HeJIbIX TPU MATPUIIBI: Pa3MepOB
mxmn, nx1 u m x 1. CoorHomenus (), OMUCHIBAIOIINE 3aBUCUMOCTD  OT X, 3aIUIIEM
CUMBOJITIECKH TaKUM 00Pa3oM:

y = Ax. ()

BosHukaer Beuatiienue, 4T0 MATpHUIA A ymHOMCAEMCA HA MATPHUILY-CTOIOEI ', B PE3Y/IbTaTe
Yero MosBISeTCS MaTpuia-croader y. Tak ono u 6yaer, ecIl Mbl CKayKeM, 9TO COOTHOIICHUS
(%) cyrb onpedeaerue onepanun (*%) ymMHOKeHHs A Ha T.

Ecmu m = n, To marpuna HaswiBaeTcs xsadpamuol. KBagparHas MaTpuna pa3mMepos
n X N HA3BIBAETCS TAKKe Mampuuet nopadka n.

1.2 YMHOXKXeHUe MaTpPUIL

[Iycth Yy, .. ., Ym BBIPAKAIOTCSH 4Y€pPE3 Ty, ..., L, U IPH ITOM Ty, ..., T, BbHIPAXKAIOTCI depe3
21y ...y 2k CHEJIYIONIIM 00Pa30M:

Yy = au®i + ...+  Q1pTp, 1 = buzm 4+ ...+ bz,

Ynm = GmiT1 + ...+  QmnTn, Ty = bpizi + ...+ bprzk-
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fdcHo, 41O Y1, ..., Yy BBIPAXKAIOTCH YEPE3 27,..., 2, AHAJOIMYHBIM OoOpaszoM. Marpuiy u3
MOCTOSTHHBIX KO3 UIMeHToB 310i 3aBucumoctn obo3uadnm depe3 C. Torna

y=Ax, xv=Bz u y=Cz.

Y1066 moayuuTh Kodddumuentsl marpuibl C, HY:KHO IOJCTABHTDL BbIPpAXKEHUS 14

T1,...,T, Yepe3 2i,...,2r B (DOPMYJbI, BBIPAKAIOIIHE YYi,...,Y, UEPe3 Ti,...,T,, 1
cobparb KO3PDUIUEHTH TPH BEJIUINHAX 21, . .., 2. 1IOJyIATCS BOT 9TO:
n
C= [Cij]> roe ¢;; = Zailblj. (*)

=1

Oupepesienne. Marpuna C Buzna (*) HasbiBaeTcs npoudsedenuem Marpuii A u B u 0603Ha-
qaercsas C' = AB.

CaencrBue. y = A(Bz) = (AB)z.

YacTo roBopdaTr, U4TO MATPHUIBI YMHOMXKAIOTCA 110 MPABHIY ‘CTpoKa Ha croader’. Yucio
CTOJIOIIOB B IIEPBOM COMHOMKHTEJIE 00s13aHO, KOHEYHO, COBIIAIATH ¢ YUCIOM CTPOK BO BTOPOM.
Eciau mbt nutiem C' = AB, T0 aBTOMaTHYECKH UMeeM B BuLy, 9To Marpuibl A u B He coBcem
VXK IIPOU3BOJILHbBIE.

1.3 AcconmuaTuBHOCTb YMHOXKEHUSI MaTPUI]

Teopema. (AB)C = A(BC).

HoxkazareabcTBo. [Ilyctb A — mxn, B — nxk, C — k x[. Torna
k k n
{(AB)C}y; = Z{AB}ipcpj = Z (Z aiqbqp) Cpj
p=1 p=1 \q=1

= Z;aiq (2 bqpcpj> = {A(BC)}y;

1.4 HeKoMMyTaTUBHOCTb yMHOXKEHUSA MATPWUIL

B obuiem ciayuae AB # BA — paxe jist KBajparubix Marput,. Hanpumep,
01 o0 10
0 0 10| |00}
0 0 01} |00
10 00| |0 1]

1.5 CioxkeHue MaTpuIl 1 YMHOXKE€HUE HA YUCJIO
Marpuna C' = [¢;;] HaszpBaerca cymmoti marpun A = [a;;] 1 B = [b;;], ecnn
cij = a;; +b;; 114 Beex 1, 7.

Marpunpt A, B u C = A + B — oauHakoBbIX pa3dmMepoB. s onepamnun CJI0KeHUusT MaTPUIL
BBITIOJTHAIOTCS CPa3y JIBa NPUATHLIX CBOMCTBA:

A+ (B+C)=(A+B)+C (accoumaTuBHOCTS),
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A+B=B+ A (KOMMyTATHBHOCTb).

HOﬂe3HO BBECTU TaKzKe Ollepalui0 YMHOXKEHUA MaTPHUIIbl Ha 1HCJIO. ECJII/I Q — 4YuCJ10, TO
marpuna C' = oA onpenendgercsa Kak MaTPHIA TeX YKe PA3MEPOB C 3JIEMEHTAMH C;j = ;.

1.6 YMHOXKeHUe OJIOUYHBIX MaTPUI]

[Ipenmonoxknm, 910 MaTpusl A u B cocTaBieHbl U3 6710K0B A, u B;j:

All c. Alq Bll Cee Blr
A= ... ... ... |, B=1| ... ... ...,
Apl qu Bql qu
rae A;; — m; xnj, Bi; — n;xk;. Torna npoussenenne C' = AB cymecTByeT I €ro MOXKHO
BBIUHC/IATH, HCIIOIB3Ys ONEPAIIMN YMHOKEHUsI U CJIOXKEHHST MaTPHUI-O0JI0KOB:
Cll NN Ch« q
C = s rae Cij: E AilBlj — miij.
Opl ce Opr =1

Hokazkure!

MoxkHo ckazarh, 9TO OJIOYHBIE MATPUILI YMHOXKAIOTCS 110 MPaBUIYy “OJI0OYHAs CTPOKa Ha
Osiounbli cToOe1]”. MBI OUeHb CKOPO YBUJAUM, KAKYIO IOJIb3Y MOXKET JaTh OJIOUHOE YMHOXKe-
HUe.

1.7 DBpruamcanTeabHBIN aCIEKT YMHOXKEHUS MaTPUI]

[IycTe 3amansl n X n-Marpunbl A u B u TpebyeTcs BeIaucauThb ux npoussegenne C = AB. Bor
KJIACCHYECKHUH aaropuT™ (IporpaMma Ha HEKOM MOJ00MH aJrOPUTMHYECKOro si3bika Popr-

paH):
DOi = 1,n
DOj = 1,n

Cij = Cij + Qikbr;
END DO
END DO
END DO.

Koneuno, npeasapuTeabHO CaegyeT 3aHyJANTh 3JIEMEHTHI Cjj.
JOITOJIHUTEJIBHAS YACTbH

1.8 Xopoina jgu nporpamma?

OTBeTUTH Ha STOT BONPOC He OUeHb MpocTo. [Ipexke Bcero, Hy:KeH Kakoi-TO KpuTepuit —
MyCThb 9TO OyJeT BpeMsl HCHOJHeHHs mporpaMMbl. Ho Bpemsi 3aBHCHT He TOJIBKO OT THUIA
KOMIIbIOTEDA. B CTpOIroM CMbICJI€, OHO IIPUBA3aHO K OTAC/IbHO B34dTOMY KOMIBIOTEDY KU 3a-
BUCHT OT €ro COCTO4dHUA Ha ,HaHHbII;‘I MOMeEHT, OT OHepaL[I/IOHHOIU/I CuCTeMbl U, KOHEYHO, OT
0CODEHHOCTE TPAHCASATOPA.
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Yro0b! 9TO-TO 3/1€Ch TOHSTH, HY?KHO OTOPOCHTH OY€Hb MHOTO JieTajiell U OCTABUTH HEYTO
rnaBaoe. Ecanm Bce omepanuy BBIMOMHSIIOTCS MTOC/IEI0BATETHLHO, TO BpeMs PabOTHI MOYKHO
CYUTATH TPOMOPIMOHAIBHBIM YHCTy oneparuii. Mbr noiigem jgajbire u OyaeM MTOJACIUTHI-
BaTh JUIIb apudmeTndeckue onepamuu. Od1iee uxX 4ucao 6y1eM Ha3bIBaTh apupmemusecroti
CAOIACHOCTNBIO AJITOPUTMA.

Jlerko maittu, uro apudmerndeckas CJIOKHOCTb KJIACCHYECKOTO aJTOPUTMA YMHOZKEHUSI
marpul, pasua 2n’ (n® ymuoxkenuii u n? cinoxenuii). Ho xopomuro jiu 310? YBepenbt jiu Mbl B
TOM, 9TO 9TO HAWIYUIIANH AJTOPUTM !

Camo moHdTHe “Hamaydmmil’ OpeanojaraeT HAJUIHe HEKOTO MHOYKECTBA BO3MOYKHBIX
aJITOPUTMOB. ByneMm mojararb, 9To aJTOPUTM — 3TO IOCIEI0BATEILHOCTDH JIEMEHTAPHBIX
omnepanuii 13 KOHEYHOTO (PUKCHPOBAHHOTO HAOOPA TeMEHTapHBIX omepamuit. ng ompeme-
JIBHHOCTH, IIYCTb 9TO Oy/IyT YeThipe apu(pMeTuIecKuX AeiiCcTBUsI.

Nrak, maTemarndeckas 3ajada mocTaBjeHa. Fine B HeZaBHEM MPONLIOM MHOTHM Ka3a-
JIOCh, YTO KJIACCHYECKUN aJrOPUTM caMblil Jydimuii. Temeppb yxKe siCHO, 9TO 9TO He TaK.

1.9 Meroa Bunorpanga

[TonpobyiiTe-Ka MepeMHOKUTH MATPHIIBI KaK-J1100 HHAYe — He 10 KJACCHIECKOMY aJITOPHUT-
my. BeposiTHo, BuepBbie 510 ¢iesan Bunorpas (B nagamne 60-x). OH gorajaics HCIoIb30BaTh
CaeIyIonee TOKIeCTBO:

m

2m m m
E by = E (@ 25—1 + bog ;) (bag—1; + @i oK) — E ;i 2k—10 2k — E bar jbok—1 ;-
k=1 k=1 k=1

k=1

[Iycts n = 2m. dAcuo, 94T0 BTOPYIO U TpeThbio cyMMbl Jijist Beex 1 < 4, 7 < n MOXKHO HaliTH,
3aTpaTuB 2nm = n? yMHOXKeHui u 2nm = n? caoxennit. g mepBoit cymMMBI TOTpeGyeTcs
n*m = %n3 YMHOZKeHH# u 3n’m = %n‘s CJIOZKeHn#.

B urore — mno-npexkaeMmy, 2n® onepanuii (Ge3 yuera nopsaaka n? < n® onepanmit), Ho Te-
nepb %n3 YMHOXKEeHUIT 1 %n3 caozxennii! [TockonbKy ymMHOZKeHHE — onepalys 0osiee CJI0KHas,

4eM CJI0ZKeHue, MeToj BuHOrpaja MOXKeT IPeJICTaBIsaATh NPAKTHIeCKUiT HHTepeC.

1.10 Merox IlITpaccena

B 1965 roxy Ilrpaccen namesn crmocob YMHOXKEHUS 2 X 2-MATPHUIL ¢ TOMOIIBIO BCETO JIUIIb
7-Mu yMHOXKeHuil (B KaaccumaeckoM meroje 8 ymuoxkenwit). To, aro npumymasn [rpaccen,
MOJIYYaeTCs TOCPEICTBOM BBIYUCICHUS TEH30PHOTO paHra “MHOroMepHbIX MaTpuil . O6 3ToM
MBI HOTOBOPHUM B 3aKJIIOUUTEIbHON JIeKInu Kypca. A 1MokKa jgaBaiiTe moCMOTPUM HA U300pPe-
tenne IlITpaccena “6e3 komMenTapues’™ !

a1 = (a1 + a2)(bi1 + ba),
ag = (a1 + az)bii,
c11 = o1+ 0g4 — a5+ a7,
as = ay1(biz — ba2),
c12 = a3+ as,
ay = ag(ba —bn),
Co1 = Q2+ Qy,
as = (a1 + ai2)ba, N N
C2 = a3z — (g ag.
ag = (a1 —ai1)(bi1 + b12),
ar = (a2 —az2)(ba1 + ba2),

1 Cwm. 3amauay 5.4.21 u3 “Bagaganuka no juneinoi anrebpe’ X.JI.Mkpamosa.
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TojiIbKO O4Y€HD JIEHUBBI Y€JIOBEK HE CMOYXKET IIPOBEPUTH, YTO JIBE MATPHUILbI TOPsIKA 2 YMHO-
ZKal0TCs TMPaBUJIBHO.

1.11 Pekypcusi ajs n X n-MaTPHIl,

Ot MeTo1a yMHOXKEHUsI 2 X 2-MATPHUIL € 7-10 yMHOKEHHSIMU JIOBOJIBHO JIETKO HepeifiTu K MeTo Ly
YMHOKEHHS N X N-MaTpHIl, Tpedbyormemy He bosee 71827 onepamuit. ITockoabKy

7nlog27
——— — 0 mpu n — oo,
n3

METO HITpacceHa ACUMIITOTHYECCKHU JIy4llle KJaCCHYEeCKOI'0 MeTOda.

[Ipeanonozxum, ato n = 2F u 6yaem pacemarpusarh A 1 B kak 67109HBIE 2 X 2-MaTPUIILL:

A= { All A12 :| ’ B = |: Bll Bl2 :| 7 Aij7Bij

|3
X
|3

A21 A22 BQl 3227

3aMedaTesIbHO, YTO B MITPACCEHOBCKOM METOJI€ YMHOMKEHHS 2 X 2-MaTPUIl KOMMYTATHBHOCTH
He HCIoJIb3yeTcd. [109ToMy MeTom romuTes U sl yMHOKEHHS OJIOUHBIX 2 X 2-MaTpHII!

n
Nrax, sadaua pasmepa n cBOAUTCA K T-MU aHAJIOIMYHBIM  3adauam pasmepa 5. s dop-
MHUPOBAHUS ITUX (-MU 33129 U /I MOJydeHNs OKOHYATEeTbHOTO Pe3yJ/IbTaTa IMOCIe PeTeHns
9THX 7-MHM 33Ja4 Tpebyerca 18 pa3 CJI0KATH OJOKM MOPAIKA & .
"PackpyTus'"yKazsaHHYIO PEKYPCHIO 10 KOHIA, HOTYIHM

710g2 no__ n10g2 7

YMHOXKeHUil Ha mocieaneM drame. O0Imee YUCI0 CI0KEHUNE HA BCEX dTAIlaX COCTABUT

L

L
k—1 n2_182( 1 L _ qologyT7
1837 <?> = ot <6 T = o

k=1

|1

-1

(myxuo yuecrn, uto 41 = n? u 7L = nlos27),

[Ipu npaxkTudecKOM TpPUMEHEHUU PEKYPCUI0 He 00d3aTe/bHO PACKPYYHBATL 0 KOHIA.
D10 Bpeano: 7n'°827 > 2n® naxke mpu n = 512. Ho npu n = 1024 HepaBeHCTBO MeHSETCS B
nonb3y IlTpaccena.

K HacrosieMy BpeMeHH MPHIYMAHBI U 6oJiee ObICTphle (ACHMITOTHIECKH) METOJIbI, YeM
meron [llTpaccena. Yike cymectByor Metoasl ¢ uncaom omeparmit O (n®), rme a < 2.42.
HukTo ne 3naer, KAKOB MUHUMAJIbHBI TOKA3aTEIb B TAKUX OIEHKAX. ZlcHO uIib, 9T0 (v > 2.
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2.1 MHoxKecTBa U 3JIeMEHTbI

[Tonarue mrooscecmea BBOIUTC I 0003HAYEHUS] COBOKYIHOCTH IAEMEHIOE, 00beINHEH-
HBIX KAKHM-TO OOIIUM NMpH3HAKOM. CUHTAETCs, YTO OHO OTHOCHTCS K IePBUYHBIM ITOHATHUSIM,
KOTOPBIM He JaeTCsi (DOPMAIBHOIO ONPEIEICHUS.

Banuch a € M o3HAYaeT, 9TO sAeMeHM a4 IPHHAITEKUT mHoscecmey M. 3amucy X C Y
O3HAYAeT, YTO KaKJbIil 3/IeMeHT MHOKecTBa X IIPHHAIEKAT MHOXKecTBY Y. Ilpm sTom X
Ha3bIBaeTCA nodmHoocecmeom s Y. Ocobo BBIIEISTCS MHOMKECTBO, B KOTOPOM HET HHU
onnoro sneMenta. OHO Ha3bIBaeTCS nycmuLm 1 00603HadaeTca cumboaoM ). I1o onpenenenmuio,
DCcM VM.

ITpn ommcanum MHOXKECTB WHOTJIA BO3HUKAIOT JIOTMYECKHe NpoTuBOpedus. Hampuwmep,
PacCMOTPUM MHOXKeCTBO M, coCTosIee U3 OJHOTO YHC/Ia, KOTOPOe OIIPeIe/idercs KakK “Hau-
MeHbIITee IeJI0e YHCI0, KOTOPOe HeIb3sl OIPEIeNNTh IMPH IIOMOIIH (bpas3bl, HMEMIei Me-
Hee cra pycckux ¢j1oB”. Takoe 4uc/io JI0/I2KHO CYIeCTBOBATh, IIOCKOJIbKY YUCIO JOIMYCTUMbIX
¢dpa3, nmennux MeHee CTa CJI0B, KOHEIHO. B TO Ke BpeMsi OHO ONpeIe/IsieTCs MPUBeTeHHON
BeiTie (pasoil, a B Heil MeHee cTa cJaoB! !

B mamem Kypce, K c4acTbio, IPOTUBOPEYHIl TAKOTO pOJa IIPH 33JIaHUU MHOMKECTB BO3-
HUKATh He Oyjer. Ho jaxke mpu MOJTHOI SICHOCTH ¢ ONpeJIeIeHreM MHOXKeCTBa (HampuMep,
MHOZKECTBO KOpHeIU/I ypaBHeHI/IH) HE BCerJa JIC'KO yCTaHOBUTDL, CKOJIBKO B HEM 3JICMEHTOB U
OyJeT Jin OHO BOOOIIE HEIYCTHIM.

JIoBOTBHO 9acTO MHOXKECTBa OyIyT 3aJIaBaThCs IEePEeUnCIeHHeM CBOUX 3IeMeHTOB. Ha-
npumep, M = {1,2,3} — MHOXKeCTBO, cocTosilee U3 Tpex uucen 1, 2, 3.

Kpome Toro, HoBble MHOZKECTBA MOYXKHO KOHCTPYUPOBATH C MOMOIIBIO YK€ UMEIOIIUXCS
MuOKecTB X 1 Y cjaemayionumM odpa3oMm:

e A=XUY={a: aeXum a€Y} (obbemuHEHHe MHOKECTB);
e B=XNY={b: beXubeY} (mepecedenne MHOKECTB);
e C=X\Y={c: ceX, c¢Y} (pa3sHOCTD MHOXKECTB);

e D=XxY={d=(a,b): a€ X, beY} (IeKapTOBO MPOUW3BEICHNE MHOKECTB).

2.2 Orobpaxenus, (pyHKIINN, OIIEPATOPHI

Bce Tpu cnoBa u3 3arosioBkKa 03HAYAOT OJHO M TO K€ — pedb HUJIET O IPaBUJIe, IO KOTOPOMY
KayKJIOMY JIEMEHTY T MHOXKecTBa X CTaBUTCA B COOTBETCTBUE OJHO3HAYTHO ONpPeIeTeHHBIN

TIpumep u3 yuebunka B. B. Boeroquna “JIuneiinaa anrebpa’, Hayxa, 1980.

11
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snement y = f(x) MHO)kecTBa Y. 3ajaHue IpaBuiia PAaBHOCUILHO BBIOOPY IIOJAMHOXKECTBA
I'={(z,f(x)): z€ X} C X xY,

Ha3bIBAEMOTO 2pagurom orobpazkenus (dbyHknuu, omeparopa) f.

Daement y = f(x) HA3BIBAETCS 00pa30m TEMEHTA T, & T — NPoobPasom JIEMeHTa Y TpH
oTobpazkeruu f. YToObl mOAUepKHYTDb, uTO f mefictByer u3 X B Y, mumyt Tak: f: X — Y.

MuoxectBo f(X) = {y : y = f(x) mas mekoroporo x € X} Ha3bIBaeTcsa 06pasom
(MHOKECTBOM 3HAUYeHHIT) oTOOparkenus f.

Eciu M C Y, to muoxectso f~H(M) = {z : f(x) € M} nasbiBaercs noanvim npoobpa-
som muOKectBa M. Ecmu M = {y}, To numyT Takum obpasom: f~1(y) = f~H(M).

Orobpaxkenne f : X — Y HazbiBaeTcss 00pamumbvim, €CJIH CYHIECTBYET OTOOparkKeHne
g: Y — X takoe, uro f(g(y)) =y VyeY ug(f(z)) =2V ax e X. Ilpu srom g HA3HIBAIOT
obpammvim omobpasiceruem A f w numyT g = L.

Orobpazkenue f HA3BIBACTCA 83AUMHO-00HO3ZHAYHBILM, €CTH JJId JII0O0r0 y € Y MOoaHbIik
npoobpas f~1(y) cOCTOMT POBHO W3 OJHOTO 3TeMeHTa. JIErKo MoKa3aTh, UTO OOPATHMOCTD
PABHOCHJIBHA, B3AUMHON OJJHO3HAYHOCTH.

2.3 AunarebpamveckKue orepaian

Orobpaxkenne f : X X X — X mazwiBaerca aszebpaudeckoli onepayued na X. Ilycrs aas
0b03HAYeHNS TAKON OIepaliy UCIOAb3yTCa CUMBOI *. Torma 3anuch ¢ = a * b o3navgaer, 410
(a,b) € X x X uc= f((a,b)).

Ecnn 3agano orobpaxkenue f : M — X ma memycTom moamuoxkectBe M C X x X, 1o f
HA3bIBACTCS “acmu4Hnol aszebpauveckol onepayued na X . TakoBoil, B 9aCTHOCTH, sIBJISI€TCSH
onepanud yMHOXKeHUd MaTpHUL Ha MHOzKECTBE BCeX MaTpPHIIL.

CHUMBOJI * aCcTO OMyCKaeTcs, IPU ITOM MUIIYT ab = a * b, HA3BIBAIOT OTEPAIII0 YMHOXKe-
HUEeM, a 3JeMeHT ab (ec/u OH CyIIecTBYeT) — NPOU3BEJIeHIEM JIEMEHTOB a U b.

2.4 AcconmaTuBHOCTb U CKOOKU

Yacruunas ajirebpanydeckas onepanus Ha X HA3bIBACTCH aACCOUUAMUESHOTU, €CJIU JI1sd JIFOObIX
a,b,c € X u3 cymecrBoBanus mpou3BeaeHnii ab u bc BbITEKaeT CynecTBOBaHNE TTPOU3BEIeHU
a(bc), (ab)c m paBeHCTBO

a(bc) = (ab)c.

B s1om caygae ecrecTBenHo yoparh cKoOku u nucarb abe = a(be) = (ab)c.

Teopema. ITycmo na X 3adana accouuamuehas 4acmudHas GA2e0PAUYeckas ONepatus U
X1y ovey Ty — NPOUSBOALHBLE INEMEHMBL U3 X, OAL KOMOPLLT CYUECNBYOM NPOUIEEIECHUS
T1T9, ToX3, ..., Tn_1Ty. 10200 cywecmeyem paccmaroska ckobok, onpedesstou,as IAEMEHM,

T = T1T2...Tp,

npu 9mom A106a4 paccmaroska ckobok daem 0dur U Mom JHCE INEMEH T.

dokazareabcTBO. llpoBeneMm mHAYKIHIO Mo n. /loKaxkeM cHadaJia CyIecTBOBaHUE HEKO-
TOPOH paccTaHOBKM CKODOOK, ompejensiomei . CornmacHo MHAYKTUBHOMY HPEINOT0KEHUIO,
CYLIECTBYET MPOU3BeAeHHe (T ... Tp_2)Ty_1. 110 YCJIOBUIO TEOPEMBI CYHIECTBYET TAKKE MPO-
U3BEJICHUE Ty _1T,. 1aKuM 00pa30M, MOYKHO NMPUMEHHUTH ONpPeIeeHre aCCOMHaTUBHOCTH 10
OTHOIITEHUIO K dJeMeHTaM @ = X1 ... Lp_2, b= T,_1, C= Tp,.
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[TycTh 3meMenTsl a u b mojiy4daioTcst Ipu pa3HbIX paccTaHOBKaxX CKOOOK. B jrrobom ciyuae
uMeeM

a=(x1 ... ) (Tps1 - Tp), b= (21 ... o) (Tmy1 --- Tn)-

[Iycts k < m. Torna, B cu1y acconMaTUBHOCTH,

a = (21 ... 2)((@hs1 o To) @ong1 - Tn)) =

(1 o xe)(@hs1 - o)) (T - @) = (X1 o ) ) (X1 -2 @) = 0. O

2.5 AcconmmaTuBHOCTH IIPU YMHOXKEHHUN MAaTPUI]

[TycTh HYKHO BBIYUCINTD IPOU3BEIEHIE TPEX MPSIMOYTOJIbHBIX MATPHIL pa3zMepoB 1 xXn, nx 1
nlXxn:

C11

A:BOD:{bll bln] [dll dln]

Cn1

B nanHom ciiydae ecThb jiBa BapuaHTa PacCTaHOBKH CKODOK:

cidin ... cudiy
Cmidir ... Cudip
A= (BC)D = [(bncn + ..+ blncnl)] [dll e dln] (2)

Bapuanter (1) u (2) npuBoIAT K JBYM Da3HbIM AJTOPUTMAaM BBIUUCIEHUs] MATPUIILI A.
B cuy accommaTHBHOCTH pe3yabTaThl JOJIZKHBI OBITH OMMHAKOBLIME. Ho apudmernueckas
pabota Oyer pasnas! [IpuMensas npasuio “cTpoka Ha cTosder”, nogydaeM 2n? yMHOXKeHHH
B caygae (1) u Bcero 2n ymuoxenuii B caygae (2).

2.6 TI'pynnbl

Hemnycroe MmuO)KecTBO G ¢ acconuaTuBHON ajireOpandecKoil onepanuei Ha3bIBaeTCs 2pynnot,
eCJIN:

(1) cymectByer smeMenT e € G Takoil, 4T0 ae = ea = a jjag JAOGOro 3neMenTa a € G
(2) st roboro smementa a € G cymecryer snemedt b € G takoii, uro ab = ba = e.

DJIeMeHT e onpeiesiseTcst CBOcTBOM (1) OHO3HAYHO: €CJIU €] U €3 — JIBA TAKHX JIEMEHTa,
TO €1 = €163 = 9. OH Ha3BIBACTCS €0UHUYHBIM.

Daement b u3 cpoiictBa (2) OAHO3HAYHO ompejessieTcst M0 a: ecau by u by — nBa Ta-
KuX amementa, 10 by = by(aby) = (bja)by = by. Daement b HazbIBACTCA 06PAMHBIM JJIsI Q.
O6oznagenne: b = a L.

Jns mo6erx bukcnpoBanHbIX a,b € G MOKHO DACCMOTPETh ypaBHeHHs ax = b (0OTHOCH-
TebHO ) m ya = b (orHOCHTENBHO y). O6a ypaBHEeHUs OMHO3HAMHO PA3pEIuMbL: T = a” b
uy=bal.

['pynma HaspiBaeTcst abeaesoli (KOMMYTATHBHOI), ecian ab = ba mis Beex a,b € G.
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2.7 Ilpumepsbl abesieBBIX I'PYIII

1. G = R — MHO)KECTBO BEIIECTBEHHLIX UHCEJ, Oepanus — cJoKenne dnces. Posb eu-
HUYHOTO dJIeMeHTa urpaer Jucyo 0.
2. G = R\{0} — MHOXKeCTBO HEHYJIEBBIX BEIECTBEHHBIX UUCE], OMEPAIHs — YMHOKEHIEe
quceJI. POﬂb CAUHNYIHOI'O JJIeMeHTa UI'pacT IHUC/IO 1.
3. G = Q — MHOXKECTBO paAIMOHAIBHBIX UHCE], ONEepalis — CaoXKeHne ducena. Poab enn-
HUYHOTO 3JeMeHTa urpaer ducyo 0.
4. G = Q\{0} — MHOXKeCTBO HEHYJIEBBIX PAIMOHAJBHBIX YHCEJI, ONepalus — YMHOKEHUe
qrces. Ponb e ITMHAYIHOTO 971eMeHTa UTPAeT YUCIO 1.
5. G — MHOKECTBO HEHYJICBBIX BEIIECTBEHHBIX YHCEST BUIA a+by/2, I1e a, b — paruoHaibHble
qucjiaa. OHepaHI/IH — YMHOXKEHHE YUCEJI.

[Ipexk e Bcero, mokazkem, 9T0 mpou3sejaenne quces u3 G npunaaiexur G:

(a+bV2)(c + dv2) = (ac + 2bd) + (ad + be)V/2,

U3 pAIMOHAJBHOCTH YHCET a,b, ¢, d BBITEKAeT pAIMOHAIBHOCTL 4dnces ac + 2bd u ad + be.
Jlanee, eTMHUIHBIM 3JEeMEHTOM gBJageTcd yucao 1 = 1+ 0 - V2. OO6paTHbBIil 7IeMeHT 1S
a+ b\/ﬁ, KaK JIET'KO IIPOBEPUTH, UMEET BUJL

(m)(aw) "

Bamaua. Ilycrs G — rpynna c emunuueii e. JJokaxkure, 9To eciu a?

= e gy g0boro a € G, To rpymnmna

G abenesa.

2.8 TI'pynna HEBBIPOXKAEHHBIX JINATOHAJbHBIX MATPHIL

Marpuma A = [a;;] pasmMepoB n X n Ha3bIBAETCH Jua20HAAbHOU, ecan a;; = 0 mpu @ # j.
JmaronaipHas MaTpuna A Ha3BIBAeTCsS HEBBIPOXKIEHHON, ecn a; # 0 mpu Beex 1 < ¢ < n.

MHnokecTBO HEBBIPOXKIEHHBIX JUATOHAJBHBIX 1 X N-MATPHIL ¢ BeNeCTBEHHBIMH deMeH-
TaMU U Ollepalueil yMHOKEHUsT MAaTPHIL ABIsIeTcs abesieBoii rpymmnoii. Porb eauHudaHOTO 371€-
MEeHTa UrpaeT MaTpulia

Ona Ha3bIBaeTCa eduHuuHot mampuued.

3agauva. Marpuna A nopsaka 17 KOMMYTHPYET CO BCeMHU Marpuiiamu nopsiaka n: AB = BA njs Bcex

Marpul, B nopsiaka n. Jokazkure, 4To A — auaroHajbHas MaTPUIA C PABHBIMU 3JIeMEHTaMU Ha ILI/I&I‘OH&JII/I.Q

2.9 TI'pynna HeBBIPOXKJIEHHBIX TPEYTOJbHBIX MaTPUI]

Marpuna A = [a;;] pasMepoB n X n Ha3bIBETCH HustcHel mpeyz0avrot, ecin a;; = 0 npu
1 < 7, 1 eeprreli mpeyzoavrot, ecnn a;; = 0 opu ¢ > j. T'peyronbnad MaTpulia Ha3bIBaCTCSI
HEBBIPOZKIEHHOM, eciu a; # 0 npu Beex 1 < i < n.
MHOKeCTBO HEBBIPOK IEHHBIX HUKHUX (BEPXHUX) TPEYTOJIBHBIX MATPHIL C BEIIECTBEHHbI-
MU 3JIeMEHTAMU U Olepalueil yMHOKEHN MATPHIL SIBJISETC TPYNNoil (HEKOMMY TATHBHOM ).
JlokazaTebCTBO COCTOUT U3 TPEX ITAIIOB:

2Taxme MATPHIILI HABLIBAIOTCH CKAAADHHLMU.
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® [IPOBEPUTH, YTO HPOU3BECHIE HEBBIDOK/ICHHBIX HUAKHUX (BEPXHUX ) TPEYTOJbHBIX MAT-
DHIT SIBASIETCST TAKZKe HUZKHeH (BepxHeil) TpeyroabHON MaTpHIIeH;

® IIPOBEPUTH, YTO POJIb €IUHUYHOTO FIEMEHTA UTPAET eJUHUYHAs MaTpuia [;

® [IPOBEPUTH, YTO JJisi HEBBIPOXKIEHHON HUKHeH (BepxHeii) TpeyroapbHON Marpuibl A
paspemumbl ypaBaerus AX =1 u YA = I, upu 3rom 06e Marpuipl X n Y SBISIOTCI
HUKHAME (BePXHUME) TpeyroababiMu. [Tocte s1oro pasenctso X = Y sBigercs yike
OYeBUTHBIM.

2.10 Iloarpymrbl

[Mommuo)kecTBO H C G HazbiBaerca nodepynnoti rpynnsbl (G, eCId OHO SIBJISIETCSl TPYIION
OTHOCHUTEBHO omepalnu, aefictByomeit B (G. 11 37010 HEOOXOAUMO W JOCTATOYHO, ITOOBI

e ab € H nyisi io0bIx 3aementoB a,b € H;

e o' € H nns noboro ssemenrta a € H.

Hampumep, rpynma HeBHIPOXKIEHHBIX JIHArOHAJIBHBIX MATPHUIL SBJISETCd TOATPYIHOH
IPYIIBI HEBBIPOXKIEHHBIX HUKHUX (BEPXHUX) TPEYTOJBHBIX 1 X N-MATPHIL.

2.11 Crernenn 3jieMeHTa

BadukcupyemM Npou3BOALHBIN 31eMeHT a B rpynne G U pacCMOTPUM MUHUMAJIBHYIO COIEp-
Kaiyto a noarpynny H(a) C G. MunuManbHOCTH 03Hauaer, uro H(a) C H ans moboit
noarpymubl H, copepxxkaieii a. JIerko BugeThb, 4ro

H(a) = {a": k — uesoe uucio}.

[lo onpenenennio, a’ = e, a* = a...a (a nopropsercsa k pa3) npu 1e10M HOJOKATEILHOM K,

a~* = (a')*. Hemocpeacrsenno u3 onpe/esienus BbHITEKAET, 9TO

a*tm = aFa™ g mobbix nesix k, m.

2.12 IImkawmyeckue rpynnbl

[pynna H(a) HA3BIBAETCS UuKkAUY%eCKoT TPYIINON, TOPOKIEHHOH 3JeMeHTOM a. MUuHUMATb-
Hoe nenoe k > 0 Takoe, 9ro af = e, HazbIBaeTca nopadkom ddeMenTa a. Ecin af # e mpu
Bcex k > (0, TO @ HA3BIBACTCS IEMEHTOM OECKOHEYH020 NOPAOKQ.

Teopema. Jlobas nodepynna yursuveckot 2pynnvt AGAAEMCA UYUKAUYECKOT.
HoxkazareabctBo. [loarpynna H C H(a) COCTOUT U3 KAKUX-TO CTENEHeH JIeMeHTa a:
_ i1 02

H={a", a", ... }.

[Iycth m — HamMeHbIIIee IeJI0e TOJIOKHATETHbHOe TUCTO CPENH i1, io, . ... LOTAa gcHO, 9T0 H
colepzKuT Bee 3teMenTsl Buaa a™F. Jlokaxkem, uro B H e MOXKeT OBITH APYIHX CTeleHeif
snemenTa a. [Iyctb a™ € H. Pazgesnm n ¢ octaTkom Ha m:

n=qgm-+r, q,r—T1aerse, 0<r<m-—1.

Torma a” = a"a 9" € H. B cayugae r > 0 nojsydaeMm IpOTHBOpeYHe ¢ MUHUMAJIbLHOCTHIO M.
[Tostomy r =0. O

3angaua. Haiitu Bce mOArpynmbl IPyNbl MEIBIX YUCET 7 OTHOCUTEHHO OMEPAINY CJIOKEHUST YUCEI.
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Jleknima 3

3.1 Cwucrema JUHEHBIX ajJredpamvecKnxX ypaBHEHUIA

Cucrema ypaBHeHuit BUIa

anry + ...+ Q1T = bl,
(1)
a1 + ...+ aupxrr = by,
OTHOCUTEJIbHO HEU3BECTHLIX BEJIUWYUH T1, ..., T Ha3blBacTCAd cucmemoti AURETHbLT a./zee6pa—

uveckur ypasrenud. Mpl yke 3HaeM, 4TO ¢ HOMOIIHLIO MATPUUHBIX 0DO3HAYEHUH €€ MOXKHO
3almcaTb B BUJIE

air ... Qg T b1

Anl . Gk Tk b,

MmnoxecTBo MaTpull pasMepos n X k ¢ sgementamu a;; € R, rme R — mmoxkecTso Be-
MIECTBEHHBIX unces, obo3uaunM R™*. B cormacum ¢ stum obosnadenmem R™! g RF*1 —
MHOKECTBa, MaTPUII-CTOJIONOB, MEOIINX, COOTBETCTBEHHO, N U k 31eMeHToB. 1 KpaTKoc-
i 6ygem nucarh R® = R™! g R¥ = R¥*! g naszpisarh MATPHIBI-CTONIOIBL 6€KMOPaMU.

Matrpuna A € R™* gassiBaerca mampuueti xoapduyuenmos, Bexrop b € R" — npasoti
wacmwio, a BektTop T € RF — pewenuem cucremsr (1).

3.2 JIunHeitHble KOMOMHAIIN

JIiist TOHUMaHUS CYyTH Jiejia UCKJIIUYNTEIbHO TOMe3Ha CIeYIONas WHTePIPeTalns CUCTeMbI
(1). CortacHo onpeieIeHUI0 YMHOXKEHHsI MATPHIIBI HA JUCI0, ecau « € R, 10

b1 Otbl
(6] . = -
by, ab,
[IycTs aq, ..., ap — cTOIOIBI MATPHUILL A:
A=lay, ..., ax, a, ..., ap € R™,

Torna coornomenust (1) paBHOCHIBHBI PABEHCTBY MEXKIY BEKTODAMHE

ria1 + ... + xpap = 0. (2)
Broipaxkenue xia; + ... + rrax Ha3bIBACTCs AUHETHOT KOMOUHAUUET BEKTOPOB A1, . . ., G,
a Jacaa Ty, ..., T — Koapduyuenmamu auretinot xomburayuu. MHOKECTBO BCEBO3MOK-
HBIX JIMHEHHBIX KOMOUHAIMI BEKTOPOB a1, . . ., Q)
L(CLl, ey ak):{oqal + ...+ ogag o oq, ..., 0k ER}

17
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HasbIBaeTCd AuHetinot 000404k BEKTOPOB ay, . .., (.
Taxkum 06pa3om, paBeHCTBO (2) O3HAYAET, YTO

be Lay, ..., ag). (3)

Hpyrumu cioBamu, cucteMa (1) umeer perrenne (COBMECTHA) TOTJA U TOJBKO TOTJA, KOT-
Jla mpaBas 9acTb b UpUHAJJIEKUT JUHERHON 060I0uKe (sIBsieTcs JTuHeRHOH KoMOuHaImei)
CTONOIOB MATPUIL KO PUIHEHTOB.

3.3 JIuneitHag 3aBUCUMOCTH

BekTopsl, Bce a/ieMeHTHI KOTOPBIX PABHBI HYJIIO, HA3BIBAIOT HYAEELLMU GEKMOPAMU, & THOTIA
pocTo Hyaamu. JI10O0i Hy/1eBOi BekTOp OyjeM 0b6o3HaYaTh CUMBOJIOM (.

JIuneitHast KOMOMHAIMSI BEKTOPOB HA3BIBAETCS HEMPUBUAALHOU, €CJI XOTd Obl OJUH U3 ee
k03 durmenToB oranden or Hysas. Cucrema (IpyruMu CJIOBaMHU, HEMYCTasl yIOpsiIOYeHHasT
COBOKYTHOCTb KOHEYHOTO YHC/IA) BEKTOPOB HABBIBACTCH AUHETHO 3a6UCUMOT, €CTH I HUX
CYIIECTBYET HeTPUBAJIbHAA JHUHEHHAsE KOMOUHAIUs, paBHAs HYJE€BOMY BEKTOPY.

Jlemma 1. Eeau aq, ..., ap — Aunetdno 3asucumas cucmema k > 1 nenysesor eexmopos,
mo 6 Hetll cyuecmeyem 6eKmop ,, m > 1, asasmouwuiica sunetinot kombunayuet npedoi-
Yuux 8eKMOPos:

am € L(ay, ..., Gpm_1).

JlokazarenbcTBO. PaccMorpum paBHYIO HYJIIO HETPHBUAJIBHYIO JUHEHHYI0O KOMOUHAIIIIO
aral + ...+ agap =0,

1 IyCTh M — HAHOOJIBIIUI HOMEep TaKoii, 9T0 o, # 0. Eciu m = 1, To aya; = 0 1, HIOCKOIBKY
ay # 0, monydaeM a; = 0, 9TO MPOTHBOPEUUT ycJa0BHUIO JeMMbl. CraengoBaTenbHo, m > 1.
Torna

g Q-1
aa+...+tant, =0 = apn=—|a1+...+(—
o'

Qmp—1- U

3.4 JIuneiiHagd HEe3aBUCUMOCTH

CucremMa BEKTOPOB Ha3bIBACTCS AUHEUHO HE3G6UCUMOT, €C OHA HE sIBJISIeTCS JUHEHHO 3a-
BucuMoii. Takum 0b6pazomM, ecjiu BEKTOPHI a1, . .., 4y JUHEHHO HE3ABUCUMDI, TO

aar+...+opa =0 = ar=...=q,=0.

JIemma 2. Jhobasa nodcucmema aunetino nesasucumott cucmemvs AGAZELMCA AURETHO He3a-
6UCUMOT].

JokazareabcTBo. I[lpemmnonoxkum, 9T0 MOJACHCTEMa JUHEHHO 3aBUCHMA. SHAYHT, CyIIECT-
ByeT HeTpPUBHAJIbHAS JUHEHIHAS KOMOMHAIMS BEKTOPOB JAHHOM ITOJICUCTEMbBI, paBHAas HYJIIO.
Toryma nuneiinas KoMOMHAIUS BEKTOPOB HMCXOJHOI CHUCTEMBI ¢ TeMHu ke Kodpduimenramu
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IpH BEKTOPAaX U3 IOJCUCTEMbI W HYJIEBBIMH KO(MPUIHEHTAMH [PH JPYIMX BEKTOPaxX siB-
JISIETCsl HETPUBHUAJIBHOMN JIMHEHHONH KoMOnHanueit, papaoii Hy/o. [loay4daem nporuBopedne ¢
JIMHENHHOIT He3aBUCUMOCTHIO UCXOJIHOH cucTeMbl. [

Jlemma 3. Ecau sexmop asasemca asunetinoth kxomburayuet sunetino He3a8UCUMDBLET 6EKMO-
po8, mo Koaphuyuermo, 5mot suHeliHol KoMOUHAUUY onpedeserv, eQUHCMBEHHBIM 00PA3OM.

JlokazaTtenbcTBO. [lycThb BEKTOPHI a1, ... Af JUHEITHO HE3ABUCUMBI 1
b = ara1 + ..., +tagar, = fiag + ..., + Pray.
Orcrona
(n—01)ag + ... + (g —Pr)agy = 0 = ag—01=...=a;— O =0. O

Bamaua. Jljis KaxXKa0ro n HaiiauTe BCe 3HAUEHUS MAapaMeTpa @, IPH KOTOPBIX CTOIOIBI TPEeX THATrOHAIb-

HOU MaTpHIIbI

nopdaaKa mn JIMHEMHO HE3aBUCHUMBI.

Bagaua. Marpnna pasmepos (n + 1) X n nmeer smemenTst a;; > 0 npu ¢ = j u a;; < 0 pn @ # j.

Jokaxkure, 9To mpu n = 3 ee cToa0dIbl JUHEHHO He3aBucUMbL. BepHo i 310 npu n = 47

3.5 TpaH3UTHUBHOCTH JMHEIIHO 3aBUCUMOCTU
Baknoe (XOTs1 1 OUEBHIHOE) CBOMCTBO: ecyin

L(cy, ..., ¢,) CL(by, ..., by) u L(by, ..., by) C L(ay, ..., a),
TO

L(ci, ..., ¢) C L(ay, ..., a).

3.6 MOHOTOHHOCTH YMCJIA JIMHENHO HE3aBUCUMbBIX BEKTOPOB

Jlemma 4. Ilyemo kaoscdas us cucmem ekmopos by, ..., by, u aq, ..., ap AuHElHO HE3ABU-
CUMQ, U NPEONONOHCUM, 4MO

L(by, ..., by) C L(ay, ..., ax). (%)

Toeda m < k.

HokazarenscTBo. Cormacuo (%), cucrema
bl, ay, ..., Qk

JmmHeitno 3apucuma. B cuiy Jlemmbr 1 cymiecTByer BeKTOp, SBJSIONIMICH JIMHEHHOW KOMOU-
HaIUel TPeIbI Iy IUX BEKTOPOB, MyCTh 3TO OYJIeT BEKTOPD

a € L(bl, Ay, ..y Clkfl).
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Orcroga caeayer,aro
L(&l, ey ak) C L(bl, ay, ..., ak,1>.

B cuny TpaH3uTHUBHOCTHU JIMHEHHO# 3aBUCUMOCTH
L(bl, ey bm) C L(bl, Aty .., ak—1)7

IIO9TOMY CHCTEMa
an b17 A1y o ooy Qg—1

JinHeiHo 3aBucuMa. B cuiy JleMMbl 1 1 B 3TOi cucTeMe CyIIecTBYeT BEKTOD, JIMHEHHO BbI-
parKkaomuiicss depe3 MpebIIyIHe, TPUIeM TAKOBBIM He MOYKEeT OBITh BEKTOD by (BEKTOPHI
by, by MHEHHO HE3aBUCHMbBI KaK TOJCHCTEMA JINHEHHO He3aBHCHMON cucteMbl (Jlemma 2)).
He orpanuumBas obmnocTH, Oy/ieM CIUTATH, YTO

ap—1 € L(ba, b1, ay, ..., ag_2).

[peanonoxkum, aro m > k. Torma, npogoszkas npejabliyliue MOCTPOEHUsI, HA k-OM Imare
Oy daeM
L(ay, ..., ar) C L(bg, by—1, - .-, b1).

Cnenosarenbuo, by € L(by, br_1, ..., b1), a 5T0 NPOTHBOPEYUT NPEANMOTOKEHUIO O JIH-
HEHHON HE3aBUCHUMOCTHU BEKTOPOB by, ..., b,,. [losydennoe mporuBopeune JOKa3bIBAET, UTO
m<k O

3.7 ba3suc m pa3MepHOCTb

Jlumeitno nesaBucuMasi cucreMa BEKTOpPOB by, ..., b, € V = L(ay, ..., a;) na3siBaercs ba-
aucom jHeinoi obosouku V', ecau L(by, ..., by,) = V.

Teopema o 6azucax. Jlobve 6asucvl sunetinot oboaouku V codeporcam odno u mo orce
YUCAO BEKMOPOS.

HokazareasctBo. Ilycts by, ..., b, ¥ ¢, ..., ¢, — JABa Oa3uca JaHHON JUHERHON 000-
Jiouku. fcno, uro

L(bl, ey bm) = L(Cl, ceey CT).
[Ipumensist Jlemmy 4 nBa pasa, moaydaem jasa nepasernctsa: m < r u r < m. Orcioga m = r.
O

Onpepenenne. Yucsio BeKTOPOB B ba3ucax JuHeiHON 000s10uKK V' HA3BIBAETCS €€ pasmep-
Hocmblo n obosznadaerca dim V.

Teopema o paszmepHocTu JguHeiiHoii o6omouku: dim L(aq, ..., a;) < k.

JokazarenbcTBo. /[locTaTovHO 3aMeTHTh, YTO B KadecTBe Oa3mca JIMHEHHOH 000I0YKH
3a,H‘aHHOI71 CUCTEMbI BEKTOPOB MO2KHO BbI6paTb X MaKCUMaAJIbHYIO JIMHEHHO HE3aBUCUMY IO
cucremy. O

B kauecrBe 6azuca B juHeiinoil ob6onouke L(aq, ..., a,) Bcerja MOXKHO BbIOpaTh HEKOTO-
PYIO TIOJCUCTEMY BEKTOPOB a1, ..., d,. MakcuMabHas JUHEITHO He3aBUCHUMas MOJICUCTEMA
HA3BIBAETCA 0a3017 TaHHON CHUCTEMHBI.

YrBepkaeHue. Jia mozo umobv. nodcucmema 8eKmMopos ay, . . ., G, ABAANICH OA3UCOM 6
L= L(ay, ..., a,), Heobzodumo u docmamouno, 4mobv, oHa 6viaa 64307,

JlokazaTtenabcTBO. He orpannumnsas obmHoCcTH, Oy/1eM CUHTATDH, ITO MOJACHCTEMY 00pa3yoT
nepBbie kK BEKTOPOB a1, ..., G. Ecam 310 6a3a, TO KayKJAblii U3 BEKTOPOB ki1, - .., Gy JIH-
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HEHO BBIpAXKaeTCs depes ay, ..., ap = L C L(ay, ..., a;) CL = L= L(ay, ..., a).
Takum obpazom, cucrema aq, ..., 4 ecTh bazuc B L.

Ecnn BeiOpannast moacucrema siBjisieTcst 6a3mcoM B L, TO, B CHIIY TIPEIBIIYIINETO PACCY K-
JIeHUsI U TeopeMbl 0 Da3ucax, HUKaKas 0a3a He MOXKeT UMeTh OOJIbIlee YUCI0 BeKTOpPoB. O

3agaua. BekTopwr aq, ..., agy1 JUHEHHO He3aBUcHMBI. JlokazaTh, YTO B JIMHEHHON 00010Y-
ke L(ai, ..., agy1) cywecrByer 6a3uc, He COUEPXKALIMI HU OJHOIO BEKTOPA M3 JIMHENHHOW 060s104Ku
L(ay, ..., ag).

3.8 Jlomoanenme mo 6a3uca

Jlemma o momoaHeHuu a0 OGasuca. Jobas sunetiHo HE3GABUCUMAA CUCTIEME BEKMOPOS

bi, ..., by € L(ay, ..., ag) asasemca nodcucmemoti nekomopozo 6asuca dannoti sunednot
060/04K U,

JdokazareabcTBO. /JlocTaTOYHO paccMOTpeTh caydail, KOrjaa BeKTOPHL a1, . . ., G JAHEHHO
HezaBucuMbl. CHcTeMa BEKTOPOB by, ..., by, a1, ..., ap JuHelHO 3aBucuMa. B cuny JlemMbr

1 B Heit cymecTByeT BEKTOD, JUHEHHO BBIPAXKAIONIUICS depe3 Mpeablayinre. Y0epeM 3ToT
BEKTOP U PACCMOTPHUM OCTABIILYIOCs IMOACUCTeMY. Ecin oHa JuHEeHHO He3aBUCHMA, TO U SIBJIsI-
ercs 6azucom guHeitHoi obomoukn L(ay, ..., ax). Ecou ver, B Heii nmeercss BeKTOp, AUHEHHO
BhIpasKaoIluiics depe3 npeapiayinme. VICKIIOUNM 1 ero U3 CHCTEMBI, PACCMOTPHM OCTABIITY-
10cs MOJICHCTEMY, M TakK Jjiajiee. B urore cucrema BeKTOpOB by, ..., b, Oyaer mgomogHeHa 10
Oas3uca HEKOTOPBLIMH U3 BEKTOPOB a1, ..., (. U

3.9 CymecrBOoBaHmME Ha3uca

JLnst mroboit sn iuHeitHo 06010uKkH cymiecTByer 6asuc? CoracHoO JeMMe O JOMOTHEHUN 10
Oa3uca, Oa3uc CyNmecTBYeT, eC/Id B JUHEHHON 00O0JI0UKe CYIIECTBYET JUHEHHO He3aBUCHMAasd
nojicucTeMa BeKTOpoB. Tak OyzeT, ecan cyiecTByeT XOTs Obl OJIMH HEHYJIEBOH BEKTOD.

Taxum obpa3oM, Ha3uca HeT TOJIBKO B CJydae HYJIEeBOH JUHEHHON 00OT0UYKHU, COIeprKa-
meit e MHCTBEHHbIN BeKTOp — HyJsieBoil. [lo onpenenenuio, pa3MepHOCTb HYJIEBOH JIMHEHHON
000JIOYKH paBHA HYJIIO.

3.10 CoBMECTHOCTb CHCTEMBI JIMTHEHBIX aJredbpamviecKux
yYpaBHEHUM

Teopema 1. Cucmema aunelinos arzebpauveckur ypasnenud Ax =b, A = [ay, ..., ag,
COBMECMHA MO204 U MOAbKO Moz2da, K020a

L(ay, ..., ax) = L(ay, ..., ax,b).

HdokazarenascTBo. B m060M ciydae nmeem
L(ay, ..., ax) C L(ay, ..., a,b). (%)
Ecau cucrema copmectHa, 10 b € L(ay, . .., a;). CregoBaTensHo,

L(ay, ..., ax,b) C L(ay, ..., ag). (xx)
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Brutouennst (%) u (%%) ZOKa3bIBAIOT PABEHCTBO ABYX JHHEHHLIX 060s104uek. Ecim umeer mecro

(%), TO oueBHIHO, uTO b € L(ay,. .., ax), a 5T0 U O3HAYAET COBMECTHOCTh cucreMbl Az = b.
O
Teopema 2. Ecau n = k, mo 6 cayuae aunetinoti HE3a6UCUMOCTIU 6EKMOPOS Ay, . .., Oy

CUCTNEME NUHETTHDLE CL/LZ€6pGU’%€C%'UZL’ ypaeﬁeHuﬁ Az = b coemecmma u umeem eQuHCMEERHOE
pewerue.

HokazarenbctBo. O4eBHIHO,
ai, ..., a, € L(eq, ..., ep),

rje €, ..., €, — CTOJOIBlI eJJMHUYHON MATPHIBI PA3MEPOB N X N (Ha i-M MecTe B BEKTODE €;
HAXOAUTCA 1, & BCe ocTasibHble 31eMeHThl paBHbl (). B crty TeopeMsbl 0 gonoiHeHnn 10 6a3u-
ca CyIIecTByeT Da3uc u3 r > n BEKTOPOB, COIEPKAIINIA BEKTOPHI a1, . .., G,. B CHIy TeopeMbl
0 pa3MepHocTH JuHeinoit odojiouku r < n. [lo Toit ke npudune BEKTOPHI a1, ..., G, 0Opa-
sytor 6asuc B L(ay, ..., ax,b). [osromy b € L(ay, ..., a,), 9T0 0 T0Ka3bIBAET COBMECTHOCTD
cucteMbl. EIMHCTBEHHOCTH pelieHus BbhITeKaeT u3 Jlemmbr 3. O

3agavya. Cucrema JuHEHHBIX anreGpandecKux ypaBHEHUI BHUIA
ag a1 as| |x 1
ayp ag ap T2 | = 0
0

a2 a1 G x3

uMeer pererue, npudeM 1 # 0. JJokazkure, 410 CTOAOLBI MATPUIBLI KOI(DPUIMEHTOB JIMHETHO HE3ABUCUMbI.
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4.1 WMuaamkaTop JUWHENHOU 3aBUCUMOCTU

PaccmotpuMm cucreMy BEKTOpPOB @y, . .., d, € R™ 1 monpodyeM CKOHCTPYHPOBATH HHIUKATOD
nuHetHoN 3aBucuMoctn — byuknuio f(ay, ..., a,), KOTOpas paBHa HYJIO B CIydae JHHEH-
HO¥ 3aBUCUMOCTH JAHHOMK cucTeMbl. I[Ipu sToM hbyHKIuUsa f 10/1KHA IMETh KaK MOXKHO OoJee
npocTOit BUA: mycTh f Oy/eT JImHelHa 10 KaKI0MY apryMeHTy mpu (PUKCHPOBAHHBIX 3HAYTE-
HUAX OCTAJbHBIX apTyMEHTOB.

Jlagnv TouHyI0 (POPMYIUPOBKY TpeboBaHmit K PyHKINH f:

(A) ans mo6oro 1 < i < n GyHKIUS AUuHETHA TIO -My ApTyMEHTY
(byHKIUS TOTKHA UMETH “TIPOCTON BUT):

flay, ... a;1, aa+pb, apq, ... a,) =
af(alv cee s Qi1, Ay Qg1 e, an) + ﬁf(ah cee @G, ba @iyl - 7an)
JUTS JTIOOBIX BEKTOPOB a,b € R™ u ancen o, f € R;
(B) ecau cucrema BEKTOPOB ay, - . ., 4, JUHEHHO 3aBucuMa, 10 f(aq, ..., a,) = 0;

(C) dyukuus npuHEIMaeT 3aJaHHOE HEHYJIeBOe 3HAYEHUe HA 3aJaHHON JIMHEHHO He3aBUCH-
Mot cucreme (ycIoBue HOPMUPDOBKH):

fler, ..., e,) =1,
rjie €y, ..., €, — CTOAONBI eAMHUIHON MATPUILI PA3MEPOB 1. X 1.

Oyurnuio [ ¢ yKa3aHHBIME CBOiicTBaMU OyjieM HA3BIBATH WHINKATOPOM JIMHEHHOM 3aBU-
cumoctu. /115 ee mOCTpoeHWs HAM MOHATOOUTCA MOHATHE MOJACTAHOBKH.

4.2 IlomcTaHOBKHU W II€peCTaAHOBKU

O6patumoe otobpaxkenune o : N — N, rme N = {1, 2, ... n}, HassiBaerca nodcmaros-
koli (MHOTIA TaKzkKe nepecmanosrot) crenenn n. st 0003HAYEHHUS MOJCTAHOBKH 0 9YaCTO
UCIIOJIL3YeTCs TaOIUIA

o — 1 2 ... n
o) o2) ... an) )’
B KoTOpO#t gncia o(1),0(2), ..., o(n) obpasyor nepecmanosky aucen 1,2, ..., n (310 pan-
HOCHJIBHO 00PATHUMOCTH OTOOPAsKEHUS 0 ).

23
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Onpenesmm Mpou3BeIeHne TOACTAHOBOK @ M b Kak oTOOparkeHue, MoJIydaeMoe TOCIe10-
BATEJIbHBIM BBITIOJTHEHHEM (KoMMIo3uIueii) orobpazkenuii b u a:

(ab) (i) = a(b(3)), i€ N.

D10 anredpandeckas oneparns Ha MHOXKECTBE BCEX TMOJCTAHOBOK CTEIEHH 7, OTHOCUTEIHHO
KOTODOil OHO siBJIsieTcs Tpynmoit. B camMom Jiesie, acCONMUATHBHOCTD OYeBHIHA (ITUM CBOHCT-
BOM Bcerja 06J1a/1aeT KOMIO3UIUs 0ToOpazkeHuii). Posih e TMHUYHOTO IeMeHTa UTPAET TOXK-

JIeCTBEHHOE 0TOOpaskKeHue
1 2 ... n

1 2 ... n

a 0OpaTHBIM 3JEMEHTOM I 0 ABJgeTcd obpaTHOe 0TobpaskeHne o L.

['pynma mofcTaHOBOK CTeNeHHW N Ha3BIBAETCA CUMMEMPUMECKOT 2pynnoti CTeleHn n 1
obozHavaercst S,. DTO OJIUH U3 BasKHEHIIUX TPUMEPOB KOHEUHBIX IPYII (TPYII ¢ KOHETHBIM
YHUCJIOM JIEMEHTOB; TIPH 9TOM YHCJI0 JIeMEHTOB Ha3biBaeTcst nopadkom rpymist). Herpyano

MPOBEPUTH, 9TO MOPSAOK Tpymmbl S, pasea n! =1-2-...-n.
Haszpanne cumMeTpudeckoil Ipymbl HABESTHO OMpeJeIeHNeM TaK HA3BIBAEMBIX CUMMEN-
puneckur Pynryud: Tak HazsiBaeTcst byHkms F (1, ..., T,), €CId OHa HHBADUAHTHA OTHO-

CUTEJILHO JIIOOBIX IIOACTaHOBOK CBOHX apPI'yYMEHTOB:
F(J]l, ceey In) = F(Ig(l), ey ZL‘U(n)) Voelds,.

[Ipumep cuMMeTpudecKkoii GyHKINE (ONpegeseMoi YHCIOBBIM ITApaMETPOM K):
n
k
Fe(zy, ..oy xp) = g x;.
i=1

Bapava. /Jamer ape cucrembr ancen 1 < T2 < ... <z, uy; < yo < ... < y,. Jokazars, uro mis
JTT000it TTOICTAHOBKU 0 € S, BLIMOTHIETCS HEPABEHCTBO

n n

S i —wil <> | — v |

i=1 i=1

4.3 Hwukiabl U TPAHCIIO3UIIAN

[loncranoBka a € S,, HA3BIBAGTCI UYUKAOM JJTHHBL Kk, €CTH UMeeTCs k IMOMAPHO pPa3JIHMIHBIX
HOMEPOB 11, ..., i € N TaknAX, 9TO

(1) a(il) = ig, a(ig) = ig, ceey a(ik_l) = ik, a(zk) = ’é17
(2) CL(Z) =1 Vi€ N\{Zl, ’ig, cey Zk}
s obo3HadeHus MUKIA ¢ YI0OHO UCIIOJIB30BATDh 3aIMCh
a:<i1, ce Zk)

[MukJ1 JJIuHBI 2 HA3BIBAETCS TaK¥XKe MPaHCNo3utued.

Hukast @ = (i1, ..., ig) W b= (J1, ..., jm) HA3BIBAIOTCS HE3AEUCUMBLMU, €CITH

{ir, . vie} O {g1, ooy Jmp = 0.



E. E. Toiproiiinnkos 25

(1) Jhobwe nesasucumoie yurav, a u b xKommymupyrom: ab = ba.

(2) Jho6as nodecmanoska o € S, npedemasuma 6 6ude NPou3sedenua He3a6UCUMDLT YUKAOS
00HO3HAYHO ¢ MOYHOCTDBIO JO NOPAIKG comHocumenet.

(3) oot yuka daunn k npedecmasum 6 sude npoussedenus k — 1 mpancnosuyud.

(4) JIobas nodcmaroska npedcmasuma 6 sude npouseederus MpPaHcno3uLud.

Yreepxkaenue (1) mpoBepsieTcsi HEMOCPEACTBEHHO: B CJydae HE3aBUCHMBIX IUKJIOB @ =
(i1, ..., ig) b= (J1, ..., Jm) HAXOMUM

(ab)(i) = (ba)(i) = a(i) npuw i€ {ir, ..., i},
(ab)(i) = (ba)(i) = b(é) npm i€ {ji, ..., jm},
(ab)(i) = (ba)(i) =i mpu @ ¢ {ix, ..., i}t U {j1, o, Jm}

Hrobbl goKazarh (2), BO3bMEM MPOU3BOJBHBI HOMED j M PACCMOTPUM MOCJIEI0BATEb-
HocTh HOMepOB §,0(5),0%(j), . ... Meercs TONLKO N Pa3IMYHBIX 3HAYCHUIl — TIO3TOMY st
Kaknx-To k < [ momxno 6bith 0% (j) = ol(j), orxyma momygaem o' ~%(j) = j. Ilycts k —
HauMeHbIIHI HoMep Takoii, uro o*(j) = j. Torma momydaem UK.

a=(j, o(j), o*(j), ... ¥ 71 (5)),

)
(

OIS KOTOPOTO
o(i) =a(i) npn i€ {j, o(j),o*(), ..., ")}
9IcHO, 9TO TOJNCTAHOBKA 0] = 0a~ ! OCTABASET Ha MECTe WHIEKCHI

i€ {4, o(j), (), ..., " H(H)}.

Hanee, BosbMeM j1 € {7, 0(5), 02(4), ..., o*71(j)} u amamornauBIM 06Pa30M IOCTPOUM KT
b, BBIIOMHAIONIUN IpeoOpa30oBaHUs BHIA

io— o) — oi(ih) —

(Bamerum, uro ol (j;) = o'(j1) maa Beex [.) [IpogonKast NOJTOOHBIE TOCTPOCHUS, MBI HEH3-
0eKHO MPHUJIEM K TOXK/IECTBEHHOMN 10JICTAHOBKE

ca bt =e,
OTKY/1a,
o=c...ba.
[Io mocTpoeHuto MUKIBL a, b, ..., ¢ HE3ABUCUMBIL.

Yreepxaenue (3) T0Ka3bBaeTCs MPOBEPKO, HAMPUMED, CJIEIYIOMEro PABeHCTBA!
(11, -y ig) = (i1, 92)(i2-93) ... (Ig_1, ig).

Yreepxkaenue (4) oueBnano BoiTekaer u3 (2) u (3).

3apgauva. /lokaxkwure, 9TO BCE MHOKECTBO MOACTAHOBOK CTEIEHH 7. MOXKHO yIOPAIOUNTH TAKAM 00pa30M,
9TO KaXKIAs CJIeAYIONas MOJCTAHOBKA OyIeT MONIyYaThCd W3 MPEABIIYINell IMyTeM yMHOXKEHWs CIpaBa Ha

HEKOTOPYIO TPAaHCTO3UIIUIO.
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4.4 YeTHOCTHb IOJCTAHOBKHU

[ToxcTanoBka MOxKeT OBITH pa3joKeHa B IMPOU3BEJICHUE TPAHCIO3HIUNA MHOTUMHU PAa3HBIMU

crocobamu. Hanpumep,
1 34567 -
7 31 2 46 o

(1,7) (7, 6) (6, 4) (2, 5) = (1, 7)(7, 6) (6, 4) (7, 2) (7, 5) (7, 2).

(G200 \V]

O tHaKo, YUC/I0 TPAHCTIO3UTINI B JIIOOOM PA3JIOKEHUN OJTHOM U TOM ¥Ke MOJICTAHOBKU 00J1a/1aeT
CAEOYIONINM BayKHBIM CBOMCTBOM.

Jlemma o umcie TpaHcmo3unuii. Yemuocms wucAa MPaHCNo3uyul He 3a8Ucum om cno-
coba npedcmasienus nodcMaHo8KU 68 6ude NPOU3BEIEHUA MPAHCNO3UUUT.

JokazarenabcTBo. /[l1g 3a1aHHONl TOACTAHOBKA 0 € S,

B 1 2 ... n
T\ o(1) 02 ... on)
HazoBeM uheepcued, napy (i, j), ecin i < j, Ho o(i) > o(j). [ycrs 0(0) — obiee qucao

uHBepCHil s 0. JJokazkeMm, 9To Jisi JI0OOH TpaHCIO3UIUH T Pa3HOCTh 0(07) — §(0) Byaer
HedeTHBIM ducyioM. Ilyers 7 = (i, j), i < j. Torma

UT_( 1 ... i1 i i+1 ... j-—1 j j+1 ... n )
S \No() ... oi=1) o(j) o(i+1) ... o(j—1) o@i) o(j+1) ... an) )’

[IpeamosiozKuM, 9TO MOJACTAHOBKA 0 MMeeT k WHBepCUil cpe/y map BHA

(i,0), tme 1l € {i+1,i+2,...,j—1}, (%)
M WHBEPCHUU Cpead nap BUIA

(l,7), tme 1 € {i+1,i+2,...,5—1}, (xx)

U ellle s HHBePCUil cpeiu JTIoObIX Apyrux nap. Torga o1 6ymer umets j — i — 1 — k uHBepcuit
cpeam map Buga (x) u j — ¢ — 1 — m unBepcuit cpeau map suga (x*). Kpome toro, cpean
JIOOBIX JIDYTUX AP HOJACTAHOBKA 0T Oyjer uMerThb S + 1 unpepcuio, ecau napa (i, j) He 6bLia
unpepcueil, u s — 1 B npoTuBHOM cjiydae. Takum obpazom,

(o) = k + m + s, 0or) = (i—j—1—-k) + (i—j—1—m) + s + 1.
Otrcrona
d(or)—=0d(0) = 2(i—j—1—k—m) £ 1. O

C.TIG,Z[CTBI/IG. Yemnocmov wucaa mpchnosuuuz'i 6 PaA3A0AHCEHUY nodcmaroskuy coenadaem c
YEeMHOCMbI €€ YUCAA UHGGPCU’&.

Onpepenenne. llojcTanoBKa HA3LIBAETCH “eMHOTU, €CIN OHA SBJASETCS NPOU3BEJICHUEM
YeTHOT'O YHUC/Ia TPAHCIO3UIUH, U HewemHoti B IPOTUBHOM CJIyYae.

3ameuanme. PaccMoTrpuM QyHKIIIO

A(zy, ..oy @) = H(x] — ;).
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Torpa s 11000 MOACTAHOBKH 0 € S,, ©UMEeT MECTO OJHO U3 JIBYX:
Az, .y 2n) = AlTo@), -5 Tom)) b0 Ay, . 2n) = —AZe)s -+ Tom))-
HerHble OJCTAHOBKU M TOJHKO OHU 3HAK COXPAHSIOT (IePBbIil ciydail), HeYeTHbIE U TOIBKO

OHM 3HAK MEHSIIOT (BTOPOH Ciiydaii).

MHOKeCTBO BeeX YeTHBIX IOJCTAHOBOK B .S, obpasyer noarpymmy (Jgokaxure!), Koropast
HA3LIBAECTCHA 3HaKonepemennot 2pynnot crenernn n u obo3nadaerca A,.

Bagaua. Jlokaxkute, 4TO JIIOOYIO YETHYIO ITOJICTAHOBKY CTEIEHH 1 > 3 MOXKHO IPEJCTABUTH B BUJE

MTPON3BEAEeHUS IUKJIOB JIJTUHBI 3.

4.5 EgumHCTBEHHOCTh MHANKATOPA JIMHEITHOI 3aBHCHUMOCTH

Bephemcst Kk mocTpoeHHIO MHAMKATOPA JIMHEHHON 3aBUCUMOCTH — (DYHKITUN f(al, cee an) oT
BEKTOPOB
a1 12 Q1n
. 21 | Q22 Q2n,
ap = s a9 = s ey Ap = s
an1 Apn2 Ann

yaosaersopsitornedi Tpebosamusim (A), (B), (C). Jlerko Bugers, uro

n n n
a, = E aill eila Ay = E ai12 eiga cee an = E a/inn ein7
11=1 12=1 in=1
rie €1, €, ..., €, — CTOAOLDBI eIMHUIHONR MATPHUILI PA3MEPOB 1 X N.

Ecan nckomast bynknus f cymecrByer, To ¢cBOACTBO (A) JIMHEHAHOCTH O KaXKIOMY apry-
MEHTY IPHUBOJINUT K BblPAKEHUIO

n n
f(al, ey CLn) = Z...Zaill Ais2 - . Qj,m f(@il, €igs « 6in)-

i1=1 in=1

Cornacuo tpebosanuio (B), f = 0 Ha 11000 JHUHEHHO 3aBUCHMOIl CHCTEMe BEKTOPOB.
OueBuaHO, CUCTEMA BEKTOPOB €4, €4y, - - ., €; OYJET JIMHEHHO 3aBUCHMO B TOM M TOJIHBKO TOM
caydae, KOTJa CPeJin THX BEKTOPOB €CTh PaBHbIE (€C/TH BCE 9TH BEKTOPHI MOMAPHO PA3JINIHE,
TO OHI 0OPA3YIOT IEPECTAHOBKY CTOAOIOB eIMHUIHON MATPUIls ). Clie10BATeIbHO, HCKII0Yast
13 CYMMHPOBAaHHSA 3aBeIOMBIE HYJ/IH, HAXOIHM

f(al, ey an) = Z ag(l)l CLO-(Q)Q ag(n)n f(eg(l)i, 60(2), N 60(n))~
oc€Sn

Hanee, u3 rpedosanuii (A) u (B) BeiTekaer, 4to f nozKHa MEHSATH 3HAK NIPH MIEPECTAHOBKE
MOOBIX JBYX apryMeHTOB. JoKarkem 9TO, HAIpUMEp, /s IIePBOTO0 M BTOPOTO apryMeHTOB.
Vuarewm, uro f = 0 B ciygae paBHBIX aPTyMEHTOB U BOCTIOAb3YeMCsl IMHEHHOCTHIO TT0 KayK IOMY
ApryMeHTy:

0= f(a; + ag, a1 + ag, as, ..., a,) =

f(ala ay, ag, ..., an>+f(a17 az, as, ..., an)+f(a27 ay, Az, ..., an)+f(a27 a2, ag, ..., an)-
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[TepBoe u derBeproOe CjaraeMble UMEIOT COBIAJAIONUE BEKTOPLI M II09TOMY PaBHbI HYJIIO.
Orcrona

f(a17 a2, a3, ..., an) = _f<a27 ai, ag, ..., an)-
CﬂeﬂOBaTeﬂbHO, €CJIN IIOOCTaHOBKa 0 dBJIdEeTCd TpaHCHOBI/IHI/IGIU/I7 TO
f<60(1)7 €o(2)y - -+ ea(n)) = _f(el7 €2, - .., €n> = —1.

B obmiem ciydae 1mojcraHOBKY 0 MOXKHO Pa3JIOXKUTh B IIPOU3BE/IEHUE TPAHCIO3UIUIA.
[Tyctb §(0) ecTh 9UCIO0 TPAHCIOZUIMH B KAKOM-THO0 U3 passoxkenuii. Toraa

F(eo()s €o@)s - s o)) = (—1)°.

[To srleMme 0 9HCIe TPAHCIO3UIMIA, YETHOCTD YncIa §(0) He 3aBHCHT OT KOHKPETHOTO PA3JI0-
JKeHIs B MPOU3BeJIeHNe TPAHCIO3HINIL, mosToMy Bemmunna (—1)°) sapucut ToMBKO OT 0.
Hazosewm ee snakom nodemanosku u obosnadnm depes sgn (o). OKOHIATETBHO,

flay, ..., a,) = Z sgn (o) Ao(1)1 Ao(2)2 - -+ Qo(n)n- (*)
O—GS’VL

Mgel gokazaan BazKHOE
YrBepxkaenne. Ecau pynxyua — unduxamop sunelinot 3a6UCUMOCU CYULLCMBYem, mo
ona onpedeasemcs Gopmysot (x).

4.6 OmnpeneanrTenb

Onpenenenne. Pynknus Buaa (*) HazbBaeTcs: onpedesumener (JeTEPMUHAHTOM ) MaTPH-
bl A co cronbramu ag, as, ..., a, u obozuagaercs det A win |Al.

Takum obpaszom, ecin A = [a;;| — MaTpHIa pa3MepoB n X n, TO

air ... Qin
detA = |Al = | ... ... ... | = g sgn(0) Ao(1)1 Go(2)2 - - - Go(n)n- (A)
Apl  --. Qpp oE€Sh
Yacrubie ciayvan:
a2 = Q11 a22 — 421 A12
a1 Q22 ’
ailr a2 ais
a21 Qg2 a23 = @11 Q22 @33 + 12 A23 @31 + A13 G21 A32 — (13 A22 G31 — Q12 G21 A33 — A11 (23 A32-

aszy asz as3

B obuiem ciayuae cymma (A) cogepKur n! 9jI€HOB, B KAXKJIOM U3 HUX HEPEMHOKAIOTCH 1
JIEMEHTOB MATPHUIIBI, IIDUYEM HUKaKHE [ABa JJIeMEHTa B OAHOM IIPDOU3BEJACHUHN HE IIPpUHAIIC-
KAT OJTHON CTPOKE WM OJHOMY CTOJOILY.

HecmoTpst HA TO, 9TO OMpeie/iuTe b BBOAUTCA KaK (DYHKITHS OT MATPHILI, HCTOPHIECKH
HoHsiTHE onpegennTess copmupoBanoch B 18 Beke (cHavana B Tpyaax Jleiibunma n Kpame-
pa, 3aTeM Teopus ompejenuteneil Oplia paspuTta B paborax Banmepmonna, Jlamraca, Komn
n K. fko6u) — HAMHOTO paHbIIe MOHSITHSI MATPHUIIBI, BBEJIEHHOTO B anre0py ['aMUIbTOHOM 1
Ksmu B cepepune 19 Beka. Konedno, ¢ camMoro Hadajia Onpee/iuTesib CBI3bIBAJICS € KBa/I-
paTHO# Tabauteii n X n auces (II03TOMY TOBOPUIN 06 ONpeeTuTese nopaAdka n). ITo OblIH,
B 4acTHOCTH, Tabanupl K03 duimerToB "kBaapaTHoii" cucTreMbl TUHEHHBIX aaredpandecKux
ypasuenunii. Ho Takue Tabymipl cTaj m Ha3bIBaTh MaTPHIIAMHE MO32Ke — KOTJIA /I HUX BBEJIN
OTIEePAIMIO YMHOYKEHHUS.
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5.1 Omnpegenntesib TPAHCIIOHUPOBAHHOMN MATPUIIHI

HyCTb nMeeTcd NpAMOYTOJIbHad MaTpHuIla pasMepoB m X 1.

Ecyin nmomensitb MectamMu CTPOKH M CTOJIOIBI, TO IOJYyYaeTCd HOBas MaTPHUIA — Pa3MEpPOB
n x m. OHa HA3BIBAETCH MPAHCNOHUPOSAHHOT 110 OTHOIIeHHIO K A 1 obo3navaercs A':

AT = [aji], 1<j<n, 1<i<m.

Vreepxaenne. /s a0600 xeadpammoti mampuys det AT = det A.

oxkazareasctBo. CornacHo Onpe/ie/eHI0 TPAHCIOHNPOBAHHOIT MaTpuibl u opmyie (A)
u3 Jlexknuu 4 qj1g onpeeuTe s MATPUIBI TOPSAIKA N,

det AT = Z sgn(0) o) ---» nom) = Z Sgn(0) Ap-1(1)1 -+ -5 Go-1(n)n

0ESH €S
-1
= E Sgn(0 ") Go-1(1)1 - - -, Ag-1(n)n = det A.
o~leSy
B nociieseM papencTse GhLIO TPUHATO BO BHUMaHue, uto sgn(o~ ') = sgn(o). O

3agauva. Jlokaxkure, 9TO CTOJOIBI BEIECTBEHHONW MPSIMOYTOJBHONW MATPUILI A JTHHENHO HE3aBUCHMBI

TOTA W TONBKO TOTIA, KOTIA JIMHEHHO He3aBUCHMbI CTONMONBI MaTpuubl AT A.

5.2 Omnpenenuresb Kak (pyHKIus CTOIOIOB (CTPOK) MATPHUIHI

(1) Onpedeaumenv kar Gyrruyus cmoaibyoe mampuyss sasemca sunetdnot Pyrnkyued om-
HOCUMeEAbHO Kancdozo cmoabuya: ecau A = [ay, ..., a,] u a; = ap + fq — aunelinas Kombu-
HAYUA CMOAOY08 P U q, Mo

det A = a detA, + § detA,,

ede mampuyst A, u A, noaywaromea us A samenoti cmosbua a; Ha p U q, COOMEEMCMBEHHO.

JokazarenbscTBO. B coorBercTBUU C Ompe/ie/ieHEEM,

det A = Z Sgn(a) Ao(1)1 Ae(2)2 -+ Go(i)i -+ Qo(n)n

oESy

29
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= Z sgn(0) o)1 do2)2 - -- (Wo(ii + Bloiyi) - Go(nn
O'GSn

= «Q Z SgII(O') Ag(1)1 Ag(2)2 -« Po(i)i -+ Go(n)n
O‘ES’n

+ 4 Z sgn(0) o)1 Go(2)2 - - - Qo@i)i --- Qo(nyn = « det A, + B det A, O

gESy

(2) Onpedeaumenv mensem 3nax npu nepecmanoske 08YxT cmosbL08.

HoxkazarenscrBo. [lycrs marpuna B = [b;;] ormnaaercs or A nepectaHoBKo# ¢ToI0HOB a;
u a;. Torna mia moboil HOACTAHOBKU 0 € Sy,

Qo)1 - -+ Qo(n)n = b(ch)(l)l cee b(oT)(n)n7

riae T = (i, j), ¥ MOCKOABKY TPAHCIIO3UINSI MEHSIET 3HAK MMOJCTAHOBKH,

sgn (o7) = —sgn (o).
JIerko BuJeTh, 910 0TOOparkKeHne 0 — o7 3aJaeT B3aUMHO-OJHO3HATHOE COOTBETCTBUE MEK-
ay nojgcranoBkamu. Kakapiii uien cymvbl Buga (A) onpejensiercd OZHONW M TOJbKO OIHOI
noacranoBkoii. [logcraHoBku o m o7 B pasaokennsx det A m det B ompeenstior 4ieHbl ¢
[POU3BEJIEHUEM OJTHUX U TeX K€ JIEMEHTOB (B PA3HOM MOPSIJIKE), HO ¢ MPOTUBOIOIOKHBIME
3HaKaMH. SHa4uT, det A = —det B. O

(3) Ecau cmoabube mampuys, AuHedHO 3a8UCUMDBL, TO €€ ONPEICAUMEND PABEH HYAK.

HokazarenscTBo. [Ipexie Bcero 3amMeTum, 4TO ONPEAEIUTEb C JIByMs PaBHBIMHU CTOJIO-
[AMHJ PaBEH HYJII0, HOCKOJBKY B CHIY yTBepzKeHus (2) oH paBeH cebe caMOMy ¢ TIPOTHBO-
MOJIOYKHBIM 3HAKOM.

Ecmu cronbuwt aq, as, ..., a, JUHEHHO 3aBUCUMBI, TO XOTd ObI OJMH U3 HUX JHHEHHO
BBIPAKaeTCs yepe3 ocrajibHbie. [lycTh

a; = Zak aj.
O6o3naunM dyepe3 B marpuity, nmojaydennyio u3 A 3amenoit croibma a; Ha
a; — Z apa, = 0.
ki
Omnupasich Ha yzke ycTaHOBJIeHHOE cBOjicTBO (1), HaxoauM
0=det B=detA— Zak det Ag,
ki

e marpuia Ay noaydaercs u3 A 3ameHoii i-ro cToadia Ha ag. YlcHO, 9TO B Aj paBHBI i-if
u k-it crosnbier, modromy det Ap = 0. Takum obpasom, det A=det B=0. O

(4) Onpedesumens kax pyHKyus cmpokx mampuys obaadaem c80UCMEaMU, GHANOLULHBLMU
(1), (2), (3).

Joka3zareabcTBo. Jocrarouno ydects, uto det A = det AT, u paccmorpers det A kak
dbyEKIIIO cTON6HOB MaTpunsl AT, O

3amaua. Jlawbl MATPUIBI-CTONAOIBI Ui, ..., Uk, V1, ..., Vp € R" 1 A = ulvf— + ...+ ukv;—. Jokazarh,
aro det A = 0, ecm k < n.

Bagaua. Ilycts u,v € R” u [ — equrmamas marpuma. Joxawxmure, aro det(I +uv') =1+ v w.
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5.3 CymecTBOBaHNE MHANKATOPA JMHENHO 3aBUCUMOCTH

Teopema. Undurxamop sunetinoti sasucumocmu (Pynruua, nadeaennas ceoticmsamu (A),
(B), (C) us nepsozo pasdesa Jlexyuu 4) cyusecmeyem, eQuncmeen u AGAAEMCA ONpedent-
menem.

Ceoiicta (A) u (B) mnaukaropa JuHEHHON 3aBUCHMOCTH COBIAIAIOT € YCTAHOBIEHHDI-
Mu BbIIIe cBoficTBaMu onpeenutess (1) u (3). Cpoiicro (C) o3navaeT, 9T0 ONPEIETUTEND
eTUHIIHON MATPUIILI PaBeH 1 W ABJIAETCS CJICICTBHEM CJEAYIONEro Gosee 00IIEro yTBepzK-
JCHTSI.

YrBepxkaeuune. Onpedesumens 0ua20HaAbHOT MATMPULDLL PAGEH NPOUICEIEHUIO INEMEHITOBE
ee Jua2oOHaAU:
a1 0
det = ay ... App.

0 Ann

HoxkazarenscrBo. /g nnaronanbnoit MaTpumpsl B cymme (A) 715 ee OmpeIeuTeNs eCTh
TOJIBKO OJIHO HEHYJEBOE CJIaraeMoe, paBHOE NPOU3BEJICHUIO JIEMEHTOB IVIABHON JIuaroHaJu.
O

5.4 IlogMaTpuiibl 1 MUHOPBI

s 3agannoit Marpuusl A = [a;;] MOKHO BBIODATh KAKIe-TO U3 ee CTPOK H CTOJIOIOB I COCTa-
BHTD TaOJIMILY 9JI€MEHTOB, PACIIOJIOKEHHDBIX Ha MepeceuYeHnt BHIOPAHHBIX CTPOK U CTOJIOLOB.
Takas Tabauna Ha3bIBAaeTCI nodmampuyeti MaTpunbl A.

[Tycts A — kBajpaTHass MATPHUIA TOPsAKA 1. UTOOBI 33aTh KBAAPATHYIO MOAMATPHUILY
nopsika k, Hy2>KHO yKa3aTb HOMepa cojiepzkaniux ee crpok 1 < 17 < ... < 1, < n u cToygonoB
1< j1 <...<jr <n.Obozraunm vepe3 Ny MHOKECTBO BCEX CHCTEM HOMEPOB (i1, ..., 1),
VIOPSI0YeHHBIX 1o Bo3pacTtanuio 1 < 4 < ... < 1 < n. Torma 3ajganme MOIMATPHUIIHI
PaBHOCHJILHO BHIOODY JIByX KOHKPETHBIX CHCTEM HOMEPOB

IZ(il,...,ik)ENk, JZ(jl,...,jk)ENk.
[TogmaTpuiia Ha cTpokax ¢ HoMepamu u3 [ u cronadbuax ¢ nomepamu u3 J obozHadaercs

AL, J) = [ai,g,),  1<p<k, 1<q<k
[Iycrs I' = (4, ...,d/ ) — eme ogHa cucTeMa HOMEPOB, YIIOPSIOYEHHbBIX [0 BO3PACTAHHIO
1 <) <...<i, <n.Hazosem cucremy I’ donoarnumenvnot nnsg I = (iy, ..., i), ecau

(i, oo iy iy =0, i, o U{E, i Y = {1, ..., n)

OdeBuaHO, B 3TOM caydae k + m = n.

ITycTh 3aaHBI CHCTEMBI CTPOYHBIX M CTOIOIOBBIX HOMepoB I, J € N u nycts I’ uw J'
— JIOTIOJTHATENIbHBIE CHCTeMBI, cooTBeTcTBeHHO, st [ u J. Ilonmarpuna A(I', J') nopsiika
m = n—k Ha3BIBAETCs JOMOJIHUTEIHHON MOJAMATPHIEH Mo oTHOIIeHHIO K noamatpute A(1, J)
nopsiaka k.

OnpenenuTeb TOAMATPUIBI OPSAKA k HA3BBIBAETCS TAKIKE MUHOPOM TIOPsaKa k, a ompe-
JIeJINTENIh COOTBETCTBYIONIEH TOTOTHUTE/THHON MOMATPHIIBI — JONOAHUMEADHbIM MUHOPOM.
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5.5 3amMedaHue o MOJCTAHOBKAaX

Kak Mbl 3HaeM, 1OJICTAHOBKA, 0 CTEIEHH N 3a/aeTcsl Tad/nteit

1 2 ... n
o= .
o(l) o(2) ... a(n)
[TockosrbKy oTOOpazKeHne TTOTHOCTBIO ONPENEIIeTCs YKa3aHueM COOTBeTCTBHit i — o(i), mo-

PAIOK CTOJIONOB B 9TOi Tabauie He MMeeT 3Ha4YeHWdA. pyrumMu cioBaMu, Jad J1000i moi-
CTAHOBKH T € S,, Tabauia

~ ( 7(1) ©(2) ... 7(n) >
o(r(1)) o(m(2)) ... o(w(n))

OJTHO3HAYHO OIPEJIEIsIeT TY ¥Ke caMyIo MOJICTAHOBKY 0 = 7.

[Ipm 3TOM 0YeBUIHO, UYTO YeTHOCTDH YUCTA UHBEPCHIl /)1 0 COBMAJaeT ¢ YeTHOCTHIO CYyM-
MBI 9HCJIa WHBEPCHUI sl TOJCTAHOBOK M W 07 (HOCKOJBKY 9eTHOCTH 9YUC/Ia WHBEPCUl /st
[IPOU3BEJIEHHsI 0T COBIAIAET C YeTHOCTHIO CyMMBI dmcaa wHBepcuii juisi o u ). Orciona
SICHO, UTO €CJIM MOJICTAHOBKA 3a/jaHa Tabynneil BuIa

s(l) s(2) ... s(n
(G0 ey e,
TO ee 3HAK paBeH MTPOU3BEJIEHNIO 3HAKOB TOJCTAHOBOK S W .

5.6 Pa3bueHue MHO2KecCcTBa IIOJCTAaHOBOK Ha IIOJMHO>KECTBA

[ycrs J = (j1,-..,Jk) — dburcnpoBannas cucrema HOMEPOB U (1, ..., 7 ) — CHCTeMa J0-
MOJTHUTENBHBIX HOMepoB. Taxkum obpaszom, m = n — k. Bo3bMeM J1100yI0 cHCTEMY HOMEDPOB
I =(i1,...,ix) € N} ¢ JTONONTHUTEIBHON CHCTEMON HOMEPOB (i), ..., ) U PACCMOTPHM MOJI-

CTAHOBKH CTEIEHU 7. BUIA
J Tk J1 Jr
O'_O']J(TF,T)_(. . St Jm >, TESK, TESu. (%)
Zﬁ(l) ce Zw(k) ZT(l) c. ZT(m)
MHuozKecTBO BCeX TaKUX MOJACTAHOBOK MpHU (PpUKCHUPOBAHHBIX [, J 0003HAUMM
Sp(I,J) = {ors(m, 7): me Sk TE S}

JTroGoit cucreme nomepos I = (iy, ..., i) € N} HOCTaBUM B COOTBETCTBHE YHC/IO

v(l) =iy + ... +ig.

Jlemma. Ilpu gurcuposannoti cucmeme J nodmmoscecmea Sy, (I,J) ne nepecexaromes npu
pasnoir I € Nj, u uz obsedunenue daem mmosicecmeo écex nodemanosok cmenenu n. Ecau
o=ory(m, 7)€ S, J), mo

sgu(or,s(m, 7)) = sgu(r) sgu(r) (~1)" 0+,

JokazareabcTBo. IlepBoe yTBep:kaeHne JeMMbl 0 pas3bueHnn S, Ha HEIePEeCEeKAIOIIHeCcs
noaMHozkecTBa Buga S, (I, J) oueBuaHo.



E. E. Toiproiiinnkos 33

B cmiy caesaHnoro Bbllie 3aMedaHus O MOJACTAHOBKAX, 3HAK HMOJACTAHOBKH o7 (T, T),
onpenessieMoii Tabsuieii (%), ecTh MPOU3Be/IeHIe 3HAKOB MOJICTAHOBOK BHIA

j1 . ]k ji Ce j;n Z'ﬂ(l) R iw(k) Z:—(l) c. Z;(m)

(1 ok k+1 ... k+m) . ( 1 ... k E+1 ... k+m>

[TogcunTaem 9uCa0 MHBEPCHIl JIIs IEPBOil TOCTAHOBKY. [IpuHUMas BO BHUMAHUE yIIOPI0-
YEeHHOCTh HOMEPOB B cuctemax (i, ...,7k), (Ji,---,j5,) H UX B3ANMHYIO JOTOTHATEIHLHOCTD,
IIPUXOMM K BBIBOJLY O TOM, HHBEPCUIO MOI'YT 0OPa30BBIBATD TOJIBKO IIaphl BUIA

(p, q), e ped{l,....k}, qgef{k+1,...,k+m}. (%)

[Ipu 3TOM $ICHO, 9TO j; MOPOXKJIAET j; — 1 MHBEPCHIi, jo MOPOXKIAET jo — 2 MHBEPCHil, U TaK
J1aJiee: 00IIIee YUCI0 MHBEPCHUil, TAKIM 00pa3oM, PaBHO

Gr=D+0G2—2)+...+ U — k).
Yucemo maBepcnii st BTOPOii MOJCTAHOBKY BKJIIOIACT TPHU CIATACMBIX:
(1) gmcno mHBepeunit cpenn nap Bujga Buga (*%);
(2) uuceno unepcuit cpegu nap suga (p,q), vae p,q € {1,...,k};
(3) gmcno unBepcuit cpenn nap Buga (p,q), tae p,q € {k+1,... k+ m}.
[TepBoe YUCI0 PABHO, [0 AHAJOIUH € PACCMOTPEHHBIM BBIIIE CJIYUYAEM,
(i1 — 1)+ (la —2) + ...+ (i — k),

BTOpOe — YHCIY WHBePCHil §(7) IJId MOACTAHOBKN T € Sk, Tperbe — YnCIy WHBepcuit §(T)
JUIS OACTaHOBKU T € S,,. TakuMm 00pa3oM, YeTHOCTb YHCJAa MHBEPCUI I I10JCTAHOBKH
o(m, T) cOBIAIALT ¢ YeTHOCTHIO YUCIA

(m)+0(T)+(r+...+u)+ (1 +...+) = o(x)+(r)+v(I)+v(J). O

5.7 Teopema Jlamaca

Teopema Jlammaca. [lycmv A — xeadpammuas mampuya nopadka n. Sadurcupyem 1106410
cucmemy k cmoabyos, swbpas J € Nj. Toeda ewmuucaenue onpedeaumens mampuuv, A
CE00UMCA K BHIMUCAEHUN MUHOPO8 Ha GUKCUPOSAHHBLEL k cmoabuax U UT dONOAHUMEALHDIT
MUHOPOB:

det A = > det A(I, J) det A(I', J') (—1)"D+1),
IeN;

JMokazarenabcTBo. Onupasich Ha pe3yabTaT JEMMbI TPEIbIIVIIErO pa3aesa, HaXOIIM

det A = Z (Z Z (TR RN T (ai'T(l)ji . aii(m)jin) sgn(o(m, 7')))

IeN, \meSk TESM
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=D (2 D i) (i, g an ) sen(m)sgn(n) | (=170

[ENk TESE TESM

= Z Z (aiﬁ(l)jl c. aiw(k)jk) Sgn(ﬂ') Z (ai:—u)ji . ai;(m)ﬂn) Sgn(’?—)) (—1)V(I)+V(J).

IeN;, \meS; TESm

Ocraercsi 3aMeTHTh, YTO MepBasi U BTOpasg CKOOKHM gator, coorBercTBenHo, det A(I,J) u

det A(I', J)). C

Beanunny det A(I’, J')(—1)"D+) pazpisator aszebpauveckum donoanenuem MUHODA
det A(1,J). Takum obpazom, Teopema Jlammaca yTBep:KaaeT, 9To IpH BHIGOPe JIIO0OH CHc-
TeMBI CTOJIONOB Onpedesument MAmMpuyb, PaseH CYMME BCEBOSMOHCHBLL MUHOPOS, PACTLON0-
HCEHHVLT HA 3A0GHHBLT CMOADUAT, YMHOHCEHHDIT HA UL AA2€0PAUYECKUE JOTONHEHUS.

ITockoabKy det A = det AT, nMeeT MecTO U TaKoit BADHAHT TeopeMsbl Jlamaca: npu 6v60-
pe A1060T cucmemv, Cmpok ONPEtesUMesd MATPULDL PABEH CYMME BCEBOZMOHCHHT MUHOPOS,
PACTLOAONHCEHHVLT HG OAHHLLT CMPOKAT, YMHONCEHHVLT HA UT ar2ebpauveckue 0ONOAHEHUA.

3agauya. Marpuna B ¢ onpenenurenem b = det B monydena u3 A c onpeuenuresem a = det A npu-
GasierneM uncia ¢ # 0 K kaxkgaomy snemenTy. Haifitu cymMMbr anredpandeckux JOMOTHEHUH BCEX 37€MEHTOB

(mopmarput, opsaaka 1) ays A u nysa B.

3agaua. B nxn-marpuie nMercsi e IMHCTBEHHBIN MUHOD TOPAAKA 1 < 7, OTJIMYHbIN OT Hysd. Jlokaxkure,

9TO BCE MUHODPHKI MOPsAAKa k > 7 + 1 paBHBI HYJIIO.

3amaua. Ilycre A — marpuna nopanka n ¢ snementamu a;; = £1. Jlokazkure, uro ecmu n = 4, To

|det A| < 16, n mocTpoiite MaTpuiy, 115 KoTopoii det A = 16. !

5.8 Omnpenennrteib 6/I0YHO-TPEYTOJBHON MATPUIIBI

Pacemorpum 6109HO-TpeyTONBHYIO MATPHUILY TOPSIKA 70

A:[g gy PeRM* QeR™™ Lk4+m=n.

[Tpumenenue Teopembl Jlammaca Jjsi CHCTeMBl IEPBHIX Kk CTOAOIOB (MK CTPOK) cpaldy Ke
JIaeT TOJIe3HYI0 POpMYITy
det A = det P det Q.

B obuieM ciyuae MOXKHO jl0Ka3aTh, 4To ecim |a;;| < 1, o |det A| < n™/? (cm. paszen 25.8). Marpuust ¢
smemenTamu +1, mis kotopsix |det A| = n™/?, mazpiBatorca mampuyamu Adamapa. Herpyamo ycramoButs,
9TO Marpuipl Ajamapa CylmecTBYIOT He /i BCeX n. VIMeercs rumore3a 0 TOM, 4TO MaTpuibl Amamapa
CYIIECTBYIOT JIJIST BCEX N, KPATHBIX 4.
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6.1 OO6paraas MaTpuiia

Marpuna A mopsiika n Ha3BIBAETCS 00pamumoti, eCJIn CYIIeCTByeT MaTpuna X HOpsIKa n
TaKast, ITO

AX = XA =1,

rae | — eIMHUYHAS MATPHIA IMOPSIKa n; X HA3BIBAETCS 00pamHoti mampuyed nias A.

MoKeT cymecTBoBaTh TOJIBKO OnHa oOpaTHas marpuma: ecaid AX = XA =1 u AY =
YA=1,t0 X = X(AY) = (XA)Y =Y. Obosnauenne nuga obparnoit marpumpr: X = AL

3anaua. Ilycts A, B — mpou3BOIbHBIE MATPUIIBI TOPAAKA 1y | 0 — eIuHUYHAS U HyJI€Bas MATPHUIIBI

nopsaaka n. Jlokazarb, 9T0
1

I A o] I —-A AB
0 I B =|0 I -B
0 0 I 0 0 1

(Orcrona coemyer, 910 11000 AJITOPUTM BbIYMC/IEHHS O0OPATHON MaTpPUIbI MOPSAKA 7 C YUCIOM Olepaluii

s(n) NOPOXKAAET AJIFOPUTM YMHOXKEHUs MATPUL, HOPIKA 1 ¢ YUCIOM onepauuil s(3n)).
Bamaua. Jlana kBajparnas Marpuna A takas, uro A% = 0. Jokaxkure, uro marpuna I — A obparuma.

Bamaua. Haiitin Bce o6paTnMble MaTpHIbl A MOpsIKa 1, s KOTOPHIX Bce meMenThl A n A~! neor-
punarenbbl. JJoKa3aTh, YTO MHOXKECTBO BCEX TaKMX MaTpPUl, 00pa3yeT rpyIlly OTHOCHTEJIbHO ONEPAIMH yM-

HOXKEHHUA MATPHUIL.

3amaua. ano maTpunst Py, ..., P, nopsaaka n, KazK/1as OTJIUIAETCS OT eIUHAIHON MATPHIILI IIEPECTa-
HOBKOIi cTOJIOLOB (TaKre MaTPUIbl HA3bIBAIOTCH MAMPUUamuy nepecmanosxy). Illycrs Py + ...+ P, = E, rue
E — marpuna, Bce smeMeHTs KoTopo# pasHbI 1. Kpome toro, mycts P;P; = P;P; ana Beex i, j. Jlokaxmure,

9TO MHOXKECTBO Marpuil P, ..., P, o0pa3yer rpyImiy OTHOCATEIHHO OMEPAINH yMHOKEHUS MATPHUII.

6.2 Kpurepuit o6paTuMoCT MaTPUIIHI

Teopema. Kesadpammnas mampuua obpamuma mozoa U moavko mozda, k0206 ee cmoabubl
06pasyOM AUHETHO HE3ABUCUMYIO CUCTIEM].

JokazarenabctBo. [lycth marpuna A mopsiaka n WMeeT JUHEeHHO He3aBHCHMBbIE CTOJIOIH.
CorsacHo pesysabraTaM Jleknuu 3 0 COBMECTHOCTH CHCTEM JIMHEHHBIX aarebpandecKux ypas-
HEHUN, KaXKJIasd U3 CACTEM

Axi =ey, Axg =€y, ..., Ax, =e,,

e ey, €, ..., €, — CTOJOIBI eJIMHUYIHON MaTPHIBI, UMeeT eJUHCTBeHHOoe pernienue. [IycTh

X =[xy, x2, ..., z,). Torma AX = 1I.

35



36 Jlekmust 6

Crosibupbl Marpunbl X JUHEHHO HE3aBUCHMBI. B caMoM jejie, mycTh HeKOTOpas JINHeHHas
KOMOHMHAIIA 3TUX CTOJOIOB paBHA HYJIO:

1T + Ty + ... + oz, = 0.

DTO 03HAYALT, ITO

aq
o
X| 7 |=0
an i
CaegoBaTebHO, i
(03] (03]
o o
AX | 2| =] | =0
o, |,
Orcioga a; = ag = ... = «, = 0. Takum obpazom, gas X cymecTByer Marpuia Y Takas,
aro XY = I. Jlokaxem, uto Y = A. B camom gene, A = A(XY) = (AX)Y =Y. !
Teneps mpemamonoxum, aro A = [ay, ..., a,] — obparumas MaTpuIa, ¥ PaACCMOTPUM

PaBHYIO HYJIIO JIMHEHHYI0 KOMOMHAIMIO €€ CTOJIOIOB:
aia; + asas + ...+ agpa, = 0.

Jlannoe paBeHCTBO 3alUIIEM B CJE/YIONIEM BU/IE:

aq
Qo
A =0
Oy,
Vuuoxkad obe qactu ciaesa na A~ maxonum o = ... = a, = 0. CiegoBaTeabHo, CTOIOIBI

ai, ... a, JAHEUHO HE3aBACHUMBI. [l

6.3 OOpamnienue 1 TPAHCHOHUPOBAHUE
Vreepxkaenne. (AB)" = BT AT.
HoxkazarenbcrBo. (AB);; = Y. (A)u(B)yy = Y. (B = S (BN)w(AN =
(BTAT);;. O ’ ’ *
U3 paserctsa AX = XA = I nonyqaem X ' AT = AT X = I. Takum o6pazom, mampuua

obpamuma mozda U MoAvKko moezda, Ko20a 06pamuUMa €€ MPAHNOHUPOBAHHaAA Mampuya. [1pu
9TOM

XT — (AT)fl — (Ail)T.
O6osnagenne: A~ = (A71)T,
Kak ciegcrsue, nojydaem “cTpouHblit’ aHa/jor Kpurepus 00paTuMOCTU MaTpPUILbL: 00Da-
MUMOCTND MAMPUUDBL PAEHOCUNDHE AUHETUHOT, HE3A68UCUMOCTIU ee CIPOK.

Tlo cymecTBy, 3/1€Ch BOCIPOU3BOIUTCH YACTh JOKA3ATEIbCTBA OOJIee OOILIEro YTBEPIKICHUS, CBA3AHHO-
ro ¢ W30BITOYHOCTHIO PACCMOTPEHHOTO HAMU OMPEIETCHUs TPYIbI (CM. PA3IeT U3 JOMOTHATEIBHON 9acTn
Jlexiuu 2).
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6.4 TI'pynma obpaTuMbIX MaTPUIL

MHuOXKecTBO 0OPATUMBIX N X N-MATPHI, OTHOCUTETBHO OTePAINN YMHOKEHUS 00pa3yeT TPyIl-
ny. [l1a nmokazaTenbcTBa ecTh Bee, KpoMe (pakTa 0OpaTHUMOCTH MPOU3BEIeHUsT 0OPATHMBIX
marpun. Ho 310 nposepsiercst Henocpeacrsenno: eciiu A u B obparumbr, 10

(B'AYAB)=B YA 'A\B=B"'IB=1,

(AB)(B'A™ ) =ABB HA'=ATTA=1

Ozcrona
(AB)'=B1tA

Bamaua. I[lycrs H — rpynna HEBbIPOXK/IEHHBIX BEPXHUX TPEYTOJIbHBIX MATPHIL NOPsAAka n, G — rpymnima
Becex 06pATUMBIX MATPHIL opsaka n. Bepro ju, ato ABA~™ € H ana mobeix marpun, B € Hu A € G (B

9TOM ciy4ae noarpynna H Ha3bBaeTcs HopMmasvhoim deaumenem rpyinst G)?

6.5 OOpamnieHne HEBBIPOXKJIEHHON MATPUIIHI
KBagpaTHasg MaTpuia ¢ OTJIMYHBIM OT HYJ/IsS OIPEIETUTEIeM HA3BIBACTCS HEBbLPOHCOEHHOU.
Ilycts A = [A;;] — marpuia mopsaka n, B KOTOpPOH meMeHT A;; ecTh anrebpamdeckoe

JIONOJTHEHEe K 3j1eMentTy a;; B Marpune A. Marpuna A’ nasvisaerca npucoedunennoti njis
maTpuib A.

Teopema. Ecau mampuua A nopadka n HeBuPONHCICHHAA, MO OHA 0OPATIUMA U TPU IMOM

-1 _ 1 AT
det A '

2de AT — npucoeduneHnas mampuya daa A.

JokazaTeabCcTBO. 3aMerum, 4TO
- det A, k=i
E aijAgj = { ’ N ()
p 0, k#1i.

[Tpu k = i paBeHcrBo (%) 1HOJMydYaeTCsl HPUMEHEHHEM TeopeMbl Jlaliaca npu pasjiokeHuu
onpenenntens marpunbl A 1o k-it crpoke. [lpu k # ¢ jeBast gacTh paBeHCTBa (%) mMpejcTan-
Jister coboil passioxKenune mo k-it CTpOKe OmpeeTuTe sl MATPHUIIBI, MTOIYY9eHHON n3 A 3aMeHOoil
k-it crpoku Ha i-10. Takoii onpeaeuTe/ b paBeH HYJII0 — KaK OIPEIeTUTETh MATPHUIIBI C JIBYMsI
OJIMHAKOBBIMHU cTpokaMu. Hampumep, ectu n = 3,1 =1,k = 2, 10

12 a3

a11A91 + a12A2 + a13Ass = ann | —
a3z 33

aix Qa2 Q13
= |ain a2 a3| =0.
a31 32 Q33

Janee,
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[Tosromy, B cr/Iy COOTHOIIEHHH (),

det A
AAT = = detA - 1.
det A

Wcnonp3ysa Teopemy Jlammaca ajad pasyioKeHus: onpeeuTeNs M0 k-My CTOJIOIY, HaXOAUM

& [ detA, k=4
Z“iﬁAik—{ 0, k+#j.

=1

det A
ATA = = detA - I. O
det A

3apava. JlokaxkwuTe, 9TO JIIOOYI0 HEBHIPOKICHHYIO MATPUILY MOXKHO CIE/JIaTh BHIPOXKICHHON, N3MEHUB

JINIIb OJJUH U3 €€ JJIEMEHTOB.

6.6 IIpaBuso Kpamepa

Teopema. Ilycmo A — neswviposrcdennan mampuya nopadxa n. Tozda cucmema suHetHvLT
anzebpauveckur ypasHenut Ax = b umeem u NPumMom eOUHCMEEHHOE PEULEHUE T € KOMNO-
HEHMAMU

€Ty, = ) S5,
det A

ede A; — mampuuya, nosyuaeman us A samenoti i-20 cmoabua Ha b.

HokazarensctBo. CoryacHo TeopeMe 06 0OpallleHHH HEBBIPOXKJICHHOW MATPHIIHI,

1
det A

~ 1 i
ATb = r; = ZAjiij 1< <n.
j=1

x = A% =

det A

n
Ocraercs 3aMeTuTh, 910 cymMma y | Aj;b; ecTb pa3jiokenue 1o i-My CTOJIOLY ONPeIeIHTe s
=1
Marpuinsl A;. O

6.7 OnpenenauTesb MPON3BEAECHUA MATPUIL

Teopema. Onpedesument npoussedenus KeAOPAMHLLL MAMPUY, PABEH NPOU3BEICHUIO UL
onpedenume.net.

HoxkazareasctBo. [lycrs A = [ay, ..., a,] — Marpuna mopsaka n co croabuaMu ai, . . ., a,
u B = [b;;]. Torna so6oii cronben marpunst AB ects juHeiiHash KOMOHHAIUS CTOIONOB
Marpuilbl A ¢ KoadduimmeHTaMu u3 COOTBETCTBYIOMIErO CTOJIONA MaTPHUILI 3:

AB = ibill ail?"'?ibinn ;,,

i1=1 in=1
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Ncnonb3ys jimHeftHOCTb OnpejenTeis M0 KaxkJI0My CTOJOILY, TO1yYaeM

det(AB) = Zblllblnn det[ail, ceey Clin]
i1=1 in=1

= Z bo()1 - - - bo(nyn det [aa(l), R aa(n)]

JES’n

= [ Y oy by sgu(o) | detA = detB - detA. O

gESy

Bamaua. Ilycrs P — obparuMas Marpuua nopsaaka n. Jokaxure, 4To 1l Jo6bx cronbuos u, v € R™*1
poinomHaerca pasenctso det(l +uv ') = det(I + (Pu)(P~Tv)T).

3amaua. Jlokaxkure, 9TO ONpPEEUTENb TPEXIUArOHAJIBLHON MATPHUILI HE M3MEHUTCS, €CIIN KaXKIbIi
HAJANATOHAJIbHBIN dJIEMEHT YMHOXKUTD, a KayKAbIM MO AUarOHATLHBIA 37IEMEeHT MOJEJUTh Ha OJJHO U TO JKe

YUCJI0.

6.8 OO6paTuMOCTh U HEBBIPOXKJIEHHOCThH

Teopema. Ksadpammaa mampuua odbpamuma moz20a u moavko mozda, k020a 0Ha HEGHLPOIHC-
dermas.

IT A 0 AL T
HoxkazarenabcTtBo. I[lycrs mist marpunbr A cymectByer obpaTHas MaTpHIa . Torma
AA™! =T u, B cuty Teopembl 06 ompeeInTe e TPON3BEICHIA MATPUIIL,

det A - det A ' =detl =1 = det A # 0.

Ecu det A # 0, To A obparuma mo Teopeme 06 0OpAIEHIN HEBBIPOXKIEHHON MaTpuibl. [

CaenctBue. Cmoabuyvt maompuuvt A AuHelino HE3ABUCUMbBL 020G U MOAYKO Mo20a, Ko20a
det A # 0.

3amaua. Ilycrs I, u [, — eqMHUYHBbIE MATPULBI HOPAAKA 1 ¥ M. JJoKaxKuTe, 94To /11 JII00bIX MaTpul A
pasmepoB m X n u B pasmepos n X m u3 obparumoctu I, — AB Bbitekaer obparumocrs I, — BA. JJokaxkure
TaKyKe, YTO 0OpaTUMOCTh KayKIOW M3 3TUX MATPHUIL PABHOCHIHLHA OOPATHMOCTH MATPHIIHI TIOPSIKA 1M + 1 C
OJI0YHBIM pa3OueHneM BHIA,

b
B I,|"

3apauva. [lambr uncna a u b rakue, uro 1 — ab # 0. JJokaxkuTe, 9T0 MaTPUIA

1 a a? a™

b 1 a an1
A= |b? b 1 a”?

pr pn—t 2 L 1

obparrma n obpaTHast K Heil MATPHUIIA, ABJISETCS TPEXIMArOHAILHOIA.

3anaua. [lycrs B ycnoBum npeabiayineil 3aaan a u b — KBaapaTHbIe OJIOKY MOPSAAKa 11, a 1 3amMeHsercs
eIMHIYHOM MaTpuiieit I Toro ke mopsaka. Jokaskure, uTo ecan 610K I — ab ABJsteTcst 0OpaTuMoil MaTpHIe,
TO Oa04Has mMarpuua A ¢ G10KaMu OpsAKa 1 00paTHMa W IIPH 9TOM OoOparHas K Heil MaTpuua sBJIseTCs

OJI0THO-TPEXTMATOHATHHOIA.
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7.1 PazneneHue nepeMeHHBIX U MaTPUIIbI

[Ipu u3yuenun GpyHKIUH 0T ABYX MEPEMEHHBIX OCOOYIO POIL UTPAIOT (DYHKIUU C Pa3dencH-
nowmu nepemennvimy f(z,y) = u(x)v(y) wim cymmbl takux gyuxmuit !

flz,y) = w(z)vi(x) + ... 4+ up ()0, (y).

[Tycrs nama m x n-marpuna A. Ee sneMeHT a;; MOXKHO PaccMaTpPHBATh KaK (DYHKIHUIO OT
JUCKpeTHHIX Tepemensbix @ € {1, ..., m}, j € {1, ..., n}. B nansom ciyuae pasmenenne
NepeMeHHbIX O3Ha4YaeT, 9TO

aij:Uin, 1§z§m,1§j§n

OTcioia JIeTKO BHIBECTH, 9TO A ecTh MpOou3BeieHne CTOA0NA W CTPOKH: 2

uy v1
Um Un

Tenepp peAnonoKuM, 9TO ;5 = UiVj1 + ... +Upvjr, 1 <0 <m, 1< 7 <n.Boarom
caydae A SBASETCS CYMMOI r MaTpHUIl BUIa “CTOJOEI Ha CTPOKY

r T Uik Vik
A: E Uk;vk, U = , VU = P
k=1

A=w', u=

7.2 CkejleTHOe pa3JIO>KEHUE

Umk Unk

DT0 Ke PaBEHCTBO, 3allUCAHHOE B BUJE IIPOU3BEACHUs IBYX MATPHII

Uml ... Umr Vir ... Unr

T u11 . Uty v11 ... Unpil
A=0V =|... .. || o o, U=luy,...;ul, V=v,...,v], (%)

Ha3BIBAETCS CKEACMHbIM pasnostcenuem Marpuibl A. OHO O3HaYaeT, 9TO KayKIblii CTOI0EI
MaTpubl A ecTh JuHeHAsS KOMOMHAIMSA CTOM0IOB MATpUIbl U, a KaxKIash CTPOKa MaTPHIIBI
A ecTpb nuHeiiHasg KoMbuHaImsa cTpokK MaTpuibl V . OTciona cpa3y 7Ke BHITEKaeT

Teopema. Pasmeprocmv aunetinoti 060i0uku, HaMAHYMOT Ha cmoabuybe mampuus, A, co-
enadaem ¢ pa3zmePHOCMBIO AUHETHOT 000A04KU, HAMARYMOT HG ee CMPOKU.:

aT

aT
dim L(aq, ..., a,) = dim L(ay,..., ay), A =la, ..., a,] = { ' }

m

! Pasmesenne mepeMeHHBIX ¢ GOTLIIIM YCIeXOM MPUMEHSETCA /I8 TpHOauKenus yHKImi 00Iero BuIa.
Marpuna wv | MHOTIA HA3BIBACTCS SHEWMUM Npoussedenuem BeKTOpos u € C™ u v € C™.

41
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HokazareasctBo. Ilycrb crondup marpunsl U obpasyior 0a3uc JiMHEHO# 000109KH
L(ay, ..., a,), a j-it cronben marpunnl V' cocrouT u3 Ko3(hMUINEHTOB UX JIMHEHHOI
KoMOnHanuu, jfawoomeit cronben a;. Torma, owesuano, A = U V. B cuy mpeaBapsIonero
TeopeMy 3aMevaHusi, PA3MEePHOCTD JTHHEHHONH 000I0YKH CTPOK MAaTpPUIBl A HE BBINIE TUCIA
CTPOK MaTpuibl V', KOTOpPOe paBHO, IO HOCTPOEHMIO, PA3MEPHOCTH JIMHEHHOH 06OJ0YKH
cTosibnop Marpuiel A. IIporuBomIOIOKHOE HEPABEHCTBO JIOKA3BIBAETCSI AHAJOIHIHO — POJIb
CTOJIOIOB U CTPOK MEHAETCd TPaHCIOHHpOBaHueM. O

7.3 Panr marpunsr

Pa3MepHOCTD JIHHEHON 060JI0YKH ¢TOIOIOB (CTPOK) MATPHIBI HHOT/IA HA3BIBAETCS €€ CTOJ0-
MOBBIM (CTPOYHBIM) paHToM. [TOCKOIBKY CTOMGIOBBIH U CTPOYHBIH PAHTH COBIAIAIOT, UX 00-
mee 3Havyerue ObLJI0 Obl €CTECTBEHHO HA3bIBATh POCTO PAHIOM MaTpuilbl. VI3 nmpoBeeHHoro
HaMU JIOKA3aTeJIbCTBA 3TOr0 (DAKTA BBITEKAET TAKZKe TO, YTO ITO 3HAYCHUE PABHO HAUMEHb-
meMy 4YUCIy MaTpPUIl BHJIA “CTOM0EI Ha CTPOKY ', JIAIONIUX B CyMMe JAHHYIO0 MATPUILY.

OHaKO, OOBIYHO JIaeTCs JAPyroe Onpejie/IeHue: parzoM MATPHUIbI HA3BIBACTCS HAUBBIC-
AN TOPSII0K ee OTJIUYHBIX OT HYyJs MHHOPOB. COOTBETCTBYIOIIME MUHOP M IOAMATPHILA
Ha3BIBAIOTCS 0A3UCHBM MUHOPOM U basuchotl nodmampuued. B cuiy yxke ycTaHOBJIEHHOR
S9KBUBAJECHTHOCTH OOPATUMOCTH W HEBBIPOZKJIEHHOCTH, PAHI MATPHUIILI PABEH HAUBBICIIEMY
MOPSAKY OOpATHUMBIX MOAMATPUI] B JaHHONH Marpuie. Obo3nadenue: rankA.

JIBa o4eBHIHBIX CBOMCTBa paHra MaTpunbl A pasmepoB m X n:

rankA < min(m,n), rankA = rankA".

Menee 09eBHIHO, UTO HAUBLLCUULE NOPAIOK OMAUMHLL O HYAL MUHOPOG MAMPULDL CO-
enadaem ¢ ee cmoAbUOBHIM U CIPOUHBIM Parzom. JlaBaiiTe 3TO JOKaXKeM.

7.4 OkaiimjieHrne oOpaTUMOii 10 IMATPUITHI

Haunem ¢ mosiesnoro BcrmomorarenbHOro mpeioxKenus. I[lycrs matpuima () mopsiaka k + 1
nMeeT OJOYHBIA BHUI

P
uT

o

v
C}, P e Rk v e R

B srom ciaygae () HazbiBaeTcsa okatimaeruem nodmampuius, P.

JlemMa o HeoOpaTuMoM okavimienuu. Fcau nodmampuuya P obpamuma, o ee oxatim-
aenue Q) asasemces Heobpamumolt mampuuet, mo nocaednut cmoasbey mampuys () ecmo
AUHETHAA KoMOUHayus nepsux k cmoabuyos.

JokazaTeabcTBo. llcnonp3ysi NpaBuao yMHOXKeHHs1 OJOIHBIX Marpui (cMm. Jlekuuio 1),
JIETKO MTPOBEPHUTH CIPABEIINBOCTH PABEHCTBA

I 0 P v P v _
{—uTP_1 1}[1; c} - {0 7}7 VZC_UTP .

O6o3HauuM MaTpHUILy B paBoii yacTtu depe3 M. Kak npoussegenune oOpaTuMoil u HeobpaTH-
Mot marpun, M He moxker 6b6ITb 0OparumMoit marpurneit. Ho ona umeer 67109HO-TpeyroJibHbIT
BUJI, 1 ecau Obl 6,10ku P u vy Ob11n 006a obparumbl, To M nmMesia Ob1 0OPATHYIO MATPHUILY BHIA

p—l —P_l’l)’)/_l

Mt = B
0 1
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(Pasencrso MM~ = I nposepsierca nenocpecrsenno.) [lockoibky M He sBisierca obpa-
TUMOH MaTpulleil, HempeMeHHO

y=c—u P lv=0 = c=u'P v

CrietoBaTeIbHO,

7.5 Teopema o0 6Ha3uCHOM MHHOPE

Teopema. Cmoabuyv, (cmpoku), codepocaujue 6a3ucHvili MUHOD, ABAANOMCA AUHETHO HE3a-
BUCUMBLMU, NPU IMOM 10001 cmoabey, (awbas cmpoka) daHHOT MaAMPUYLL ABAAEMCA UL
AUHETHOT KoMbuHayued.

HokazarenbcTBo. He orpannyupas oOIHOCTH, IPEIITIOJIOKUAM, YTO Oa3uCHAS IOIMATPHUIA
P nopsaka k pacrnosoxkeHa B JIeBOM BepxHeM yIury Marpuiibl A pasmepo m X n. Takum
obpa3zom,

P Vk+1 . Uy,
T
u a oo a
— k+1 k+1k+1 k+1n kx1
A= * ) Uk+1y -+ -y Um, vkﬁ-‘rl?"'avneR .
T
Uy Amke1l - O

[Io ycnoBuio TeopeMsbl, Jilobast MOAMATPHUIIA HOpdaIKa k + 1 BuIa

o P Uj .o
M_|:’LL;|— a'ij:|’ Zaj>k7

saBydeTcsa HeoOparumoii. [1o Jemme o HeoOpaTUMOM OKaiiMJIeHUN OOPATUMOM MOAMATPHUIIH,
nocieauit crosiben, 8 M ecrb qmneitnas kombunanus nepsbix k crosidnos. [lpu stom ko-
s> unneHTH TAHHON JIHHEHHONH KOMOMHAIMM HE 3aBHCAT OT i (MOCKOJBKY OIIPEIeIsIFoTCs
BekTOpoM P~ v;). Bnaunr, j-it cronben Marpunst A npu j > k ectb suHeiiHAs KOMOHHAIMSA
nepBbIX k cTosibnos. JIuHeiinasg He3aBHCHMOCTD IEPBBIX & CTOJOIOB JIOKA3bIBAETCA CJIETY-

IOIIIM 00pa30M: MyCTh MX JIHHeiHad KOMOMHAIMs ¢ KodbduuuentaMu oy, ..., o paBaa 0,
TOTIA
aq an
Pl ... | =0 = .. | =0
(693 (093

YTBep:KIeHHe TeoOpeMbl OTHOCUTEIHHO CTPOK JIOKA3BIBAETCS TePEeX0/IOM K TPAHCIIOHUPOBAH-
HOW MaTpune. O

CaenctBue 1. Mampuua umeem pane v mozda u moavko mozda, k020a HEKOMOPBIT MUHOD
nopAdKa I OMAUNEH OM HYAA, G 8CE OKGUMAANULUE €20 MUHOPYL NOPAOKG T+ 1 pasHbv, HyA0.

CJ'Ie,I[CTBI/Ie 2. Pane MATNPUYDBE cosnadaem ¢ ee CMPOYHHBIM U CmO,/l6’l406bLJ\/L PaHZOM.

Samevanme. Teopema 0 6a3uCHOM MIUHOPE He UCMOJIb3YET JOKA3aHHON paHee TEOPEMBI O Pa-
BEHCTBE CTOMOIOBOTO U CTPOYHOTrO PAHToB. [1o cymiecTBy, OHA JaeT eIe OTHO TOKA3ATEIHCTBO
9TOH TeopeMBblL.

Bagaua. Ilyts A — n X n-marpuna panra k, a B — j00ast HEBLIDOKIEHHAS MOIMATPUIIA TOPSIKA K.
O6o3naunM depe3 R mogmarpuily pazmMepoB k X n, COCTOSIILYIO U3 CTPOK MaTPHUILl A, COIepKaIIX MoaMaT-
pumy B, a gepe3 C' — moaMaTpuily pa3MepoB N X k, COCTOSIIYI0 U3 CTONOINOB, comepxKamux B. /loka3arh,
9T0

A=CB 'R.
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3agadva. Jlokakure, 9TO IOAMATPUIA, PACIIOJIOKEHHAS HA [IEPECEYSHNH " JIMHEHHO HE3ABUCUMBbIX CTPOK

U T JIMHEHHO He3aBUCUMBIX CTOJIONOB MATPHIIbI PAHTA T, ABJISETCS HEBBIPOKIECHHOMN.

Bamaua. Hssectno, uro AT = —A. JlokazKuTe, 9TO PAHr MATPUIBI A — YHCIO YeTHOE.

7.6 Panru m marpuyHbie oneparmn

YrBepxkaenue 1. Panz cymmov, mMampuy He npesocrodum CYmMmvl UL PaH206:

rank (A+ B) < rank A + rank B.

JokazareabcTBo. OueBuano, A u B J0MKHB HMETH OJIMHAKOBOE YHCJIO CTOIOIIOB:
A:[al,...,an}, B:[bl,...,bn].

dcno, aro  L(ay + by, ..., ay +b,) C L(ay, ..., an, by, ..., b,). B Menbmreit nuneiinoit
000JI09Ke BbIOEPEM KaKyI0-THO0 CHCTeMy BEKTOPOB, obpasymomryto Oaszuc. COoraacHo Jgemme
0 JionojiHeHun J0 Oasuca, 6a3uc B OOJbIICH JUHEHHONW 000JI0UKE MOXKHO MOJIYYHTD IyTEM
JIONOJIHEHHSI JAHHON CHCTeMbl KAKHMH-TO BEKTOpaMu U3 0oJblieil auHeiinoit obonouku. [lo-
ITOMY

rank (A + B) =dim L(ay + by, ..., ay, +b,) < dimL(ay, ..., a,, b1, ..., by).

[Iycts p = rank A, ¢ = rank B, u nupeamnoioykum, He OrpaHnyduBasi OOIIHOCTH, 9TO DA3UC B
L(ay, ..., a,) ob6pa3yor nepseie p BeKTOpoB, a 6asuc B L(by, ..., b,) — mepBbie ¢ BEKTOPOB.
Torma L(ay, ..., G, by, ..., by) = L(ay, ..., ap, by, ..., b)) =

dim L(ay, ..., an, b1, ..., b)) < p+q. 0

Yr1BepxkaeHue 2. Pane npoussedenus Mampur, He npesocrodum paraa Kancdozo us coMHo-
Hecumenet:

rank (AB) < min (rank A, rank B).

JokazareabcTBO. J/l0CTATOIHO 3aMETHTD, 9TO KazK bl 13 CTOI0IOB MaTpuiibl AB siBjIsteT-
csI anHeHON KomOuHanmei cronbnos marpunsl A. [TosTomy nmHeitHas 000109Ka CTOIOIIOB
MaTpuilbl AB coaep:KUTca B JUHEHRHOH obomouke croadnos marpunsl A. CiaegoBaTenbHO,

rank (AB) < rank A. [anee,
rank (AB) = rank (AB)" =rank (B'A") < rank B’ = rankB. O

YrBepxkaeHue 3. Pane mampuuybt He USMEHAETNCA NPU YMHOHCEHUU €€ CAEBA UAYU CNPABA
Ha 00PAMUMYIO MAMPULY.

HokazarenbcTBo. Ilyecrs B = PAQ, rne P u (Q — obparumble marpunsl. ° B cuiy

3Koneuno, nopsaok P paBeH 4mCIy CTPOK, a MOPANOK () — WHCIy CTOAOIOB MATPHITHI A.
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npeapaymero yreepaaenns, rank B < rank A. B o xe Bpems, A = P7'BQ7! =
rank A <rank B. O

DTO yTBEpIKJIEHWE TTOJIE3HO TPHU BbIYucjaeHnn paHra. OOBITHO 3TO JIe/1aeTCsA C MOMOIIHIO
INEMEHMAPHBLT NPe0dPA306aHUT CTPOK U CTOJONOB, YIPOIIAIONIAX BUJI MATPHUIILI IIyTeM HC-
KJIIOUEHHUST ee JIEMEHTOB; 3TH MpeoOpa30BaHusl CBOJAATCA K YMHOMKEHHIO MATPHUIIBI CJIeBa U
cIIpaBa Ha HEKOTOPble OOpAaTUMble MATPHUIBI (CIEIUATBLHOTO BUIA) U MO3TOMY COXPAHSIOT
paHT.

VrBepxkaenue 4. [pu usmenenuu k cmpok (cmoabuyos) mampuyv, ee pame we Mmoxcem
UBMEHUMBCA bOAbUWE Yem Ha k.

JokazareabcTBO. JlocTtaTrouno paccMmorpers ciaydait k = 1. [Iycrs panr paBen r, a cTojb-
upl aj,, ..., Gj, ABIA0TCA 6asucHpiMu. Eesn cronbern a; coBliajaeT ¢ OJHUM M3 3TUX CTOJI0-
OB, TO IIPH JIIOOOM €ro UW3MEHEeHUH JaHHas CUCTEeMa CTOJIOIOB OyJIeT MMeTh JUHEHHO He3a-
BHCHMYIO TIOJCUCTEMY € YUCTIOM cTOa010B 1 — 1. [looToMy paHr HOBON MATPHUIIBI HE MEHbIIE
geM r — 1 u, KoHeuHO, He Oosblne r. Ecan cTonber a; ne conajaer HE ¢ OJHUM H3 BBIOpaH-
HBIX OA3UCHBIX CTOJOIOB, TO JK000#1 cTOIOEI] HOBOIT MaTPHIBI JUHEITHO BhIparKaeTcsa depes
CTONOIBI aj,, ..., @j,, Gj, TOBTOMY €e DAHT He IPeBhIIIaeT 1+ 1 1 He MEeHbIIe 9eM 1, TaK KaK
UMeeTcd CUCTeMa U3 1 JTHHeHO He3aBUCHUMBIX CTOJIOIOB dj,, ..., aj.. O

r

Caencrsue. [Ipu dobasaenuu (ussamuu) k cmoasbuos pare mampuub, HE MOMCEM U3Me-
HUMbLCA bosee yem Ha k.

3agaua. Ilycte A w B — marpurnst panra 1. Jlokaxkure, aro eciu AB = BA # 0, TO panr MaTpuIrbi
A+ B me 6ombire 1.

Bagavya. 3agadbl cronbupt z,y € R™ npudem x # 0. Jokaxkure, 9T0 CyHIECTBYET CUMMETPUIHASL

marpuna A € R™ ™ rakas, uro rankA < 2 u Az = y.

3amaua. Marpumna A nmeer r cTonboB, a Marpuia B uMeer r cTpoK. JJokaxKure, 910

r > rank(A) 4 rank(B) — rank(AB).

7.7 OpHOpOIHAdA CHCTEeMa JIMTHEHBIX aJjredpamvecKnuxX ypaBHEHUIA

Cucrema JUHEITHBIX aJredpanvYecKnX ypaBHEHUI ¢ HYJIEBOM MpaBoil 9acThio
Ax =0 (%)

HA3BIBACTCA 00HOpodHot. IlycTh B JaHHOI cHCTeMe UMeeTCs 1 YPaBHEHHI U 1 HEH3BECTHBIX.
Torma marpuna xkoadpdunuentoB A umeer paszmepsl m X n. Paccmorpum A Kak cucremy
cronbuos A = [ay, ..., a,| ¥ IPeIIOIOKIM, YTO ee PAHT paBeH r. He orpanudnBas 00IIHOC-
TH, OyJeM CUMTaTh, 9TO Oa3McHas moaMarpuia B A pacrosiokeHa Ha IMEPBBIX 7' CTOIOIAX —
OyJaeM Ha3bIBaTh UX Oa3uchv.mu. OTBedaronue ODA3UCHBIM CTOMIOIAM KOMIOHEHTHI pelleHus
1, ..., T OyJEM TAKZKe HA3BIBATDL OG3UCHBLMU, & OCTABIINECH KOMIOHEHTBI Lyi1, « .., Ly —
c60600nvmu. Takum 06pa3oM, BEKTOP-peIIeHre NMeeT BHU/I

1

Lr
Tr41

In
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Cucrema (%) paBHOCHJIbHA DABEHCTBY

101+ ..+ TpQp = —Tpy1Gpiq — ... — Tpdy,. (%)
[Io Teopeme o GazucHoit TOAMATPUILE, CTOJOIDI Gy y 1, . . . , G, TIPAHAJJICIKAT JHHEHHONH 060-
JIOUKE CTOJOLOB a1, ..., a,.. [losToMy mpu J11060M BBIOOpE 3HAYEHUI CBODOIHBIX HEU3BECTHBIX

3HAYEHUsT ODAZUCHBIX HEM3BECTHBIX, YIOBIETBOPSIONINX PABEHCTBY (%), CYIIECTBYIOT U OTIpe-
JIeJIAIOTCH OJHO3HAYHO. TakuM 0O6pa3oM, CYHIECTBYIOT . — " BEKTOPOB BUJA

11 12 Tlin—r
Trl Tr2 Trn—r

vy = 1 y U2 = 0 ) Up—pr = 0 )
0 1 0
0 0 1

KasKJIBIIl U3 KOTOPBIA SIBJISIETCS PElIeHIeM CHCTEMBI ():

Avy =0, ..., Av,_, =0.
BekTopsr v1, ..., Uy_, JUHEHHO HE3aBUCUMDI:
*
*
a1V + .o F QU = o =0 = a1 =...=a,_,=0.
a2
Qp—r

Kpowme Toro, mobasg JuHeiiHasg KOMOMHAIIASA 3THX BEKTOPOB ABIAETCS PEIICHHEM CHCTEMBI
(%) u, Gojiee TOrO, €CJIU T €CTh HPOU3BOJILHOE PEIEHue CUCTEMbI (%), TO

T=Tpy1U1 + ... + TpUn_p.

Takum obpa3om, MbI JIOKa3a/u CIe/IyIOIIee BaKHOE YTBEPKIeHHE.

Teopema. Muoocecmso pewenuti 00H0podHoT cucmembvl AUHETHOLT A.A2e0PAUNECKUT YPaSHE-

nut (x) cosnadaem c aunetinot obosoukot L(vy, . .., Uy_y) AUHETHO HE3ABUCUMBLE 6EKMOPOS
Viye ooy Un—p-
CaencrBue. dim L(vi,..., v,,) =n—T.

JluneitHo He3aBuCHMYIO cuCTeMy pemieHuii wy, . .., wy cucremel Az = 0 Ha3pIBaIOT HyH-
damermanvrol cucmemoti, eciu ee nunefinas obomodka L(wi, ..., wy) COBIAZAET € MHO-

JKECTBOM BCeX pelleHnii oaqHopoaHoit cucrembr Ax = (.

CaexncrBue. Yucao eexmopos 6 410600 pyrndamernmanvrot cucmeme peuserut oaa Ax = 0
pasho n —r, 2de r = rank A.

JIns tokazaTeabcTBa JOCTATOYHO 3aMETUTD, YTO JuHelHass 0060J04YKa BEKTOPOB (MyHIA-
MEHTAJIbHON CUCTEMbI pellleHuil umeeT 6a3UC U3 MOCTPOEHHBIX BbHIIIE BEKTOPOB U, . . ., Up_.

3anauva. Jlaner marpuisl A u B nopsaka n takue, uto AB = 0 u mpu 3ToM Marpuia A + B HEBBIPOXK-

nennas. Jloka3zars, uto rankA + rank B = n.
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7.8 Teopema Kpouekepa—Kamnennnu

Paccvorpum cucremy JuHeHHBIX ajredpamdeckux ypaHenuit Ar = b ¢ m X n-marpurneit
A = lay,..., a,]. Marpuna [A, b] = |a1,..., a,, b] Ha3BIBaeTcs pacwupennot mampuyed
JAHHOI CHCTEMBI.

Teopema. Cucmema Ax = b coemecmua mozda u moavko mozda, ko2da pare MamMpuybl
Koaphuyuernmos coenadaem ¢ PaH20M PACUWUPEHHOT MATPULDL:

rankA = rank[A, b].

HokazareabcTBo. Mbl yxke 3HaeM (cM. Jlekuuto 3), 9T0 COBMECTHOCTD cucreMbl Ax = b
PaBHOCHJIbHA PABEHCTBY JMHEHHBIX obomouexk L(ay, ..., a,) = L(ay, ..., a,, b). Ocraercs
3ameruts, 4ro rank A = dim L(ay, ..., a,) u rank [A, b] = dim L(ay, ..., a,, b). O

7.9 OO01mee permeHne CUCTEMbBI JUHENHBIX aJaredpamvdecKmux
YpPaBHEHU

Ecmum U m V' — aBa MHOXKecTBa BeKTOpoB 3 R™, To cymmoit U + V' Ha3bIBaeTCss MHOMXKECTBO,
COCTaB/IEHHOE W3 BCEBO3MOXKHBIX CYMM BEKTOPOB Buja u + v, rae u € U, v € V.

Teopema. [Ipednonoosrcum, wmo cucmema Ax = b cosmecmma, u 3adurcupyem npouscosb-
noe wacmuoe pewenue u (Au = b). Toeda mmoscecmeo ecexr pewenudi cucmemv Ax = b
umeem eud u + V', 2de V. — mmoocecmeo ecex pewenuti coomseememeyrowets 00nopodnot
cucmemv, Ax = 0.

HokazarenabcTrBo. Ilycth x — nmpousBonabHOe pemenne cucreMbl Az = b. Torna, oueBuiHO,
Az —u) =0 = z—ueV = x€&u+V.laree, Bo3bMeM TPOU3BOIHHBIN BEKTOD
reu+V = z=utv,veV = Alu+v)=Au+Av=>b+0=0>b. O

CaenctBue. Obuiee pewenue cosmecmnoli cucmemv, Ax = b umeem eud
T = U+ CV1 + ... + CppUp—p,

2de U — NPouU3BONLHOE YACTNHOE PeweHUe OGHHOT CUCTIEMDL, V1, . . ., Up_p — AUHETHO HE3A6U-
cumble pewerus coomeememeytowet odnopodnoti cucmemot, r = rank A, a xosagduvyuenmot
Cly-y Cny — NPOUBBOALHBLE YUCAA.

3amaua. YTo MOXKHO CKa3aTh O MaTPHIE W MPABOH YacTH CHCTEeMbl Ar = b OTHOCHUTENIHLHO BEKTOPA,

x € R™, ecsiu ee perienueM siBisiercst Jr000i BekTop u3 R™?7

JOITOJIHUTEJIbHAA YACTD

7.10 HeycroitanBoCcTh paHTa

Matpurna Ha3bIBaeTcsd MaTPUIleH noAH020 pareza, €CIU ee PAHT COBIAIAeT ¢ OJTHUM U3 ee pas3-
MepoB (TO eCTh, UMEET MAKCUMAJTIBHO BO3ZMOXKHOE 3HAUeHUE). B MPOTHBHOM CJIydae TOBOPAT
0 MaTpHUIE HENOAHO20 PAH2G.

MozKkHO J0Ka3aTh, 9TO €CIn A €CTh 1M X N-MaTPHUIA MOJHOTO PAHTA, TO IPU BCEX J0CTATOY-
HO MaJbiX € > 0 marpuna A 4+ F, rae Bce 31eMeHThl MaTPHIbI-BO3MYIIeHUs F' 110 MOIy/Ii0
MeHbIlle €, OyJAeT Tak>Ke MaTpuiei moaHoro panra. /[jis 5T7oro g0CcTaTovHO 3aMETHTbh, 9TO
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JIIOO0TT MMHOpP MOZKHO PacCMaTpPUBATh KaK (PYHKIUIO CBOMX 3JIEMEHTOB U 3TO Oyjer Herpe-
pbiBHas (pyHKIUA. [CaIn TpH HEKOTOPBIX 3HAYEHUAX MEPEMEHHBIX HenpepbiBHAS (DYHKINA
OTJINYHA OT HYJIS, TO OHA OYyJeT OTJINYHA OT HYJI TaKyKe B HEKOTOPOH JIOCTATOYHO MAJIOi
OKPECTHOCTH ITUX 3HAYEHUN.

B 1o xe Bpewmsi, eciim A uMeeT HENMOJHBIN PAHT, TO JJIsA JIIOOOTO CKOJIb YTOIHO MAaJIOTO &€
CYIIECTBYET MaTpHUIA-BO3MYIIeHHe F' ¢ 3jIeMeHTaM# 110 MOJYJIIO He OoJblie £, I KOTOPOi
A+ F 6yner maTpureit moaHoro panra. Hampumep, Marpuia

10 00
A=|[10 1 0 0
00 0O
HMeeT paHr 2, HO s Jiroboro € # 0 MaTpuna
1000
A=10 1 0 0
00 ¢ O

nMeeT, OYeBUTHO, PAHT 3.
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8.1 MHNckiarouyeHnne Hen3BECTHBIX

Ecnu 3amana cucrema quHefiHbIX ajreOpantdeckKux ypabHenuit Ax = b u Tpebyercsa HaiiTh
ee oOIIee pellleHre MJIM YCTAHOBUTH HECOBMECTHOCTH, TO 3TO YJ00Hee BCETO C/IesaTh MyTeM
MOCTETOBATETBHOTO UCKANYEHUA HEUSBECTHBLT: €CTTH B KAKOM-TO YpaBHeHNN KO3hdUuImeHT
P T1 OTJIUYEH OT HYJIsd, TO MOYKHO UCKTIOYUTD 1 U3 BCEX JIPYTUX YPABHEHUIT Ty TeM BHIUUTA-
HU JIAHHOI'O YPABHEHUS, IPEJIBAPUTEIbHO YMHOKEHHOI'O HA, MOAXOAAIIUM 00pa30M BbIOPaH-
Hble KO3(DPUITMEHTHI; eC/IN CPe/IN YPpaBHEHUl, yyKe He COJAepkKAIIUX L1, IMEeTCs ypaBHEHUE
C HEHyJeBbIM KOI(DDUIUEHTOM TPU T, TO Ty MOXKHO aHAJOTMYHBIM O0PA30M HMCKIIOYUTH
u3 BCeX IPYTUX ypaBHEHWl, KpOMe JAHHOTO W IePBOTO YPaBHEHUS, CO/IeprKAIIero T, U Tak
Jajee.

Ha xaxkmom mrare uCKJIIOYeHHs TOTydaeTcsd HOBas CHCTeMa, KOTOpasd, OYeBHTHO, PABHO-
cuIbHA HCXOMHON. Ecm BO3HWKIIO ypaBHEeHHEe, B KOTOPOM Bce KOI(DMUITNEHTH TPU HEU3BECT-
HBIX PABHBI HYJIO, a B MPaBOW YaCTU MOIYYUIOCH OTJIUIHOE OT HYJIsl YUCI0, TO CHCTEMa He
uMeer perrenuii. B mpoTuBHOM Cjiydae cuCcTeMa COBMECTHA M ONUCAHHBIN CIIOCOO 1103BOJISET
C JIETKOCTHIO BBITIHCATH ee 00Iee pereHne.

8.2 DeMeHTapHbBIE MATPHUIIBI

Kazkaplit mmar onucaHHOro BBIIIE HCKIIOYEHNs] HEM3BECTHRIX peobpasyer cucremy Ax = b B
paBHOCHIBHYIO cucremy Buna (PA)x = Pb, tae P — Hekoropasi ob6paTuMast Marpuna. Ecim
noTpedoBaJIOCh k MIaroB, TO B UTOT€ BO3HUKAET MOCIEI0BATEIHHOCTH PABHOCUILHBIX CHCTEM

A.T:b, (PlA)Izplb, (PQPlA).Z'Zpgplb, cee (PkpgplA)iE:PkPQPlb

Marpumna ko3dbdunmeaToB mocIe/IHeil CHCTEMBI HMeeT HACTOJIBKO ITPOCTO BU, UYTO pelieHne
COOTBETCTBYIOIIEH CUCTEMBI OCYIIECTBISIETCS Y7Ke OUeBUIHBIM 0OPa30OM.

Henp KaxKkKmoro miara — MOJyYeHUE JTOMOJHHTENbHBIX HYyJell, WIH, KaK 9acTO TOBODAT,
UCKAIONEHUE IAEMEHMOE B MATPUIE TTPEOOPA3OBAHHON cucTeMbl. UTOOB MOSACHUTD, KAK 3TO
JleJTaeTcs, paccMOTpuM MaTpuiy A pasmepoB 4 X 6, 3aBeTOMO HyJEBBIE 3JTEMEHTHI OyIeM
0003HaYaTh “HOJIMKOM’, NIPOU3BOJIbHBIE 3JIEMEHTHl — “KPECTHKOM ; & 3aBeJOMO HEHYJIEBbIe
9JIEMEHTHI — “KpecTukoM B pamouke”’. Ecim ay; # 0, To n3 KaxK10# CTPOKHU ¢ HOMEpOM 1 > 1
MOYKHO BBIY€CTh MEPBYIO ¢ KOIMMUIMEHTOM, JAIONUM HYIb B mo3uruu (7, 1):

X X X K
X X X X
X X X X
X X X X
X X X X
X X X X
o o oK
X X X X
X X X X
X X X X
X X X X
X X X X

49
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B sanbueiiniem nepsbie cTpoka u crosiben ocraiorcs 6e3 uaMmenenuit. e BoO Bropom crosidie
UMeeTCst He HYJIb, JI€JaeM COOTBETCTBYIOIIYIO CTPOKY BTOPOil M C €€ MOMOIIBIO MCKJII0YAeM
BCE OCTAJILHBIE 3JIEMEHTHI BTOPOTO CTOJIONA:

o o o K
X X K X
X X X X
X X X X
X X X X
X X X X
o o o K
o o K X
X X X X
X X X X
X X X X
X X X X

[lepBole aBa cTONOIA U TIEPBBIE JBe CTPOKH MEHAThCA OombIne He OyayT. MoxkeT cayduTbes
TaK, YTO Y HAC [MOJIyYUJIUCH “BHEIIAHOBbIE HyJieBble ¢Toj101bl. Hanpumep, eciu ocrasuimecs
“KpecTuKn’ B TPETbeM M YeTBEPTOM CTOJONAX OKa3aJ uCh HYJIIMU, TO CAeJyeT TPOBOJIHUTD
HCKJIIOYEHHe C TIOMOIIBI0 HEHYJIEBOTO JIEMEHTa B MSITOM CTOJIOIE (eCn TAKOBOH eCTh):

o o oK
o o K X
o o X X
o o X X
X K X X
X X X X
!
o o oK
o o K X
o o X X
o o X X
o K X X
X X X X

Kazkpiit mar, oueBUIHO, CBOJAUTCS K YMHOMKEHHUIO MATPHIBI CJIeBa HA HEKOTOPYIO MaT-
puny P Ipu s1rom kaxgas u3 marpun P, 1 < | < k, Moxker ObITh HPEICTABJICHA KAK
MIPOU3BE/IEHNE JBYX MaTPHUIL:

Py = 211,

rae Z; ornngaercst ot I (e AMHWIHON MATPHIB) TOJBKO B TTO3WIMSAX HUZKE TJIABHON JIHATOHATH
KAKOT'O-TO OJIHOTO (MYCTh j-r0) cToabIa:

(Zl)nj 1
a II; monyuaercst u3 I nepecraHoBKoil cToa610B (uau ctpok). Marpunst I1; u Z; ykazaHHOTO
CIENUATBHOrO BUIA OVIEM JIJIsI KPATKOCTH HA3BIBATD IACMEHMAPHULMU MATPULAMU; MATPH-

na II; nazeiBaercs mampuuyed nepecmanosku, a Z; — mampuuyet modupurayuu cmpork. Vx
POJIb B MPOIECCE UCKJIIOYEHUSI OObACHACTCA CACAYIONUME (DAKTAMM:

e varpura [[;A ormuaaercs or A mepecTaHOBKOi CTPOK;
® ecin Z; OTJINYAeTCs OT eJIWHWUIHON MATPHIIBI j-M CTOJIOIOM, To Marpuna ;A nmeer

IepBBIE j CTPOK Te Ke, YTO U B MaTpuie A, a i-g CTpoKa IpH i > J eCTh CyMMa i-it
CTPOKH U B3SITOH ¢ HEKOTOPBIM KO3(MMUIHEHTOM J-# CTPOKH MATPHIIBI A.

YrBepxkaenue 1. Jhooas mampuua nepecmanosku I obpamuma u npu smom

mt=r1'.
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YrBepxkaeuue 2. Jhobaa mampuya modudurayuu cmpox Z = Z; 06pamuma u npu mom
0OPAMHAA MAMPUYA NOAYUAENCA U3 Z USMEHEHUEM 3HAKOE TOAOUGZOHANDHBLT INEMEHMOB:

1

1

-1 _
7= —(Z1)j+1; ’

_(Zl)nj 1
J1oKa3aTeabCTBO CBOIUTCA K HEIOCDPEeICTBeHHOI npoBepke pasencts 11~ =1, ZZ7' =1.

8.3 CryneH4yarble MAaTPUIIbI

Bynem rosoputs, uro Marpuna S = [s;;] pasMepoB m X n gBisercs eeprhet, cmynentamot
C YHUCJIOM CTymeneii k, eciu cymectByioT HoMepa 1 < j; < ... < Jr < m, JJad KOTOPBIX:

ecoml<i<k tos;#0mpnj=j;ns;=0mnpnmscex <7< —1;

e ccmun k+1<17<m,T0 s;; =0 mpu Bcex 1 < j <n.
Marpuma S HazpIBaeTcs Husicheti cmynenyuamoti ¢ IucaoM cTymeneit k, ecin S' apidercs
BepXHEil CTYIEeHYaTOl ¢ YUCAOM cTyneHed k.
YrBepxkaenue. Pane cmynenuamoti mampuyst ¢ wucaom cmynenel k pasen k.

HdokazarenbcTBo. PaccMoTpuM BepxXHIOIO CTYNEHYATYIO MATPUIy S U JOKaxKeM, 4TO ee
CTPOYHBI paHr (pa3sMepHOCThb JUHEHHON 000J0UKH CTPOK) paBeH 4uciay cryneneii k. fcuo,
qr0o S uMeeT POBHO k HEHYJIEBBIX CTPOK. J[OKazkeMm, 9TO 3Th CTPOKU JTMHEHHO HE3aBUCUMBI.
[IpupaBuseM Hy 10 UX JHHEITHYI0 KOMOMHAINIO ¢ KO3 punuentamu oy, ..., Qg:

[ag, ...,ax]S =10, ..., 0]

Orcrona
a1 814, = 0 = a; = 0.
Hautee,
O'SliQ + 2S94, =0 = ag = 0.
[Ipononzkas mogoOHBIM 06pa30M, HAXOIUM 1 = ... = ay = 0. B cliy4ae HuzKHei cTyneHya-

Toft MaTpunbl S ee CTOJOIOBBIN PAHT, OYE€BHJIHO, COBIIAIAET CO CTPOYHBIM PAHIOM BEPXHEN
crymenyaroil marpunst S'. O

8.4 IlpuBenenme K ctyneH4daroii ¢popme

Teopema 1. Jlasa a060t m X n-mampuuys, A panea r cywecmeyem obpamumas mampuua P,
npedcmasumasn 6 6ude NPOU3BEOEHUS KOHEYHO20 YUCAL IAEMEHMAPHLIT MAMPUY, U MAKASH,
wmo mampuya S = PA asasemcea seprrel cmynenuamoti ¢ wucisom cmynened r.

JokazareabcTBo. (O003HAYNM Yepe3 j; HOMEP HEpPBOro ¢TOJOHA MaTpunbl A, B KOTOpoMm
ecTh X0Tsi ObI OiMH HeHyJ1eBoil ssement. (Ecim TakoBoii crosber orcyreryer, 10 A = 0 1 Teo-
pema yke nokazana.) C MOMOIIBI0 YMHOMKEHHUS CJIeBa HA HEKOTOPYIO MATPHUILY TT€PECTAHOBKI
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I1; Heny/jeBoii 3aeMeHT MOXKHO mepemectuTh B nosunuio (1,71). Janee ¢ nomomipo yMHO-
JKEHHUsI CJIeBa Ha, HEKOTOPYIO MATPHUILy MOAU(PUKAIUMU CTPOK £, MOYKHO TOJYUATH MATPHUILY
C HyJSMH B IOJIUATOHAJIBHBIX MO3UIULAX J1-TO CTOIOIA M COXPaHeHHeM HyJeil B Ipesblry-
mux croabuax. OueBHIHO, IpeoOpa3oBaHHAst MaTpuna nMeeT O104HbIH B (depes 0,x, MbI
obo3HAYAEM HYJIEBOI BJI0K pasMepoB p X )

u'l'

ZI1A = { le(il_l)
0

. weRMATDXL
m—1)x(i-1) B ]

CrenaeM WHIYKTHBHOE TPEJNOIOKEHNE O CYIIECTBOBAHUHE MATPHUILI (), SIBJISIONIENCS TTPO-
M3BEIeHIEM 3JIEMEHTAPHBIX MATPHIL MOPSIKA m — 1 B Takoii, 9To () B uMeeT BEpXHIOI CTY-
nendaryio dopmy. PaceMoTrpum maTpuiry

Jlerko BueTh, 9T0 P ecTh MPOn3BeIeHNe JTEMEHTAPHBIX MAaTPUIl u ipu 3toM S = PA nmeer
BepXHIOIO cTymeHdaTyio dopmy. [lycTs uneno crymeneit paBao k. 3HAYUT, CTPOYHBIM pPaHT
MaTpunbl S paBeH k = k=rankS =rankA=r. O

Teopema 2. Jlasa 410601 m X n-mampuuyv, A panza r cywecmeyem obpamumas mampuua (),
npedcmasumMas 6 6ude NPOU3CEIEHUA KOHEUHO20 YUCAL IAEMEHMAPHBLEL MATMPUL, U MAKA,
wmo mampuya AQ" asasemca nusiched cmynendamoti ¢ wucaom cmynened T

JokazarenbcTBo. JloCTaTOYHO TPHMeHHTL TeopeMy 1 K Marpume A’ u 3aMeTnTh, 4TO
ecin Marpuna QAT — Bepxmaa crynemuaras, To Marpuna (QAT) = AQT Gyner mmkneit
CTYyIEeHYATON.

8.5 IlpuBeageHmne K auaroHaJbHOI dopme

Teopema. Jas a060t m X n-mampuuys, A paneza r cywecmeyrom obpamumuvie mampuusv, P
u Q, npedcmasumvie 6 sude NPouU3cedeHUA KOHEUHO20 YUCAA INEMEHMAPHOIT MAMPUY, U Ma-
kue, wmo mampuyae B = PAQ" umeem wenynesvie anemenmot biy, ..., by, @ 6ce 0CMasvrbie
€€ INEMEHMDBL PABHDBL HYAI.

HokazareabcTBo. Cuauasia npusegem A K Bepxueir crymendaroit ¢popme S = PA, a
3aTeM 3aMeTHM, 4TO HIXKHeAA cTynendaTtas popma SQ T, moayuaemMas COIACHO ITOCTPOCHUSM
TeopeMbl 2, OyjieT uMeTh TpedyeMyIo JIMaroHaJ bHyo ¢popmy. O

8.6 DKBUBaJIEHTHBIE MATPUIILI

Matpunpl A 1 B Ha3bIBaIOTCS 9K6UBAAEHMHLMU, €CJIH CYIIECTBYIOT OOPATHMbIE MATPHIIBI
P u @) takue, uto B = PAQ).

Teopema. Mampuuyn A u B sxsusasenmuv, mozda u mosvko mozda, kozda onu uMe0m
00UHAKOBBIE PABMEPDL U 00UHAKOBBIE DAHZU.

HdokazarenbcTBo. B cmiy TeopeMbl 0 IpUBeIeHUN K JUArOHAJBHON dopMe, KaxKaad U3
MaTpull A u B 9KBUBaJeHTHA HPSIMOYTOJIbHON JUArOHAIBHON MATpHIle — 0DO3HAYUUM X Te-
pe3 D4 u Dg. Ilpu srom oueBuniao, uro D4 n D g 3KBUBaJIEHTHBI TOI/IA U TOJBKO TOI/1a, KOI/Ia
OHU MMEIOT OJIMHAKOBOE YMCJIO HEHYJIEBBIX JMarOHAJIbHBIX 3yieMeHTOB. [lociienHnee o3uaqaer,
aro rank D4 = rank Dg. Ocrtaercst yaects, uro rank A = rank D4 u rank B = rank Dg. O
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8.7 Metoxa l'aycca u LU-pa3jioxeHue

Paccemorpennblit BbIie MeTOI MCKIIOYEHHSI HEU3BECTHBIX OOBIYHO HA3bIBAOT Mmemodom la-
ycca. Ilycth oH mpuMmensiercst K cucreMe Ax = b ¢ HeBBIpOXKIeHHOI MaTpuneir A. B narroMm
cJlydae BEPXHASA CTyIeHJIaTas MATPHUIA, K KOTOPOH IPHBOJUTCA MATpHuiia A, oKa3bBaeTCs
BepXHEH TPeyroJbHONH MaTpuuei.

MGTO,ZL HCKJJIOYEeHHNA HEM3BECTHBLIX MOKHO TPAKTOBATH KaK METOJ UCKJIIOYEeHU D 9JICMEHTOB
MATPHIBI ¢ TETbI0 IPUBEIeHN ee K Ooee TpocToMy BHy. Ecm MOXKHO 000UTHCH Oe3 mepe-
CTAHOBKH YpaBHEHWH (CTPOK MaTPHIBI), TO MeTo ['aycca Jiiss MATPHUILL TTOPSIKA 1 COCTOUT
B TIOCJI€/IOBATETBHOM MCKJIIOUEHUH JIEMEHTOB B CTOJOMAX OT 1-r0 10 n — 1-ro m mMpuBOIUT K
PaBHOCWJIbHOM cucreme

(anl Ce ZQZ1A>.I' = anl c. ZQZlb, (*)
rae Zi, ..., Zy_1 — MATPUAIBL MOAUMUKAIIUNA CTPOK, IIPHYEM Z; OTJIHYAeTCsI OT I B TOYHOCTH
1-M crosbuomM. Kaxkinas w3 marpull, £y, ..., L, 1 ABJLETCAd HUKHENR TPEYTOJbHON, IOITOMY
uX IIPOU3BEICHNE

L - Zn,1 e Zl

SIBJISIETCSL TAK2Ke HUKHEl TpeyroabHoil marpuneii. Marpuua koadduuuenros cucrembl ()
U=7,,...2Z1A=LA

ap/seTcs Bepxueil Tpeyronbaoit. Marpuna L = L ! apiagerca Takzke HUzKHe# TPeyTro/bHOIL.
Caenosaresnbio, MmeTo ['aycca nopoxkaaer pazioxkenue MaTpuiibl A B mpousse/ienne HUKHEH
" BepXHe#d TpeyrosbHOR Marpul

A=LU.

[Tpu sTom L mmeer HaA TJIaBHOM jIMaroHa/n eauHuIbl, a U sgBJIgeTCs HEBBIPOXKIEHHON MaT-
puteit (B cury mesbipoxaerrocT A). Takoe pasnoxenue HaszbiBaercst LU -pasaoocenuem.

[Mogcunraem 4ucio apudMernyecKux ounepauuii npu upusesenun A kK BepxHeil rpey-
rosibHoit Marpuie U. Ha i-m miare Tpebyercst moyunTh n — ¢ HyJdeil HUZKe JUaroHajal B i-M
cronbie. [Ipu moaydennu HyJIsl HA TIepeceveHnn (-To ¢Toabna u [-it cTpoku npu [ > ¢ u3 [-i
CTPOKHU BBIYUTAETCS - CTPOKA, IPEIBAPUTEIHHO YMHOXKEHHAA Ha KOd(pdunuent, Bbi6op Ko-
TOPOro u obecreunBaeT MoIydeHne JaHHoro HyJsd. [TocKoIbKy B paccMaTpUBaeMBIX CTPOKAX
MOKET OBITH TOJBKO 7 — i HEHYJIEBBIX JJEMEHTOB, YUCI0 YMHOYKEHUH (M BBHIUATAHUN) MpU
OJLy YeHUU OJJHOTO HYJIs B i-M crojbue pasho (n — i)% Beero norpebyercs

(n—124+m-2>*+...+1° = %n?’—l—O(nQ)

YMHOZKEHHUI U CTOIBKO 3Ke BhrauTanuii; gepes O(n?) 0603HAYEH MHOTOUIEH OT 7 CTENeHH 2.
Yrobbl HaiiTu perrenue cucteMbl Ax = b, TpeOyeTcs: BLIIOJIHUTD eIle /1Ba, J1eHCTBUS:

® BBLIUUC/JUTH BEKTOP Z,_1...41b;

e HAiTH peleHue CUCTEMbl ¢ BepxHell TpeyrojibHoit marpuneit U.
K i it Tped O(n? it —
axKJi0e U3 3TUX Jeficteuit Tpedyet b O(n”) apudMeTndecKux onepanuit — Ha MOPII0K
MEHBIIIe, YeM IpUBeJeHUe K BePXHEMY TPeyroJbHOMY BUIY.

3anaua. Hepbipokaennas Marpuila u oOpaTHas K Hell pa3dUTHI HA OJIOKM OJUHAKOBBIX PA3MEpPOB:

A A 1 [311 311
A= AT = .
|:A21 1422] ’ Ba1 Bz
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Jokazarb, 4ro 010K A11 HEBLIPOXKIAEH TOIJA M TOJILKO TOI/A, KOIJa HEBLIPOXK1eH 0J10K Bos.

JOITOJIHUTEJIBHA A YACTbH
8.8 LU-pa3yioxkKeHne U CTPOro peryJjisgpHble MaTPUIIbI

Jomycrum, 9To HeBBIpOKAeHHAs Marpuia A nmeer LU-pasnoxenune: A = LU. Ob6o3HaunM
qepe3 Ay, Ly, U, mogmaTpuisl mopsaka k, pacnosoKeHHbIE B JJ€BOM BePXHEM YIJIy MaTPHIL
A, L, U, coOTBeTCTBEHHO, U PACCMOTPHUM PABEHCTBO OJIOYHBIX MATPHIL

=g a1V ol al
|l Q A | |V L 0 U, |’

Orcrona BeITEKAET, UTO

Ak:LkUk, kzl,...,n.

OueBuHo, uro MaTpuipl Ly u Ux HEBBHIPOXKJIEHHBIE (KAK TPEYTOJbHbIE MATPHUIIBI C HEHYJIe-
BOIl nuaronanbio). [Tosromy mogamarpuna Ay J01KHA OBITH HEBBIDOXKAeHHONH. Matpuia A, B
KOTOPOIi Bce oAMATPUlbl Ay HEBBIPOXKIEHHBIE, HA3BIBACTCS CMPO20 PE2YAAPHOT.

Taxum obpazom, st cymectBoBanust LU-pa3iokeHusi HEBBIPOXKAEHHON marpuibsr A
HEeOOXOMMO, 9TOOBI OHa OBLIA CTPOTO PEryJIAPHON.

MozKHO JIOKa3aTh, YTO ITO YCJIOBUE SBJISETCS TaKzKe W JIOCTATOYHLIM. B camom jene,
mycThb yzKe moctpoero LU-pasnoxkenne myia nonMmarpunbl Ay = LUy, Torma

-1 -1 ~
{_g‘;lgl ?H’;’“ i}—{(]@’“ L;VP], W = A, — QA,'P. (#)

Baok W nassiBaercsa donoanenuem no Iypy 6noka Ay B marpuie A. 113 paBeHcrBa (#)
U CTPOrO# peryasspHOCcTH A MOXKHO BbiBecTH, 9TO W sBJIsIeTCs TaKKe CTPOro PeryJispHOM
Matpuneit. [Tpeanonoxum, aro ana W yxe nmoctpoeno LU-paznoxenune W = L, Uy. Torna

IIOJIOZKHM
Ly 01l 0 U, L'P
L — —1 ~ y U = -~ .
—QA!'Ly T ]| 0 L 0 U

[Tosryaennas TakuMm obpa3oM mMarpuia L — BepxHsas TpeyroabHas. PaBencrso LU = A mpo-
BEpSIETCS MPSMBIM BBIIUCIEHAEM.

Bagaua. Ilycts A — HeBbIpOXKAeHHAs MaTpulia mopaaka n u A(I,J) — ee HEBBIPOXKIECHHAS TIOAMAT-
pHLA Ha CTPOKAX U CTONOIAX, ONpENesIeHHbIX cucremMamu HOMepoB I = (iy, ..., i) u J = (1, .-, Jr),
coorercrBenno. Ilycts k < n, a I’ m J' — mononaurenbHble cucTreMbl HOMEPOB. Jloka3ars, 4To

det ATH(I',J') = (—1)at-TtivtHir det A(I,.J)/det A.
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9.1 MeTtoa KoopauHAT

Hamum nccieoBanusM JTHHEITHON 3aBHCHMOCTH M JIMHEHHBIX 000J09€K BEKTOPOB (MATPHIIL-
CTOBIIOB) MOYKHO JaTh HALISIIHYIO T€OMETPUIECKYI0 HHTeprpeTanuio. Kak cKopo BbISICHUT-
s, OIPEJIC/IUTEIb TaKKe UMeeT 3aMedaTe/bHbII TeoMeTpudecKnii cMbIcsl. OcOOEHHO BazKHO
TO, 9TO “anredpau3aius’ TeOMeTPUICCKUX IIOHATHN JTaeT MOIIHBIA aJredpandecKuii HHCTPY-
MEHT JIJIsI PelleHus 33424 TeOMeTPHUH.

K ocuoBHBIM 06beKTaM reoOMeTPUH OTHOCATCS TOYKHU, NPAMbIe U IJIOCKOCTH B I€OMEeTPH-
deckoM mpoctpancTBe. Eciu A uw B — Touku mpsgMoit, To nycrh [AB] o6o3HauaeT oTpe3ok
IPAMOI — MHOYKECTBO TOUEK JAHHO PMOIi, PACoIOKeHHbIX Mexk 1y Toukamu A u B; |AB|
— jymHa orpeska [AB].

Bynem onuparbes HA TO, UITO MEXKIY BEIECTBEHHBIME UHCIAMH U TOUYKAMHU HIPIMOil Cy-
MIECTBYET B3aMMHO-OIHO3HAYHOE COOTBETCTBHE X < P(Z), KOTOPOEe HOJHOCTHIO OIPeAeIACTC S
samanuem Apyx Touek P(0), P(1) u obramaer cjaepyonuMu CBOHCTBAMHE:

o ecin o # 0 u toukn P(z) u P(1) Haxoagrcd no oy ctopony ot touku P(0), o z > 0;
B MPOTHBHOM caydae = < 0;

o [PO)P)] = |=[|PO)P)].

[IpsmMyto, 1t KOTOPOR YCTAHOB/IEHO yKa3aHHOE COOTBETCTBHUE, Oy/IeM Ha3bIBATb “UCA0601
0Cb10, & IUCI0 T — Koopdunamot Touku P(x).

3ameTuM, 4TO IPU BBIOOpPE MPOU3BOJIBHOIO BEIIECTBEHHOI'O YHCIA (. COOTBETCTBHE T <>
P(z + a) 6ymer Takke B3aHMMHO-OJHO3HAYHBIM. DTO TO3BOJIsAET IepeHocHTh TouKy P(0) B
JI00YIO 33 IaHHYIO TOYKY JAHHON HMPSMOI.

Pacemotpum npsimble [y, o, [3, mpoxojdinue depes o01yio Touky O u He JieKalliie B OJHOM
10CKOCTH. [IycTh Kaykiast M3 9TUX MPSMBIX SABJIAETCS YUCIOBOH OCBIO C COOTBETCTBHIMHU

.’L‘le(x>, yHP2(y)7 ZHP3<Z)7
jatoimumu ooy Touky Pi(0) = Py(0) = P3(0) = O. Ilycrs (z,y,2) — cucrema Tpex
BEIIECTBEHHLIX dnces1, onpegensiomux touku X = Py(z), Y = Py(y), Z = P3(z) na npsambix
l1, I3, I, cooTBeTcTBeHHO. PaccMOTpUM TPH TJIOCKOCTH:
® 7] — IJIOCKOCTb, MPOXOJANIAs dyepe3 TOUKY X MapaulebHO NPIMbIM [y | [3;

® Ty — IUIOCKOCTh, ITPOXOJMIIas Yepe3 TOUKy Y napaJuiesibHO MPAMbIM [ u [3;

® 73 — IJIOCKOCTh, TTPOXOJMIIAsA Yepe3 TOUKY Z Tapasiie/bHO TPAMBIM [ U [s.

55
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Jlerko BHIETH, 9TO MJIOCKOCTH T, Mg, T3 Nepecekarorcss B oguoil Touke M = M(x,y, z).
Takum 00pa3oM ycTaHABIUBAECTCA B3aUMHO-O/IHOZHAYHOE COOTBETCTBUE

(x,y,2) < M(x,y, 2).

Touku X,Y, Z nazwiBaiorcs npoexyuamy Touku M wa npsmbie [y, lo, [3 TapaaienbHo mioc-
KOCTSIM, COOTBETCTBEHHO, 71, Ty, T3. 1UCJIA X, Y, 2 HA3BIBAIOTCA Koopdunamamu TOIKu M =
M (z,y,z), a cucTeMa 9HCJIOBLIX oceit Uy, ly, I3 — addunnots cucmemoti xoopdunam. Touxa
O naspiBaeTcst Ha¥aA0M (MIH YeHMPOM) CHCTEMBI KOODIHHAT.

Duurer “adduHHAS’ IO OTHONIEHUIO K CHCTEMEe KOOPANHAT 03HATAET TOJIHKO TO, YTO YIJIbI
MEZK/Iy OCSIMHI MOTYT He ObITh IpsAMbIMA, a amuHbl oTpe3koB [O P (1)], [OP,(1)], [OP5(1)] ne
0bs13aTe/IbHO paBHble. Ecau yruibl MeKIy OCSIMHU TpsiMble, & JJIHHBI YKA3aHHBIX OTPE3KOB
paBHBI 1, TO cucTeMa KOOPINHAT HA3BIBAETCS Jekapmosot.

9.2 HanpaBiieHHBIE OTPE3KN

JI106y10 yropsinodernyio napy touek A, B Oy/eM Ha3bIBATH HANPABACHHBIM OMPEIKOM C Ha-
—_—

wasom B Touke A u Konyom B Touke B. Obo3nauenne: AB.
Ecnn umeercsa cucrtemMa KOOpJAUHAT ¢ HadaJIoM B Touke (), TO HAIpaBJIEHHBIH OTPE30K

.

Bujia O A nassiBaercst paduyc-eerxmopom rouku A. Koopaunarst Toukn A HA3bIBAIOTCS TAKKE
—

KoopauHaTaMu paamyc-sexkTopa OA.

Touka A # B pasbusaer npsmyio AB Ha aBa jyuda: jyd [AB), cocrosiuii u3 TOYeK
JAHHON TPSAMOIi, JIesKaluX BMecTe ¢ B 10 OJHY CTOPOHY OT A W JOMOJTHUTETHHBIA JIyd,
COCTOSIMI U3 TOYEK, JIeXKAIUX [0 JAPYIYI0 CTOPOHY (To4uka A Jjist JBYX JIydell sBJIseT-
cst obmeit). JIpa Jiyda Ha ONHOI NPSMON HABBIBAIOTCS ONMHAKOBO HAIDPABJIEHHBIME, €CJIH UX
HepecevdeHne gBJAseTCsl JIydoM (M TPOTHBOINOIOKHO HAINPABIEHHBIMI, €CJIH HX MepecedeHne
sBJsieTcs orpe3koM). Ecin npambie AB u CD ne conanaior, To ayuu [AB) u [C'D) ua3bi-
BAIOTCsl OJIMHAKOBO HANPABJIECHHBIME, €CJIM 9TU TPSMBIE Tapa/IeJbHbl B TOYKE B u D jexar
o oJ/iHy cTopony ot npsimoit AC'.

—

[Ipenmosnoxum, aro A # B, paccmorpum oTpe3ok AB, u nycts C' — TpOM3BOJIbHAS
touka. [Iposenem depes C' mpsaAMyIo, mapaieTbHy0 TpsaMoit AB wiM cOBNAJAONIYIO ¢ Heil
B ciiyuae C' € AB. Ha sroit npsimoit MmoxkH0 HaliTu poBHO aBe Touku Dy u Dy Ttakme, 910
|CD,| = |CD,| = |AB|. Boibepem u3 uux takyio touxy D € {D;, Dy}, nas koropoit jydu

—

[AB) u [C'D) onunakoBo nanpassenbl. Hanpasienusiit orpe3ok C'D Gymiem cauTaTh pasHvim

—
AB. (acro rosopsar takzxke, yro C'D nonyudaerca u3z AB napansesvnvim nepenocom.)

_  —

JlaHHBIM TOCTpOeHMeM He oxBadeH ciaydaii A = B. Hampasiennbie orpesku AA u CC
Oy/ieM CYMTaTh PABHBIMU 710 ONPEJEAEHUIO U HASBIBATH UX HYAEELLMU.

— —

Ormerum (popMasbHYIO “HeCHUMMETPUYIHOCTE B naHHOM ompenenenun: C'D pasen AB,
—

—_—
Ho Oymer u AB pasen C'D? OtBer, K CY9aCTbIO, IOJOKUTEJbHBII — B CHJIY TOrO, 9TO
e

—

HAIIpaBJIEHHBI 0Tpe30K AB monydaercs u3 C'D ¢ HOMOIIBIO TOTHO TAKOH »Ke KOHCTPYKIINH.

3aMeTnM, 4TO BCE CJIyUaW TPHU OIPEIeJeHNN PABEHCTBA HATIPABICHHBIX OTPE3KOB MOMK-
HO CBECTH K OJHOMY CJYYalo, ecii HPUHATH HOPMATIbHO APYyroe (M MpUTOM “CHMMETPHY-
— —

HOe”) ompejiesieHne: Ha30BeM HampasieHHble oTpe3kn AB u C'D paBHBIME, €CIH CePeMHBI
orpe3koB [AD] u [BC| coBnasaoT. JKBUBAJEHTHOCTh HOBOTO ONpPEIEJEHUs MPeIbIILyIeMy
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BBITEKAET U3 OOIIEU3BECTHHIX CBOWCTB MapaJ/uiejorpaMMa.

Ob6paTuM BHHMaHHE Ha TO, YTO NpH (PUKCUPOBAHHOI cUcTeMe KOOPJIUHAT JII000# HaIIpaB-
JIEHHBIH OTPe30K paBeH HEKOTOPOMY U TOJBKO OTHOMY PaIHyC-BEKTOPY.

9.3 OTHOIIIeHnEe 3KBUBAJIEHTHOCTHN

JI1oboe nenycroe noamuoxkecrso M C X X X onpejesisger Ha MHOXKecTBe X OunapHoe om-
HOWEHUE MEYKITY ero JIeMeHTaAMU:

s Ry & (z,y) € M.

NPUMEP. X — muoxkecrBo Bcex marpuil, M — MHOxkecTBO Takux nap marpui, (A, B),
JUISE KOTOPBIX CyTecTByeT npoussegenue AB. $IcHO, 4T0 MMeIOTCs maphl MaTPHIL, HE BXOIS-

M M
me B M. Kpome toro, eciu A ~ B, 1o orcioga ne cieayer, aro B ~ A.

brnapnoe ornomenune M Ha X Ha3BIBACTCA OMMHOWEHUEM IKBUBAACHMHOCMU, €CIU BbBI-
HOJIHSIOTCS CJIEIVIONINE TPHU CBOMCTBA:

M

e I ~ I JJd BCEX TEMEHTOB & € X (pedrtekCcUBHOCTD);
M M

® CCIU T ~ Y, TOY ~ T (CHMMMeTpPHYHOCTD );
M M M

® CCLlU T ~NYUY~ Z, TOT ~ 2 (TPaH3UTHBHOCTD ).

M
Ecsm na X 3ajaH0 oTHOlIeHUe SKBUBageHTHOCTH M M ~ Y, TO T U Y HA3BIBAIOTCS IKEU-
saneHMHuLMY d1eMeHTaMu. MHOXKeCcTBO Becex 371eMeHTOB u3 X, SKBUBAJICHTHBIX HEKOTOPOMY
eMeHTY @ € X, Ha3bIBACTCS KAUCCOM IKBUBUAECHMHOCTNG, NOPOHCIEHHBILM SIEMEHTOM «.

Teopema. Henycmoe mroscecmeo X ¢ 0MHOWEHUEM IKBUBAAEHTNHOCTNY ABAAENCA 006E0U-
HEHUEM HENEPECERAIOULUTCA NOOMHOHNCECTNS, KAHCAOE U3 KOMOPHIT COCTNOUM U3 IAEMEHMOS,
IKEUBANEHMHBLT MeAHCIY cODO0T U He IKBUBAAEHTNHBLT HU 00HOMY U3 dAEMEHMO06 IPY2UT N00-
MHOHCECTS.

HoxkazareascTBo. [lycrs X (a) 0603HAUaeT KIACC SKBUBAJEHTHOCTH, MOPOXKICHHBIN 216~
menToM a € X. BoibepeMm TpOU3BOIBHBIH 97€MEHT & U PACCMOTPHM €r0 KJIACC SKBUBAJICHT-
rHoctu X (a). Ecmm b, ¢ € X(a), To KaxK/Iplit U3 HUX SKBUBAJICHTEH ¢, & 3HAYHT, B CIJIY TPAH-
SBUTUBHOCTH, b U ¢ 9KBUBAJCHTHBI MexKiy coboit (b ~ a, a ~ ¢ = b ~ ¢). dcuo Takxe,
aro X (b) = X(¢) = X(a) (To ecThb, KIaCC IKBUBATICHTHOCTH OPOZKIACTCHA JTIOOBIM CBOMM
IPE/ICTABHTEJIEM ).

ITo ompenenenuio, X (a) COAECPKUAT abCOAOMMHO 6Ce HIEMEHTHI, SKBUBaJEHTHbIE a. 1lo-
sromy ecan b ¢ X(a), T0 b He ABIsETCS IKBHBATICHTHBIM a. OTCIONA CJAEYET, UTO KJIACCHI
skBuBaenTHocTr X (a) u X (b) me mepecekatorcst: ecau 661 umesics snement ¢ € X (a) () X (b),
TO 910 ObI 03HA4AN0, uT0 b € X(a) = X(a)= X(b).

Taxum 00pa3oM, Jjisi NPOU3BOJBHBIX JEMEHTOB ¢ U b Kjacchl 3xkBuBaieHTHOCTH X (@)

n X (b) mmbo we nepecekarorcsi, aub0 copnagaor. Ouesunno, X = |J X(a). s 3asep-
acX
IIEHNS! JIOKA3ATENIbCTBA OCTAETCS UCKIIOIUTD U3 9TOr0 OObEJINHEHUs COBIAIAIONINE KJIACCHI

9KBHUBAJIECHTHOCTH. O

[MTPUMEP 1. Ilycrs G — npoussoibHas (He 00s13aTeIbHO ade1eBa) IPyna. DJIeMeHTE
a, b € G HA3BIBAIOTCA CONPANCEHHVLMU, €CTN JIJIS HeKoToporo h € G (3aBucsriero ot a u b)
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BLITIOIHAETCH paBeHCTBO @ = hbh~!. COmpsyKeRHOCTD 3/IeMeHTOB — 3TO OUHAPHOE OTHONICHUE
Ha (7, KOTOpPOE, KaK JIETKO ITPOBEPUThH, SIBJISIETCSI OTHOIIEHHEM SKBHBAJEHTHOCTH.

[TPUMEP 2. Ilycte Z — MHOXKECTBO MeJIBIX YHCEJ, & P — HEKOTOPOe HaTypaJbHOe
(mestoe mostoxkuTEBbHOE) ncao. lesble unciaa o U y HABBIBAIOTCA CPABHUMbBLMU N0 MOOYA
P, €CIM OHH UMEIOT OJIMHAKOBBIE OCTATKH MPH JIJIEHHN HA P (9TO 03HAYAET, YTO PA3HOCTH
X — Yy JIEJINTCS HATIETIO HA P, TO eCTh T — Y = kp JJis HEKOTOporo meoro k). ObosHaueHue:
x =y (modp).

[lyctb x ~ y < x —y(mod). D10 GuHAPHOE OTHOIIEHHE HA 7Z SABIAETCS OTHOIIEHHEM
9KBUBAaJIECHTHOCTH. B AAHHOM CJIyY9ae UMee€TCd POBHO P PA3JINYHBIX KJIaCCOB 9KBUBAJICHTHOCTHU

7(0), Z(1), ..., Z(p — 1),

HA3BIBAEMBIX OOBITHO 8LI%EMAMU NO MOOYAIO P.

9.4 (CB0OOOAHBII BEKTOP

yTBep}K,JIeHI/Ie. Omnowenue paceHCcmea HanpasAeHHBL 0MPeE3KOE6 ACAACINCA OMHOUEHUEM
IK6UBANAECHTHOCTIIU.

JlokazaTeibCTBO HEIIOCPEICTBEHHO BhITEKAET W3 ONpe/ie/IeHrsl PABEHCTBA HATPaBJIEHHBIX
OTPE3KOB.

Onpenenenune. Jloboil Ki1acc SKBUBAJIEHTHOCTH HAIPABIEHHBIX OTPE3KOB HA3BIBAETCS CB0-
O00HBIM 8EKMOPOM, IITH, KOPOUIE, 6EKIMOPOM.

CorytacHo onpejieiennio, CBOOOMHBIN BEKTOP @ COMEPIKUT BCE SKBUBATEHTHBIE MEZKJIY CO-
Ooii HampaBieHHBbIe OTpe3Kd. Ilpu sroMm g a060it TOUkH A CyIIeCTBYeT eIMHCTBEHHAS
—

Touka B Takas, uro AB € d. B wacTtHOCTH, IpH (DUKCHUPOBAHHON CHCTEMe KOOPIUHAT BCErIa,
HMeeTCsT ONMH W TOJbKO OJUH PAIUyC-BEKTOP, IIPUHAIIEKAIIII d.
[Iycth V' — MHOMXKECTBO BCeX TOUYEK IeOMEeTPUIEeCKOTOo MpocTpaHcTBa. Torma BeKTOp a
3a/1aeT CJIeAyolnee B3anMHO-OAHO3HaUHOe oToOpaxkenune V' — V: touka A € V mepexomur
—

B TouKy B € V takywo, uro AB € d. Takoe orobparkeHne Ha3BIBACTCI NAPAAAEAOHBIM
NEPEHOCOM, WA COBUL0M HA 6EKMOP d.

—

TpagunuoHHO ITOIMYyCKAEMBI 3JIEeMEHT BOJBHOCTH B 0003HaueHnaX: BMecTo AB € d npu-
—

HATO mHcaTh @ = AB (BeKTOP KakK KJIACC SKBHBAJEHTHOCTH OTOXKICCTBIISIETCS C JIIOOBIM €ro
[PEJICTABUTENIEM ).

9.5 JlunHeitHbIe omepanuu HAJA BEKTOPaMMU

—_— —_—

CymmMma BekTOpoB: nycth AB € a nu BC' € Z;, Torma ¢ = a + b OIpeIe/ISIeTCs KaK BEKTOP,

MOPOK IeHHBIH HampaBieHHbIM oTpe3kom AC.

Bazkuo, 9T0 moaydaeMblii TAKHM 00Pa30M BEKTOP € HE 3aBHCHT OT BHIOOpa TOYKH A.
— —_— N
B camom gmene, nycts PQ € d u QR € b. Torna u3 paBencrBa TpeyronbHukoB AABC
—
u APQR BbITeKaeT paBeHCTBO IJINH ¥ COHAIIPABJIEHHOCTH HAIpPaBIEHHBIX O0Tpe3koB AC u

—

PR, a 3Ha4uT, 1 UX PABEHCTBO.

MmuozkecTBO CBOOOIHBIX BEKTOPOB OTHOCUTEIbHO OlEPAINY CJI0ZKEHHSI BEKTOPOB 0bOpas3yer
—

abesiery rpymimy. Poib eqwHIIHOTO 371emenTa urpaet HyJeBoil Bektop 0 = AA. Jlna a =
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I — - —
AB obpatuabiM 31emenToM saBiasietca b = BA. B mamHOM KOHTEKCTe BEKTOpP b HA3bIBETCS
NPOMUBONOAONACHBLM BEKMOPOM LIS 4 U 0DO3HAYaeTcsd b = —d.

—

VYMHOXKEeHNe BEKTOpa Ha Yucjao: nycrb AB € d, Torga o d oupeienasiercss Kak BeKTOP,
—
MOPOZKIaeMblil HampaBieHHbIM oTpeskoM AC, xoropwiit umeer mauny |AC| = |o| |[AB] u,
—

ecid a # 0, gBasgercs OJMHAKOBO HampaBiaeHHbIM ¢ AB mpu o > 0 U TpOTHBOMOIONKHO
nHanpasiaeHHbIM mpu o < (0. Hecmoxuo ybenuTbes B TOM, UTO BEKTOD (v d HE 3aBUCHT OT
BBIOOpa TOYKHU A.

Hecnoxxuo mposeputb, urto o (d) = (af)d ajas JoOBIX BEMECTBEHHBIX YHCENT «, (3.
[Tonesno TakzKe 3aMeTHTh, 9TO 1 -d = @, a (—1) - @ ecTh BEKTOP, MPOTUBOMOTIOKHBIN K d.

Kpowme Toro, onepamuu CJI0KeHHS BEKTOPOB U YMHOXKEHUsI BEKTOPA HA YHCIO CBI3AHDBI
CJIEIYIONIMMU 3aKOHAMU JTUCTPUOY THBHOCTH:

- =

(a+p)d = (aad)+ (Ba), a(d+b) = (ad)+ (ab).

9.6 Koopamaarbl BEeKTOpa

[Tycts pukcupoBana nekoropas addunnas cucrema Koopaunar. Kak yzke orMedaioch, Kazxk-
JIoMy CBODOJHOMY BEKTOPY COOTBETCTBYET OJIMH W TOJHKO OJWH PaInyc-BeKTOp. Kro xoop-
JIMHATHL ¥ Oy/IeM HA3bIBaTh KOOP/JIMHATAMHU JAHHOTO CBOOOJHOIO BEKTOPA.

[Iycts O — Ha9aI0 CHCTEMBI KOOPIUHAT C YHCAOBBIMU OCIMH [, lo, I3 u Toukamu X € [y,
Y € ly, Z € l3, coorBeTcTBYIONUME YHCIY 1 Ha JaHHBIX ocaX. CHcTeMa BEKTOPOB

— — —

51 :OX, €QIOY, 53202

HA3bIBACTCs JIJIsI JJAHHHOU CHCTeMbI KOODAUHAT ba3ucholi (AHOTIA TaKzxKe peneprot).
HenocpencrBenHo U3 onpenesieHud KOOPAXHAT TOYKH M JJUHEHHBIX ollepanuil Hal BeKTO-
paMu BBITEKAET CeIYIONIee

—

YrBepxkaeuune 1. Ilycmov x,y, 2 — koopdunamuvs sexkmopa ad = OA & cucmeme xoopduram
¢ Oa3UCHVLMU BEKMOPAMU €1, €3, €3. B 2mom u Moavko 8 3Mom CAYHGE UMEET MECTO
PA3AOHCEHUE

Ei = ZBG_E + ygg —|— Z€3.

BekTopsl €7, y €3, 2 €3 HASBIBAIOTCS NPOEKyUAMY BEKTOPA d Ha mpsimble li, ls, I3 (oHH,
KAaK JIEPKO BUJIETD, HE 3aBUCAT OT CIOCOOA MPEBPAIIEHUS MPIMbIX B YHCJIOBBIE OCH).

— —

YrBepxkaenue 2. [Iycmo Lq, Yo, Za U Lo, Yo, 25 — KOOPOUNATIOL GEKINOPOG a=0Aub=0B,
coomsememeento. Tozda sexmop ¢ = d + b umeem xoopduramaol

Te=Ta+Toy, Ye=Yat Y, Zc= 2+t 2,

a sexmop d = ad 0aa A100020 BEWECMEEHH020 YUCAL O UMEET, KOOPOUHAML

Tg = QLgy, Yd = QYay, 24 = XZq.
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st 10Ka3aTeIbCTBA, JIOCTATOYHO YCTAHOBUTD, YTO HPOEKIU CYMMbI BEKTOPOB JIJIs KazK-
JOI OCH ecTh CYMMa IPOEKINI JAHHBIX BEKTOPOB, & NMPOEKIHsS BEKTOPa, YMHOYKEHHOT'O HA
9UCJI0, €CTh YMHOXKEHHAs Ha 3TO YNCJIO MPOEKINA JAHHOTO BEKTOPA.

3agaua. Ilycrs Aq, ..., A, — BEPUIMHBI IPABUILHOTO N-yTOMbHUKA, BIMCAHHOTO B OKPYXKHOCTb C
—

neraTpoMm B Touke O. okaxkure, uro OA; + ...+ OA, = 0 .

Bagaua. B rerpasape ABCD wuaiinure Touky M taxyio, uro MA+ MB+ MC + MD = F

9.7 WN3omopdusm n JuHeitHAsE 3aBUCUMOCTH

[Iycte V' — MHOXKeCcTBO BceX CBOOOJIHBIX BEKTOPOB. KaxKjprit cBOOOJIHBINA BEKTOP MOXKHO
OTOKJECTBUTDH € COOTBETCTBYIOIIMM €MY PaJINyC-BEKTOPOM, a KazKIblil paJIMyCc-BeKTOP BHA,

—

OA — ¢ Toukoit A reoMeTpPUIECKOTO MPOCTPAHCTBA.

YTBepKaeHHe 2 MO3BOJIET YCTAHOBUTH TaKOe B3aUMHO-OTHO3HAYHOE COOTBETCTBUE MEIK-
Iy MHOYKECTBOM CBOOOJHBIX BEKTOPOB V' M MHOMKECTBOM MATPHI-CTOA610B R3, mpu koro-
POM COTPAHAIOMCA ONEPAYUY CJIOZKEHUsT BEKTOPOB M yMHOXKEHU: BEKTOPOB HA UC/IA: €C/IA

—

i@~ acRub < beR3 10
i+b — a—+ b, ad <« aa.

BszanMmH0-0/1HO3HAYHBIE OTOOPaYKeHN s, COXPAHSIONINE OTIePAIUH, IPUHSITO HA3BIBATD U30MOD-
Pusmamu, a MHOKECTBA, MEKIY KOTOPBIMH TaKOe COOTBETCTBUE YCTAHOBJIEHO, U30MOPHHbI-
ma. Takum 06pa3oM, MHOKECTBO CBOOOIHBIX BeKTOpoB V m3omopduo R3.

[lonarua auHeifiHoO# 3aBHCHUMOCTH U JHHEHHOH HE3aBUCHMOCTH CHCTEM CBOOOIHBIX BEK-
TOPOB BBOJIATCA TOYHO TaK Ke, KAK W JIJIsT MATPUI-CTOIONOB. 10 2Ke OTHOCUTCS K MOHATHIO
JIMHEITHBIX 000/104eK. Y4uTbiBas U30MOpMU3M, B CIydae CBOOOJHBIX BEKTOPOB Mbl MOXKEM
UCIIOTb30BATD PE3YJILTATHI YK€ BBIIOJHEHHOTO [IJ1 MATPUII-CTOIOIOB UCCAC0BAHUS JIMHE -
HOl 3aBUCHMOCTHU U CBS3aHHBIX C Hell MOHATHII Oa3uca U pa3MepPHOCTH JIMHEHHONH 000/JT0YKH.
JIerko BuIeTH, YTO BBEJCHHBIE BBIIE OA3UCHBIE BEKTOPHI €1, €9, €3 ABJIAIOTCS JUHEHHO He3a-
BHCHMBIMH, & BCe MHOXKECTBO CBODOJHBIX BEKTOPOB €CTh WX JUHEHHas 000I0UKa:

V= L(gl, 52, gg), dimV = 3.

9.8 KomnuaeapHble 1 KOMIIJIAaHAPHBIE BEKTOPBI

Onpegenenue 1. BekTopbl Ha3bIBAIOTCA KOAAUHEAPHHLMU, CTA CPEIU MOPOZKIAIONIAX UX
HaIIPaBJEHHBIX OTPE3KOB UMeIOTCs TTPUHA/JIeKAIe OTHON TIPSIMOTA.

Onpenenenue 2. BekTOpbl HA3BIBAIOTCS KOMNAGHAPHOLMU, €CTH CPEIU TTOPOKIAIOIIIX UX
HAIPaBJEHHBIX OTPE3KOB UMEIOTCS TPUHAJJIEYKAIINE OJIHON TJIOCKOCTH.

Jlunefinasg o6o109Ka J1000H CHCTEMbl KOJIMHEAPHBIX BEKTOPOB, COJEpIKAIIell XoTsa Obl
OJTUH HEHYJIEBOH BEKTOP, IMeeT pa3zMepHocTh 1. BepHo u obparHoe: Bce BEKTOPHI U3 JTHHEHHOM
0060JI0YKH pasMepHOCTH 1 SBISIOTCH KOJTHHEAPHBIMU.

JIuneiinasg oboI09Ka JTI000I CHCTEMbI KOMILIAHAPHBIX BEKTOPOB, B KOTOPOIl HUMEETCS XOTs
OBl OJIHA TTapa HEKOJIJIMHEAPHBIX BEKTOPOB, NMEET pa3MepHOCTh 2. Bece BeKTOpHI n3 JuHEHOM
000JIOYKH PA3MEPHOCTH 2 SABJIAIOTCS KOMILIAHAPHBIMA.

Bynem oroxaecTBasTh CBOOOJHBIE BEKTOPHI ¢ MOPOXKIAIOIMINME UX PAIAYC-BEKTOPAMH.
Torga MHOXKECTBO BCEX BEKTOPOB, KOJIMHEAPHBIX 33 IAHHOMY BEKTOPY, MPEJICTABIAET CODOM
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HpAMYIO, TPOXOJISILYIO Yepe3 Hada/ 0 KoopJauHaT. MHOXKeCTBO BCeX BEKTOPOB, KOMILIAHAP-
HBIX 3a/JaHHOI TMape HEKOJJIMHEAPHBIX BEKTOPOB, MPEACTaBJIgeT cOOOM MPOXOISINy0 depes
HAYaAJI0 KOOOPJANHAT TLJIOCKOCTb.

[Ipamag | = AB, npoxogsiias depe3 Toukun A m B, npejacraBisieT coboil MHOXKECTBO
TOYeK (pajinyc-BEKTOPOB) CJAEIYIONEro BUJIA:

[={M:OM=0A+1AB, t € R}. (1)

—
Bekrop AB (napaJuienbHblii TpaMoii [) HA3BIBAETCS HANPABAAOULUM GEKMOPOM s L.

[L1ockocThb 7, MpoXoidIas Yepe3 TpH He JiexKalue Ha ool npsmoit touku A, B, C, ecTb
MHOKECTBO TOYeK (PaiyCc-BeKTOPOB) BUIA

7=1{M: OM =OA+uAB + vAC, u,v € R}. 2)

9.9 Ilpgamas Ha IJIOCKOCTH

B kadecTBe reoMeTpmYecKOTO MPOCTPAHCTBA YAaCTO PACCMATPHBAETCS ILIOCKOCTb. B 3TOM
cIydae cucTeMa KOODIWHAT COCTOUT M3 JIBYX OCell W YCTAHABJIMBAET B3aUMHO-OJTHO3HATHOE
COOTBETCTBHE MEXKJY CHCTEMAMH JBYX BEMIeCTBEHHBIX 4ucea (r,y) W TOUYKaMH (pajamyc-
BEKTODAMH) MJIOCKOCTH.

[Tycts A m B — BelecTBeHHBIE YHUC/IA, HE PABHBIE HYJIIO OJHOBPEMEHHO. Y DABHEHUE BUIA

Ar+ By+C =0 (%)
HA3BLIBACTCA 00ULUM YPAGHEHUEM NPAMOT HA NAOCKOCTIU.

Teopema. IlycTth Ha miockoctu pukcupoBana adpdpunnag cucremMa Koopauaar. MHoxKecT-
BO TOYEK € KOOPIHHATAMHE T, YAOBIETBOPSIONIUMHI YPABHEHUIO (%), MPEICTABIsIeT cO0Oi
OPAMYIO, H IPU 3TOM J106ast IpsMasi MOKeT ObITh 3a/aHa ypaBHEeHHeM BuIa (x).

HoxkazarenscTBo. [lycth | — mpsimast, mpoxomsinast 4epe3 ToUKH (T, Yo) U (1,y1). Torma,
cormacuo (1), npsmast [ cocTout u3 To4Yek (x,y) TAKAX, 9TO

{ T = 20+ tps, (+3)
Yy = Yo+ ipy,
rnet € R u p, = 21—, py = Y1 —Yo. O1cCIONA (Kak ompeIeJIUTeN b ¢ INHEHHO 3aBUCHMBIME
croabuamn)
da{f—xopw}:o
Y — Yo py
= Arz+by+C=0, tne A=p,, B=—p;,, C=—pyxo+Ds%.

Terepb paccMOTPUM MHOZKECTBO TOUYEK (X,Y), YJIOBIETBOPSIOMUX ypaBHeHuo (). Ode-
BHJIHO, OHO COBHAJIAET ¢ MHOXKECTBOM BCEX PEIICHHI CHCTEMbl JUHEHHDBIX ajredpandecKux
YPaBHEHU, COCTOLAIIECH U3 OJIHOIO YPaBHEHUS

A Bl m __c

[TockosrbKy XOTst OB OJIHO U3 uncesa A, B OTJUYHO OT HYJISI, PAHT MATPHUIBI KOIPDHUIHEHTOR
paser 1. IlosTomy obmmee pelenne JaHHON cHCTeMbI HMeeT BT, (*x), rae (zg,%o)' — JMoboe
bUKCHpOBaHHOE YACTHOE pelIeHne, a BEKTOp (py, py) | 00pasyer dyHIaMEeHTATIBHYIO CHCTEMY
pelieHuil CoOTBETCTBYIONIEH OJHOPOJAHON CHCTeMBl (B JAHHOM CJIydae COCTOSINEH U3 OIHOro
BekTopa). - O

!Koneuno, B JAHHOM JaCTHOM CJIydae 3TOT (PaKT JIETKO JOKA3LIBAETCH U 0€3 CCHIJIOK Ha OOIILYI0 TEOPHIO.
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9.10 IlnockocTh B MPOCTPAHCTBE
[Iycte A, B, C' — BemiecTBeHHbIE YnC/Ia, HE PABHBIE HYJIIO OJHOBPEMEHHO. Y PDaBHEHHE BUA
Ar+By+Cz+D =0 (#)

Ha3bIBaeTCAd 06U4UM YpasHEHUEM TAOCKOCTIIU.

Teopema. Ilycrs B mpocTpancrse dpukcupoBana addunHasg cucreMa KoopauHat, MHozxKecT-
BO TOUYEK C KOOPJAUHATAMU T, Y, Z, VIOBJIETBOPSIONINME YPABHEHHUIO (# ), TIpeIcTaBIsgeT coboi
IJIOCKOCTD, M TIPU 9TOM JII00ast IIOCKOCTh MOYKET ObITh 3aaHa ypaBHeHHeM Buaa (#).

JokazaTeabcTBo. [lycTh T — IIOCKOCTD, IPOXOJSINAs Yepe3 TOUKU (o, Yo, 20), (L1, Y1, 21),
(22, Yo, 22). Torma, cormacuo (2), MWIOCKOCTb T COCTOUT U3 TOYEK (T, Y, 2) TAKUX, UTO

= X+ upy + vqy,

xr
Yy = Yo+ UPy + UVqy, (##)
z = zp+tup,+vgq.,

riae u,v — IIPOU3BOJLHbIC BEIICCTBEHHbLIC YHCIA,

(P2, Pys =) = (1 — X0, Y1 — Yo, 21 — 20)s (Qer Qy> @=) = (T2 — 0, Y2 — Yo, 22 — 20)-

Otcrona
T —Ty Pz Yz
det | y—vw py ¢ | =0.
Z—20 Pz (4=

Kak ypaBHeHne OTHOCHUTENBHO I, Y, Z, OYEBUHO, STO ypaBHEeHHe uMeeT BU (#).

Temepb paccMOTPUM MHOKECTBO TOUEK (&, Y, 2), YIOBIETBOPAIOIINX ypaBHeHuto (#). OHo
COBIIAJIAET ¢ MHOYKECTBOM BCEX PelIeHWH CHCTeMbl JUHEHHBIX aareOpandecKuX ypaBHEHHUIi,
COCTOAIIEl M3 OJHOrO YPABHEHHUSI

[A B C] 0.

SIS
Il

Omytmaune o1 HyJ1st X015t ObI Oj1HOTO U3 uncesg A, B, C o3nagaer, 410 Marpuia Ko3MOUIueHTon
umeer panr 1. 3uaunt, obmee pemenne nveer Bu (## ), tae (2o, Yo, 20)  — HEKOTOPOE TacT-
HOE pelllenne, a BeKTOPbl (Dy, Dy, Pz) | W (Quy Gy, z) ' 00pasyior dbyHIaMeHTANBHYIO CHCTEMY
pelIleHuil cCOOTBeTCTBYIONIEeH OJJHOPOAHON cucreMbl. [

9.11 IIpeobpa3oBaHme KOOPIMHAT

[Tycts mmerorcs e addunHbIe CHCTEMBI KOOPAWHAT: MepBasi ¢ eHTpoM B Touke O u Haswnc-
HBIMI BEKTOPAMH €1, €2, €3, BTOPAs ¢ MeHTPoM B ToUKe O’ 1 GA3UCHBIMH BEKTOPAMH €, €5, e5.
Sanurrem

€y = Dpiier +paiez + paies,
/

€y = pi12e1 + pazes + pages,
/

€3 = Dpi1se1 + pazez + psses,

1 00pa3yeM Tak Ha3bIBAEMYIO Mampuyy neperoda (0T mepBoii 6a3uCHON CHCTEMbI KO BTOPOIi)

P11 P12 P13
P = |pa p22 pos
P31 P32 P33
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Eciaun mveercst Kakas-TO TPEThs cucTeMa 0a3MCHBIX BEKTOPOB U BEKTOPHI €;, €; PACCMaTPHBAa-
IOTCST KaK CTOJIOIBI W3 KOOPAWHAT PA3JIOXKEHUI 10 JaHHON TpeTheil cucremMe, TO CIPaBeInBO
PaBEeHCTBO

[€], ey, e5] = [e1, ez, e3] P.

OTcroga caenyer HeBBIPOKICHHOCTh MATPHILL P.
[Tycrs Touka M uMeeT KOODIUHATbI (x,y,z) B neppoii cucreme u (2,4, 2’') Bo BrOpoit

cucreme. O4eBUIHO, OM OO’ + O’ M. Ilycts koopauHatsl Touku O’ B mepBoOil cucreme
paBHBI (Zg, Yo, 20). Torma

wey + yep + zes = (woe1 + yoez + 20€3)+

z'(pr1e1 + parea + pares) + ¥ (p1ae1 + pasea + p32es) + 2’ (prze1 + pasea + pazes) =
(o + pria’ + p12y + pr13z’)er + (Yo + porx’ + pasy’ + pasz’)es + (20 + ps12’ + P32y’ + p3zz)es.

CrenoBaTeIbHO, KOOPJIMHATHI OJHOM W TOH »Ke TOYKH B EPBOU U BTOPOH cucTeMaxX KOOp/Iu-
HAT CBA3aHBI CJEIYIONUM COOTHONIEHUEM:

T To T
yl = |w| +P |y
z 20 Z

Otcroia JIeTKO MOHATD, HATPUMeED, KaK CBSI3aHBI OOIIe YPAaBHEHUS OJTHOM U TOM Ke TJI0C-
KOCTHU B pa3ubix adpPuuHbIX cucremMax KoopauHar. Eciu B 1epBoii cucteMe KOOPAUHAT UMEEM
ypasuenne Ax + By + Cz 4+ D = 0, T0, 3anucbiBasi €ro B MATPUIHOM BUJIE, HAXOUM

T o x’
[A B C]|ly|=-D & [A B C|| |w|+P|Y =—D.
z 20 z

Takum obpa3om, ypaBHEeHHE TOH Ke IJIOCKOCTH BO BTOPOl cucTeMe MOJIydaeT BH/L
T
A" B |y | =-D,
z
[A" B" C|=[A B C|P, D' =D — (Axo+ Byo+ Cz).

9.12 IloaymiaockKoCTu M IIOJIYIIPOCTPAHCTBA

[Tycrb Ha mockoctn naxa npsivasi [ @ Az + By + C' = 0. Torpa mobast touka P = (z,y) Ha
IJIOCKOCTH MPHHAJJIEKAT OJHOMY H3 TPEX MHOXKECTB

l=A{(z,y) : Az + By +C = 0},

7t = {(z,y): Ax+ By+C >0}, 7 = {(z,y): Ar+ By + C < 0}.

ToBopAT, 4TO IpAMasd [ JeJUT IMIOCKOCTh HA IBE NOAYNAOCKoCU T m 7.

Bosbmem jBe Touku P = (z1,y1) u Q = (22, y2), Toraa Jgobdas Touka orpe3ka P(Q) umeer
KOODJIUHATHI

$:$1+t($2—xl):<1—t)xz+t£(31, y—y1+t(y2 ) (1—t)y2+ty1, 0§t§1

Orcrona gcHo, uTo ecyn P u () npuHaIeKarT 00e OJHOMY U3 MHOYXKECTB 7+

TOUKH OTpe3ka P() nmpuHaIIekaT TOMY K€ MHOYKECTBY.

nim m , TO BCe
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MHO)KGCTBO TO4Y€K, CO/iepzKallleec BMeCcTe C ﬂIO6bIMI/I ABYMA TOYKaMU BCE TOYKKU COCAUHSA-
IOIIEr0 UX OTPE3Ka, HA3LIBACTCH 6bNyKAbM. TakuM 00pa3oM, KazK1oe u3 MHOKeCTs [, w1, ™
ABJIAETCA BBITTYKJIBIM.

Teneps npeanonoxuMm, uro P € 1, no (Q € 7. Torna ypasuenne

A(wy + (t(zg — 21)) + By +t(y2 — 1)) +C =0

BBIIIOJIHACTCA IIPpH
A:L’l + By1 + C

(Azy + By, + C) — (Azg + By, + C)’

oTkyna BuaHO, 9T0 0 < t < 1. CremoBarenbHO, HEKOTOPast TOYKA OTpe3Ka P() mpuHaIeKuT

npsiMoit [.

Urak, dee mouku npunadsescam 00HOT NOAYNAOCKOCU OMHOCUMENOHO 3a0aHHOT NpPsA-
Mot | 8 mom u MoAbKO MoM cayuae, K0206 COeOUHANOWUT UT 0OMPE30K HE UMEEm 00ULUT
mouex ¢ npamot [.

Anasornano, miaockoctsh 7 : Ax + By + Cz + D = 0 gesuT npocTpaHCTBO HA JIBA MOJIY-
IIPOCTPAHCTBA

7t ={(z,y,2): Av+ By+ Cz+ D > 0}, - ={(z,y,2): Az + By + Cz+ D < 0}.

[Ipu sTOoM dee mouru npuradaescam o0HOMY NOAYNPOCTIPAHCINGY OMHOCUMEALHO 3a0aHHOT
naAockocmu mw 6 Mmom U moAdbko mom CAYHaeE, Ko20a CO@dUHﬂ’fOWU’lj UL OMPE3OK HE NEPECERKA-
emcs ¢ nNAoOCKoCmslo .

Bagada. Ilycrb na miockocru umeercs rpeyrojibHuk ABC u O — 1npousBoJibHAs TOYKA ITOM 2Ke I[1J10C-
koctu. Jlokaxkure, 94To Ijisd Ji000# Touku M, mpUHAIJIEXKAIIeH TaHHOMY TPEyroabHUKY, CIPABEIJINBO Pa-

BEHCTBO

OM = aOA + BOB + ~OC,

B kotopoMm a+ B +~v=1wu a, (3,7 > 0. Jokaxxure Takke, 9TO YUCJIA , 3,7 C YKA3AHHBIMA OTPAHUIEHUSIMU

2
OIpe/ieIeHbl OTHO3HAYHO.

2Qnn HasBIBAIOTCS 6ApPUYEHMPUNECKUMU KOOPIUHamMamy Toaka M. ECII B IpocTpaHCTBe 3a1aH TeTPadIp
ABCD w npunajiyiexaiinas emy Touka M, 1o, aHATIOrHIHO, 1Jisi 11000i Touku O HaIyTCsl HEOTPUIATETIbHBIE
«, 3,7, Takue, 9410

OM = aOA + BOB +~0C + 60D, a+f+~+68=1.
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10.1 CxkajgspHoe Mpou3BeAeHNE I'eOMETPUYIECKNX BEKTOPOB

—

JIMHON BEKTOpA G HA3BIBACTCS JTMHA MOPOKIAIONIETO €ro HAMPABJICHHOIO OTpe3Ka (Ha-

MpaBJICHHBIE OTPE3KH, MOPOXKIAIOIINE OMMH W TOT YK€ BEKTOD, PABHBI W MOITOMY HMEIOT

onnMHaKoOBYIO juHy ). Obo3HavYeHne 15 JyInHbL: |d]. YraoMm ¢(d, b) MeKly HeHyJIeBBIMU BEK-
—_— —

Topamu @ = OA, b = OB nasbiBaeTcs yron mexay cropornamu OA uw OB B TpeyroibHUKe
OAB.

Craraproim npoussederuem BEKTOPOB @ 1 b HA3BIBAETCSA BEJMINHA

@5 = | 118l coso(@B), @0 u b#£0,
’ 0, a=0 wm b=0.
B cuty onpenenenust 09eBUIHO, 9TO
(@ a >0 mpu @a#0; (@,d)=0 < a=0. (1)
Tak 2Ke 04eBHIHO, UTO . . .
(@, b) = (b, @) v a, b. (2)

— —_—

Ecan Bekroper @ = OA, b = OB HEKOJIJIMHEAPHbBI, TO B IJIOCKOCTH, ITPOXO/Jisiieil depes
touku O, A, B MOXKHO BBECTH JIEKAPTOBY CUCTEMY KOOPIUHAT ¢ Hada/10M B TOUKe O U MepBoit
0ChI0, coBIaaaroreii ¢ npsamoit OB n paromieit Touke B MOI0KATEIBHYIO KOOpAMHATY. Torma
Bemunna |@| cos ¢(d@, b) GyaeT B TOIHOCTH KOOPAMHATOMH ToukH A Ha tamHoi ocn. OTcona
Cpa3y 2Ke BBITEKAIOT BarKHbIE CBOMCTBA JTHHEHHOCTH CKAJSIPHOIO MPOU3BEJICHUS 10 EPBOMY
ApryMeHTy: . B B

@+58 = @a + @b Vb 3)

(ad@, b) = a (@b Vi, b V aek. (4)
CaoiicTBo (2) cpa3y ke JaeT aHAJOTHYHBIE CBOMCTBA JIHHEHHOCTH CKAJISIPHOTO TPOU3BEIeH IS
U 10 BTOPOMY apr'yMeHTY.

BGKTOpr Ha3bIBAIOTCA OPIMozoHaNbHYMU, €CJIN UX CKaJIAPHOE IPDOU3BEeACHNE DABHO HYJIIO.

10.2 CkaJjsspHOe ITpou3BeJIeHNE U KOOPAMHATHI

[IycTh 3a1aHa JeKapTOBa CHCTEMa KOOPIAUHAT ¢ ODA3UCHBIMU BEKTOPAMHU €1, €, €3. Torma

@a) = {17 “)

65
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Teopema. ITycmov 6 3adarnoti dexapmosoti cucmeme KoopAUHAM BEKMOP 4 UMEEM KOOPOU-
HAMAMU a1, Az, a3, a sexmop b — woopdunamut by, by, bs. Tozda umeem mecmo popmyia

-

(C_i, b) = a1b1 -+ a2b2 + agbg. (#)

JlokazaTeabCcTBO. 3anuinem
a= a1€1 + a2€2 + a3€3, b= blgl + bggg + 6353.

Omnupasich Ha CBOWCTBa CKaJsIpPHOTO npon3sBeierns (2) — (4) u cooHomenus (*), HAXO UM

-,

(C_I:, b) = (a1€1 + a2€2 + a3€3, blgl + 6252 + b‘g@_:;)

3 3
= Z Z aibj(éi, é;) = a1by + asby + azbs. O

i=1 j=1

3ameuanme 1. Eciu B HEKOTOPOl cucremMe KOOP/MHAT CKAaJSIPHOE MPOU3BEeHue JIF0ObIX
BEKTODOB @ U b Bhraucasercs no dopmyse (#), To naHHAsT CHCTEMa KOOPIHHAT IeKapTOBA.

3ameuanme 2. B ciyvae JIeKapTOBOI CHCTEMbI KOODJMHAT JI/Isd BEKTOPOB Ha ILJIOCKOCTU
dbopmyaa (#) npuobperaer Bu

-

(a@,b) = aiby + ash,.

10.3 OO0 obobIIeHuaAX

Dopmyna (#) u coiicTa (1) — (4) AT OCHOBY JUIsl BBEJICHUS CKAJISIPHOIO IPOU3BEICHUS B
OoJiee OOIUX CAyYasix — /151 OObEKTOB, YK€ He SIBJSIONINXCS BEKTOPAMU B FreOMeTPUIECKOM
NPOCTPAHCTRE.

Hampumep, ecmm a = [ay,...,a,]", b = [by,...,b,]" — Marpumpi-cronbuer u3 R™, To
MOZKHO OTIPEJICJUTh UX CKAJISIPHOE MTPOU3BEICHNE [0 aHAJOTHE ¢ (hopMyToit (F#):

(a, b) = arby + ...+ ayby,. (%)

Ectp u apyrag mies, umeromnias 6osee obIuii XapakTep — B3ATb 3a OCHOBY CBOCTBa
(1) — (4) m HA3BIBATH CKAJSIPHBIM TIPOU3BEJEHUHEM JTIOOYI0 (DYHKINIO OT MATPUI-CTOIOIOB
a, b, ynosrersopsomyo akcnomam (1) — (4).

JInst reoMeTpudaecKnx BEKTOPOB CKAJISIPHOE TIPOM3BEIeHNE OTPEIeIslIOCh Ha OCHOBE TAKHUX
MOHATHI, KaK JJINHA BEKTOpA M yroj MexKjay Bekropamu. B 0ojee obIImMX caydasix mporie
BBECTH KaKHM-TO 00pa30M CKAJISIPHOE IIPOU3BE/IeHNe U Y7Ke C €I'0 HOMOIIbIO BBOJIUTH MOHSATHUS

JJIAHBI 1 yIJia.
b
= Viaa.,  cosolan) - S0
a

Hanpuwep, onmpasich Ha (%), MOZKHO BBECTH TAKAM 00PA30M JIJIMHY U YTOJI /I BEKTOPOB
a,b € R". IIpu 3T0OM BaKHO, 49TO

|(a, b)| < +/(a, a)\/(b, b).

D10 HepaBeHCTBO (M3BeCTHOE Kak HepapeHcTBO Komm-Bynskosekoro-I1Isapua) jsierko BoBo-
TUTCsA U3 (%), HO B JEHCTBUTEIBHO OHO CIIPABETHBO ISl BCEX MBICJIUMbIX CIIOCODOB 3aJaHusT
CKaJISIPHOTO TIPOU3BEJIEHNST — TOJIPOOHBI pa3roBOp Ha 3Ty TeMy OyJeT MO3Ke.




E. E. Toiproiiinnkos 67

10.4 OpwueHTaNsA CUCTEMbI BEKTOPOB

[TonsiTie opuenTAINY JIJIsl TPOHKH (CHCTEMBI U3 TPEX ) HEKOMILIAHAPHBIX BEKTOPOB BBOUTCS
B OyKBaJILHOM CMBIC/IE C/IOBA “Ha Majblax : TPOHKa BEKTOPOB HA3ZBIBACTCA NPasotl, €Ccanm ux
MOXKHO PaCIONOXKHUTH KaK OOJIBIION, HECOI'HY THIi ! YKa3aTeJIbHbI U CPpeJHUNA ITaablbl IpaBoOi
PYKH; TPOKa BEKTOPOB HA3BIBAETCA €601, €CIU UX MOYKHO PACIOJIOKHTDL KaK OOJIbIION,
HECOTHYTBIA YKa3aTeJbHBIH U cpelHUN NaJIbIbl JIEBOH DYKU.

OueBHIHO, MOZKET BO3HHUKHYTH KEJAHUE OCBOOOIUTHCS OT AHATOMUYECKONH KOMIIOHEH-
TBI 3TOTO onpejenenus. Hampumep, Takum o0pa3oM: TPoiKa BEKTOPOB HA3BIBAETCS MIPABOIL,
e/l KparTJdalluil moBOpOT OT MEePBOr0 BEKTOPa KO BTOPOMY IPOUCXOJUT IIPOTUB YaCOBOM
CTPEJIKH, €CJIM OH HAOJIIONAETCA U3 KOHIIA TPETHEro BEKTOPA.

Koneuno, octaercs 4yBCTBO HEYIOBJIETBOPEHHUs IO MOBOAY oboux ompeaenenunii. Ho ono
uMeeT HEeyCTPaHUMbIH XapakTep — B cujy (yHJIaMeHTaJbHbIX Hnpuyud. ejso B TOM, 4TO
JII0ObIe TPOHKM HEKOMILIAHAPHBIX BEKTOPOB MOIYT MMETh POBHO JIBa THUIIA OPHUEHTAINH, a
dbuKcays 0JHOTO U3 HAX, BOOOIIE TOBOPS, TPON3BOIBHA. 2

MozKHO BBIOPATDh MPOU3BOIBHYIO JEKAPTOBY CUCTEMY KOOPJIMHAT U OObABUTH, YTO TPOUKA
ee DA3MCHBIX BEKTOPOB HMEET, CKaykeM, “TpaBUIbHYI0 opueHTanuio’. Ilycts BekTOp @ mMme-
eT KOODAUHATBI a1, Gz, (3, BEKTOP b— KOOPAUHATHI by, by, b3, BEKTOp ¢ — KOOPAMHATHI
c1, Co, c3. TpoiiKy BEKTOPOB d, g, ¢ MOKHO Ha3BaTb TPOHUKOH “NpaBUILHON OpHeHTAINH

ecJin
aq b1 C1
det a9 bg Co > 0.
az bz c3

Ecnu onpeesmnre)ib MeHbIIE HYJIs, TO 3TO OyIeT TPOHKa “HenpaBuibHOM opueHTanuu’ . Takum
00pa3oM, onpe/ie/IeHIe OPUEHTAIIMN 3aBUCUT OT OObABJICHHUS TUTIA OPUEHTAIUHU /TSl UCXOHOMN
CUCTEMBI KOODJMHAT.

AnanorugasiM 06pa3oM MOXKHO BBECTHU MOHSATHE OPUEHTAIMH JIJIs AP BEKTOPOB HA ILJI0C-
KOCTH U JazKe JIJIsl CHCTeM N MaTpHI-cTOI0noB u3 R”.

10.5 BekTopHOE U cMeImaHHOEe MPOU3BEIECHUS

Bexmophbim npouseederuem HEKOJLIMHEAPHBIX BEKTOPOB @ ¥ b Ha3BIBAETCS BEKTOP € TAKOIA,
970!

® BEKTOp C OPTOrOHATEH d u b;

—

® TPOIKA BEKTOPOB @, b, C sBJIsIeTCS MPaBOif;

-,

o |l =|al 5] siné(@. b).

—

Ecnu @ u b xonmuueapust, o ¢ = 0. Obo3uauenune: ¢ = [d, b).

— —

Ecin @ = OA, b = OB, 1o aguHa BEKTOpa C, OYEBUIHO, PABHA ILIOIIAIN HaPAJIEI0-
rpamma co cropornamn OA u OB.

Hucso, paBHOE CKATISIPHOMY MTPOU3BEIEHUIO BEKTOPOB [@, b| ¥ €, HA3BIBACTCS CMEUAHHbIM
npoussedenuem BeKTOpoB d, b, ¢. Obo3nadenue:

(ﬁagvé) = qava E»

'Ecm yKazaTeabHBIH Iajel COTHYTh, TO HOMYIHTCS COBCEM He TO.
2Kak yrsepzkiaer M. M. ITocTHUKOB, B crapble BpeMeHa, IPABbIMU Ha3bIBAIM KaK Pa3 CeroJHALIHUE JIeBble
TPOUKH.
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Teopema. ITycmov sexmopo. @, b, ¢ nexomnaauapuv, u V. — obsem napassesenuneda, Ha-
MAHYMOZ0 HA NPpUBederHbie K 00UleMy Havary eexmopv, a, b, ¢. Tozda

(@ - 7 = V, ecau mpotixa d, b, ¢ npasas;
’ -V, 6 npomuenom cayuae.

—

Ecau sexmopu, @, b, C xomnianapHsvl, mo
(@, b, c)

— N — — -

Jokasarenbcrso. [lpenonoxum, uro @ = OA, b= OB, &= OC, u uycrs OD = [, b].
COFJIaCHO onpeageJIeHnI0 CMEIIaHHOT'O TIPOU3BeJAeHNd,
(@0,8)=|0D|v, r1ae v = |0C|cos$(OD, OC).

dcuo, uro |y| ectb gyuHa nepueHauKyJsApa, onyuieHHoro u3 roukn C' Ha miockocrs OAB

(BbIcoTa mapastestennnesa). [Tpu stom v > 0, ecoin Toukn D u C' HAXOAATCS 1O OJHY CTOPOHY

ot minockoctu OAB, u v < 0, ecim 3TH TOYKYM OKA3aIUCHh MO Pa3Hbie CTOPOHBI OT JAHHON
— —

—

II0CKOCTH. B mepBoM ciydae Tpoiika BekTopos OA, OB, OC npasas, BO BTOpOM — JIeBasl.
O

Caencrsue 1.
(@b 9= ¢a)=(Eab=—0dd=—cb=-
JokazareabcTBo. /JlocTaTo4Ho 3aMETUTDH, YTO TPOWKH BEKTOPOB
{a {o.cay {2 a b

HMEIT OJUHAKOBYIO OpHUEHTAIIMIO, IIPOTHUBOIIOJIOZKHYIO OpUEHTAaIlU TPOEK BEKTOPOB

S
o
-

— —.

{b,a, &, {a éby, {¢b a. O

CaencrBue 2. Cmewannoe npoussedenue (d, l; C) Aunetino no KaiHcdomy apeymenmy.
HokasarenbcTBo. 13 CBONCTE CKATAPHOrO NPOU3BEIEHNS CPA3Y Ke BBITEKACT JMHEHHOCTh
1o Tperbemy aprymenty. Ocraercst 3aMeTHTh, 9TO TPOHKH {d, b, c}, {b ¢ ay, {c, a }
UMEIOT OJINHAKOBYIO opueHTanuio. [losTomy

(@ b, &) = (b, ¢, d) = (¢ da, b).
CiieioBaTeIbHO, UMEeT MeCTO JMHEHHOCTH 110 EPBOMY U BTOPOMY apryMeHTam. [

VrBepxkaenne 1. Bexmophoe npoussedenue aHmMUCUMMEMPULHO:
d, b] = —[b, .

J1oKa3aTeIbCTBO BBITEKAET HEMOCPEICTBEHHO U3 OMPEIeJIeHUs] BEKTOPHOTO IIPOU3BeIeHHUsl.
Bor eme 0100 dhopMaTbHOE JOKA3ATENBCTBO ¢ UCIOIB30BAHIEM CMEIIAHHBIX TPOU3BEICHHIA:
uycrb d = [@, b] + [b, d], Torna (d,d) = (d,b,d) + (b,d,d) =0 = d=0.

VrBepxkaenue 2. Bexmoprnoe npoussedenue aunelino no kaicdomy apeymenmy.

HoxkazareascTBo. [lokaxkewm, 4to [d +0, dl=la, d+ [l;, c]. Jlyist 3TOr0 paccMOTPHM BEKTOD

d=[a+b, d—a d—1b a.



E. E. Toiproiiinnkos 69

Ncnonb3yd jimHefiHOCTb CMENIaHHOTO TTPOU3BEJIECHU O KaZXKJIOMY apryMEHTY, HaXO/[IUM

(d, d)=(@+b,¢d)—(a¢d —(b¢d=0 = d=0
Amanornuno, e d = [ad@, b — a[@, b], 0 (d, d) = (a@, b, d) — (@, b,d) =0 = d=0.
JIuHefiHOCTD 110 BTOPOMY apryMeHTY BbITEKAeT U3 CBOHCTBA aHTUCUMMETPUYHOCTU BEKTOP-
HOTO ITpou3Bedenud. O

OTMmeTuM TakK:Ke JABa IIPOCTBIX, HO IOJIE3HBIX MIPpeaJIO2KCHNA.

Kpurepnit kosmmaeapHocTu. Bekmopw d, b Kkoasuneapuo, mozda u moavko mozda,
koeda [d, bl = 0.

—

Kpurepuii komnaanapHoctu. Bexmopu, d, b, ¢ KomnaanapHsvt mo20a U moavko mozda,
koeda (d, b,¢) = 0.

10.6 BekTopHOE npou3BejieHNE B TEKAPTOBBIX KOOPAWHATAX

[Tycte €1, €3, €3 — Ga3ucHble BEKTOPHI AEKAPTOBOIl CHCTeMbl KOOPAUHAT. JIerko mpoBepuTh,
970

€3, €1] = €.

J11s1 BEKTOpOB @ = a1€1 + A€y + aze3, b = b1€] + byes + bzes momydaem

-

@, b]

—

arby[€1, €1] + arbe[€l, €] + aibs[él, €3]

— — —

agbi (€3, €1] + agby[€y, €3] + asbs[és, €3]

+

asby[€5, €1] + agba[€s, €3] + asbs|€s, €3]

= (a2b3 — a3b2) 51 — (a1b3 — agbl) 52 + (albg — a2b1> 63.

[Tonydenunlit pe3yJsbTar Jierde BCEro 3alOMHUTDL, YBHJIEB B HeM (hOpMaJjibHOE IIPUMEHEHUe
TeopeMbl Jlammaca /i pa3/a0KeHus ONPeJIeJUTE/Is MO MepBOil CTPOKe:

€1 € €3
[C_l', ] = det a; ag das
br by b3

3amaua. Jlorasarh, YTO IJIsT TPOM3BOJBHBIX BEKTOPOB @, b, ¢ BHIMOIHAECTCS PABEHCTBO

[C_iv [57 éﬂ = (a,c)g - (a,b)c.

- -

Bagaua. /lokaszarh, uro ypashenue [d,Z] + [b, Z] = [d, b] umeer pemenue st T0ObIX BEKTOPOB d U b.

Haiitu Bce pemenust & 1jist 33 IaHHBIX @ U b.

10.7 CwmeniaHHoe IPOM3BeIEHNE B JEKAPTOBbIX KOOPANHATAX

HyCTb a= a1€1 + a2€2 -+ a3€3, b= blgl —+ bggg + bggg, c= Clgl -+ 0252 -+ 0353. I/ICHOJIBByH
TOJIBKO 9TO TTOJIYYE€HHBIEC BhIPpaXKEHUA JIJId4d KOOPANHAT BEKTOPHOI'O MPOU3BEJCHUA U ITPABUJIO
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BbBIYNUCJIIEHU A CKaJIHpHOFO HpOI/ISBeLLeHI/IH B lLeKapTOBOI?'I CI/ICTel\/[e7 HaXO,HI/IM
(@ b,¢) = (la,b],c)
= ((agbs —agbe) €1 — (arbs — agby) €2 + (arby — agby) €3, (c1€1 + 265 + c3€3))

= Cl(agbg — agbg) — CQ(a1b3 - Cl3b1> + Cg((llbg — CLle)

a by
= det (05} bQ Co
as bz c3

[ocnennee paBencTBo nosayydaercs u3 Teopembr Jlamiaca npu pasioKeHUn OIPeIeTuTe s 110
MOCJIeTHEMY CTOJIOILY.

CaenctBue. Onpedesumerv no abcoatomnol eesudune — MO 006eM NAPAALEAENUNEDA,
HAMAHYNO20 HA BEKMOPDL, ONPEICAAEMBLE €20 CTNOAOUAMAL.

Sameuanue. BbiBOI 0 TOM, 4TO CMEIIAaHHOE Mpou3BejeHue (d, g,a €CTh OIIPeIeTUTENb,
MOXKHO CIeJaTh Cpa3y 2Ke: MbI yiKe JO0Ka3a/IH, YTO CMENIaHHOe MPOH3BeleHHe JUHEHHO 110
KazKJOMY apryMeHTY U PaBHO HYJIIO B CIyYae JHHEHHO 3aBUCHMBIX BEKTOPOB; BBIIIOJTHIB OIHO
eJIMHCTBEHHOE BblUUC/IeHHe (€1,€3,€3) = 1 g Ga3sucHbIX BEKTOPOB JE€KAPTOBOW CUCTEMBI,
3aK/II0YaeM, 9TO CMeITaHHOe PON3BEICHNE SIBJISETCA HHANKATOPOM JTHHEHHONH 3aBHCUMOCTH
CBOMX apTyYMEHTOB W, CJIEIOBATENILHO, ONMPEAETHTEIEM.

10.8 Hopmaau K OpgMoii 1 NMJIOCKOCTU

HenysieBoit BekTOp, OPTOrOHAIBHBIN NPAMOfl, HA3BIBAETCH €€ Hopmaavlo. Eciu npsmvasi Ha
IJIOCKOCTH C JIEKAPTOBOH CHUCTEMON KOOPJAMHAT 3aJ/iaHa ODIIUM ypaBHEHUEM

Ax+ By +C =0,

To BekTOp Ti = (A, B) oproroHasen jioboMy BEKTODY Ha JaHHOi mpsimoii. B camom nerne,
JI000i1 BEKTOp Ha IPAMOIl MMeeT B, [ = (x9 — 1, Yo — Y1), ve (zq, y1) u (22, y2) — IBe
TOYKH Ha JaHHOU mpsMoil. IlogcTaBisiss KoopaAuHATHL TOYEK B 0DIee ypaBHEHUN MpsAMOil Ha
IIJIOCKOCTH, HAXOINM

Ay —a1)+Blya—n) =0 < (@, 1) =0.

AHaJIOrMYHO, HEHYJIEBOI BEKTOD, OPTOIOHAJBHBIH ILJIOCKOCTH, HA3BIBAETCSI HOPMAJIBIO JIJIsT
JIAHHON TLTIOCKOCTH. ECanm maIocKoCTh B MPOCTPAHCTBE ¢ JEKAPTOBOH CHCTEMON KOOPAWHAT
3a/laHa OOIIMM ypaBHEHUEM

Ar+ By+Cz+ D =0,

To BeKTOp 71 = (A, B, C') — ee HOpMAJIb.

Mcmonb3yd BEKTOPHOE MPOU3BEACHAE, HOPMAJIb MOKHO HOCTPOUTD, UMesl Hapy HEKOJLIH-
HeapHbIX BEKTOPOB @ 1 b, TPHHATEKAIIIX MIOCKOCTH: BEKTOP d, 5] OPTOTOHAJIEH ILIOCKOCTH
BEKTOpOB @ 1 b. (Konewno, HOpMaJb K MJIOCKOCTH ONpPeJieeHa OJHO3BHATHO ¢ TOYHOCTHIO 0
HEHyJIeBOro KodduImenTa. )

10.9 PaccrosgHue OT TOYKHU JI0 IIPAMOIi Ha MJIOCKOCTU

Pacemorpum npsamyto [ 0 Ax+ By+ C = 0 Ha IJIOCKOCTH € A€KapTOBOI CHCTEMOl KOOPAUHAT
u 1ouky My = (zo,v0) ¢ . Jlaa Toro arobsl Haiitu paccrosaue p(Mo, [) ot Toukn My no
NpsMOit [, Hy’KHO BBITIOJTHUTH TaKue JefHCTBUS:
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e 1poBecTH Yepe3 Touky My npamyio [y, OPTOrOHAILHYIO TPAMOIi [;
e najitn Touky M; = (1,y1) nepecedenus npsambIx ly u [
® BBIYUC/IHUTD JIUHY oTpe3ka MyM;.

Msl yzke 3HaeM, yT0 BekTOp 71 = (A, B) oproronanen npsmoii [. [Tosromy npsimas [y ecTh
MHOKECTBO TOUYEK BHIA

lo={(x,y): v =mo+ At, y=yo+ Bt, tcR}.
Haiizem 3nadenne mapamerpa t, mpu Koropom (x,y) € I:

_Ax0+By0+C
A% + B2

Ao+ At) + B(yo+ Bt) + C=0 = t=

Hanee, MJA = (At, Bt) =

‘AIL’Q + Byo + C’

p(MOa l) = |MOM1| = \/m

10.10 PaccTosinue OoT TOYKHU /10 ILJIOCKOCTU

Pacemorpum mnockoers m @ Ax + By + Cz + D = 0 B reoOMeTprUYeCcKOM ITPOCTPAHCTBE C
JIeKapTOBOii cucremoit koopannaT u 104Ky Mo = (%o, ¥0,2) ¢ 7. Paccrosune p(My, l) ot
TouKu My 0 IIOCKOCTH T BBIUHC/ISETCI B IOJHOW aHAJOIHHE CO CIydaeM TOYKH U IPSIMOM

Ha IIJIOCKOCTH:
B |Aﬂfo + Byo -+ CZO + D|

My, =
P ) = e o

10.11 Kpurepun napaJjijieJIbHOCTA BEKTOpPA MPSMOil U IJIOCKOCTU

[Iycts ma maockoctu 3amanel npsvas | @ Az + By + C' = 0 u Bexktop U = (v1,v2). Ecm
cuCTEMa KOODJMHAT JeKaproBa, 10 BekTop 71 = (A, B) gaBisiercs HOpMaJblo K HPsIMOii [.
[TosroMy BeKTOD ¥ mapaJiesieH mpsaMoii [ Toraa u ToIbKo Toraa, Koraa (¥, 1) = 0. YaureiBas
BUJI CKAJSTPHOTO POM3BEJACHUS B JEKAPTOBBIX KOOPAMHATAX, TTOJYTaeM

7|l < Av + B, =0. (1)

Hnst mnockocrn m @ Az + By + Cz+ D = 0 u BekTopa ¥ = (v, Vg, U3) B IPOCTPAHCTBE C
JEKapTOBON CUCTEMOM KOOPAUHAT IIOJIydaeM aHaJOIMYHbIA KpUTepuil napaJjiaeJbHOCTH:

v||m <& Avi+ Buy+Cuz =0. (2)

Bamernm, 9To kpumepuu napassesvrhocmu (1) u (2) ocmatomes 6 cuse u 8 caywae npo-
u368046H0U apdunmot cucmemo, KOOPIUHAM.
B camowm sene, mycth BeKTOp U napaJsuiesier miockoctu m : Ar+By+Cz+D = 0. BosbmeMm
IPOU3BOIBHY0 TOUKY A(Zo, Yo, 20) ITOI MIOCKOCTH U ONpeneauM ToUKy B(T1,y1, 1) TaKUM
—

R .
obpazom, uto AB = v . Torga mapa/uiesbHOCTh BEKTOPA U TIOCKOCTH T PABHOCU/IBHA TOMY,
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yuro Ben & Ari+ By, +Cz+ D = 0. YunrniBas pasencrso Axg+ Byg+ Czy+ D = 0,
HaXO0aInM A(xl — Q?o) -+ B(yl — yo) + C(Zl - Zo) =0 & AUl -+ BUQ -+ CUg =0.

To ke camoe MOXKHO MOYYHUTh IIyTEM IIE€PEX0/a OT 3aJaHHON adPUHHON K KaKOH-HHOYIb IeKapTOBOit
cucreme. Mbl 3HaeM, 94T0 B JII000# JEKAPTOBON CHCTEME KOOPDAMHAT € TEM K€ HAYAJIOM IJIOCKOCTH T UMEET

ypaBHeHUE
!/

"'=-D, [A B C]=[A B C]P

!

(A B (]

SRS
|

rae P — marpulia nepexoa o 3ajanuoii adGunrHoil cucreMbl K gekapToBoit (cm. pasaen 9.11). KoopauHaTs
(v}, v, v4) BeKTOpa U B IEKAPTOBOI CHCTEME U €10 KOOPAWHATHI (U1, V2, V3) B HCXOAHON adduHHON cucTeme
CBSI3aHBI PABEHCTBOM

v vy v vy
vo| = P |v) =3 vh| =P g
U3 vh v v3

VcoBue napasiieIbHOCTH B AEKAPTOBOI CHCTeMe, KAK MbI YK€ BBISICHUIIU, NMEET BHUJ

Avi+ B'vy+Chvy=0 < [A B C]P P71 g & Avy + Buy 4+ Cusz = 0.
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11.1 JImHeitHBIEe IPOCTPAHCTBA

[Ipu nzydennu inaeno# 3aBUCKUMOCTH BEKTOPOB, JINHEHHBIX 000/I09€K, 0a3UCOB, PA3MEPHOC-
Tell B npeabraynux JICKIUAX MbI I[IoJaraJjJan, 4YTO BEKTOPbI — 9TO ManI/IHbI—CTOJ'I6HBI C BeIecT-
BEHHBIMU 3/IeMEeHTaMu. Bripodem, mpu u3ydeHun paHra MaTPUILI peUb YK€ 3aX0/ N8 TaKzKe
O JIMHEHON 3aBUCHMOCTH ¥ HE3aBHCUMOCTH CTPOK MaTpuiibl. KoHeuno, ¢ (hopMaabHO TOU-
KU 3peHUs CTPOKH MOYKHO TPAHCIIOHHPOBATH M CHOBA UMETDH JeJI0 ¢ MaTPHIAMHU-CTOIOMAMHE.
Onmaxo, Bce MepevIncIeHHbIe BHIIIe MOHATHS U MHOTHE MOIYyYeHHbIe (DAKTEI 0e3 BCIKUX M3Me-
HEeHUN MOXKHO OpUMEHATHL U B C/Iy4dae, KOI'la IIOA BEKTOPpaMU ITOHUMAIOTCA MaTPHUIIbI KaKHUX-
00 (PUKCUPOBAHHBIX Pa3MEPOB. YKe OJHO ITO 3aCTABJAET MOJAYMaTh O BBeJIEHHH Oosee
obiero (u 60/ee aGCTPAKTHOTO) MOHATHS BEKTOPA.

Kpowme Toro, nzy4ast 6a3ucbl 1 pa3sMepHOCTH, Mbl UMEJIH JIeJ0 UCKIIYUTEIbHO C JTnHeH-
HBIMI 000JI0YKaMU BEKTOPOB, & 3TO HE BCErja yJI00HO: HAIPUMEDP, MHOYKECTBO BCEX PEIIeHUi
OJHOPOTHON CHCTeMbl JUHEHHBIX ajredpamdeckux ypaBHenuit Ax = 0 saBisgercs, KOHETHO,
JIMHEHHOU 000109KOi BEKTOPOB (byHIaMEHTAIBHON CHCTEMbI pellleHHi, HO OBLIO ObI MTOJIE3HO
UMEeTh HPaBo 00CYyzK/IaTh CBOHCTBA 9TOI0 MHOXKECTBa 0€3 yrnoMuHaHus 00 obpasyloiieil ero
CHCTEME BEKTOPOB.

JlaBaiiTe cKazkeMm, 9YTO BEKTOPBI — ITO JIEMEHTH HEKOTOPOI'O HEIMYCTOr0 MHOXKECTBa V/,
Ha KOTOPOM OIIDe/IeJIeHBI JiBe Ollepanuu: caokeHne Bekropos (eciu a,b € V., r0 a +b € V)
M YMHOXKeHHe BeKTODOB Ha BelecTBeHHble udncia (ecim a € V u a € R 10 aa € V) .
[Torpebyem, uToOBI JaHHBIE OTIepaInn 00JIa 1AM CJIEeIYIONIMMI CBOWCTBAMMU:

e (at+b)+c=a+(b+c) V a, b€V ( acconmaTHBHOCTD CJIOXKEHHsI BEKTOPOB);
e CymecTBYeT 0COOBI BeKTOP 0, HABBIBACMBINl HYAE6bLM G6EKMOPOM, TAKOH UTO

a+0=0+a=a VYaelV,

e 115 J1I000r0 BekTopa a € V cymectByer BekTop b € V' takoit, 4yro

a+b=b+a=0;

ea+b=b+a V a,b€V (KOMMyTATHBHOCTH CJIOXKEHUsI BEKTOPOB);
e affa)=(af)a ¥V o,f€ER, V aeV;
e (a+fB)a=(wa)+ (fa) V o, €R, Va€eV (aucrpubyTuBHOCTD);

o afa+0b)=(aa)+ (ab) ¥V a€R, V a,beV (aucTpnbyTuBHOCTS);

73
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el-a=a V acV.!

B takux ciay4yasgx MHOXKeCTBO V' Ha3bIBAETCs BEMIECTBEHHBIM AUHETHBIM NPOCTNPAHCINEOM.
YacTo BeTpedaronuiicss TEpMUH-CHHOHUM — 8eKMOPHOE NPOCMPAHCMEO.

3ameTnM, 9T0 MHOXKECTBO V' OTHOCUTEIBHO ONEPAIMH CJIOZKEHUS BEKTOPOB sABJIsIeTcs abe-
JIeBOI Tpymmoii. Poiab e mHIYHOTIO 37eMenTa Urpaer HyaeBoit BekTop. BekTop b Takoii, 4To
a+b=0b+ a =0, HA3BIBAETCSI NPOMUBONOLOHCHBLM K BEKTOPY @ 1 00O3Ha4YaeTcss b = —a.

HexoTopble npuBbIYHbIE CBOWCTBA JAHHBIX ONEPAIUil, paHee CBOOOIHO MPUMEHSBIITUXCS
K MaTPHUIAM-CTOJIONAM, B PACCMOTPEHHOM 60Jiee aDCTPAKTHOM CIIyUdae Hynicdaomces 6 doxa-
3aMeAbCEAT.

VYrBepxkaenue 1. 0-a=0 V aeV.

HokazarenscrBo. B cuny muctpubyrusnocrd, 0-a = (04+0)-a = (0-a)+ (0-a). Hasee,
nycth b = —(0 - a) (mporuBonookublil BekTOp K BeKTOpY 0 - @). Torma 0 = b+ (0-a) =
b+0-a))+(0-a) = 0=0-a. O

YrBepxkaenue 2. a-0=0 V a€R.

HoxkazareasctBo. - 0=a(0+0)=a-0+a-0 = «a-0=0. O

YrBepxkaenne 3. (—1)-a=—-a V a€V.
HoxkazarenscTrBo. B cuiy yreepxkienus 1 u gucrpudyrusuocru, 0 = 0-a = (14+(—1))-a =
(1-a)+((=1)-a)=a+((-1)-a). O

YrBepxkaenue 4. Fciu a-a =0, mo aubo o =0, aubo a = 0.
HoxkazarenbcTBo. 2 Ilycrs a # 0. Torna

ot (H)a) o= (o= (D) 0-0. o

Kak u panbite, s JITOOBIX IUCET (1, . .., (4, BEKTOD W BUIA

w=oay + ...+ ayay,

Ha3bIBAETCA JUHEHHON KOMOUHAIUEH BEKTOPOB A1, . .. Gy, & MHOZKECTBO BCEX JTUHEHHBIX KOM-
OWHAIKT CO BCeMU BO3MOXKHBIMU 3HAYCHUAMU KOIPPUIUEHTOB vy, . .., (v, HA3BIBACTCS JIH-
HeHON 000J0YKOil BEKTOPOB a1, . . ., @, U obo3Hadaercsa L(ay, ..., a,).

B npanpuetimrem gmesno 0 u myseBoit BekTop 0 OyayT obO3HAYATHCS OJHUM U TEM Ke
cuMmBoJioMm 0.

11.2 IIpumepbl 6€CKOHEYHOMEPHBIX JUHENHBIX TTPOCTPAHCTB

(1) Mnoorcecmeo dpynrxyui ¢ sewecmeennvimy snauenuamu na ompesxe [0, 1].

Cymma [+ g byukuuii f u g onpenessiercst kKak dbyHkius co 3nauenusamu (f 4+ g)(z) =
f(z) + g(z). Tlpn ymuOXKeHUHN DYHKIUHE HA 9HCIO TOdydaerca DyHKUIs «f, onpe/e-
asiemast npasuiaom (af)(x) = af(x). Poab HysneBoro ekTopa BbIMONHSET QYHKINA,
TOKJIECTBEHHO paBHas HY.JIIO.

! TanHOE CBOMCTBO PABHOCHILHO TOMY, YTO KaKIbIil BEKTOpP @ MOYXKHO IPEICTaBUTL B BHAC a = ab md
HEKOTOPOTO BEKTOPa b 1 HEKOTOPOTO unciia «. B camMoMm fiesie, eciin 3To CBOHCTBO BBHITTOIHEHO, TO MOYKHO B35ITh
b=awn a=1.C apyroit cTOpOHbI, MyCTH BHIMOJIHEHNE 3TOrO CBOWCTBA HE TIPE/ITOIAraeTCsi, HO U3BECTHO, UTO
a = ab. Torpa, ncnonb3ys akcuomy a(fa) = (af)a, nonydaem 1- (ab) =(1-a)-b=ab = 1l-a=a.

2V TBeprKAeHTE HEMb3d MOMYIHTh 6e3 aKCHOMEL 1-a = a. B camoM gere, BosbMeM Ji06yio abeeBy IPyIITy
V' ¢ mynesBbim asiementoM () m Oompezes MM yMHOXKEHHE HA 9HCJIO npaBmioM aa = 0 s BCEX 4uCes o U
BekTOpOB a € V. IIpn 310M OyIyT BHITOIHEHBI BCE aKCHOMBI JIMHEHHOTO TPOCTPAHCTBA, KPOME JAHHOM.
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(2) Mmnoorcecmeo beckoneunnr nocaedosamenvrocmeds {xy .

Cymma nociaenoBaresabnocreii {zx} u {yx} onpegensercs Kax mocsenoBaTesbHOCTD
{zx} ¢ wrenamu zp = x + Y. [IpousBenenne NOCIEIOBATENBLHOCTH {T)} HA YHCIO
(v ONIPEJIESIAETCA KaK MOCAEN0BATENBLHOCTD {2} ¢ wieHamu zp = axg. Posab HyeBOro
BEKTODA BBIIOJIHAET MOCJIEI0BATEIbHOCTD, B KOTOPOH BCE 3JIEMEHTBI DABHBI HYJIO.

(3) Mnoocecmso crodaujuzcea nocaedosamesvrocmets {Tg 32 ;.

Onepanun onpesessaroTcs TaK »Ke, KaK 1 B CJIydae MPOU3BOIbHBIX OECKOHEUHBIX TTOCIe-
noparesbaocTeit. Heobxoammo Jniimh 3aMeTHTh, 9TO CYMMa CXOISIIINAXCST TTOCTIEI0BA~
TeJbHOCTER OCTAHeTCA CXONAIeiicd MOCaAe10BATEIbHOCTHIO, & YMHOXKEHUE cXoadieiica
MOCJIETOBATEIBHOCTA HA YHACTAO TaKZKe AT CXONAINIYIOCS MOCTETOBATEIbHOCTD.

[Tpumepsr (1)-(3) 3aMedaresbHbl T€M, YTO COOTBETCTBYIONIHE JHHEHHDLIE MPOCTPAHCT-
Ba HE SBJISIOTCH JIUHEHHON 000J0YKOil KAKOrO-TO KOHEYHOTO YHC/Ia CBOMX BEKTOPOB. Takue
JINHENHBIE TIPOCTPAHCTBA HA3ZBIBAIOTCS HECKOHEUHOMEPHBLMU.

Hoxkazkem, Hanpumep, 6eCKOHEYTHOMEPHOCTh npocTpancTBa dyHkmuit. [1pemamonoxnm ot

HPOTHUBHOTO, YTO OHO COBIIAJIAET C JIUHEHHO# 0007109KOi Kakux-To dyHKuu f1, ..., f,. Torma
gobasg dyHkuug [ uMeeT BHI

flx)=a1fi(z)+ ...+ apfulx). (%)
Bribepem n monapHo pasaMyHbIX TOYEK T, ...,Z, € [0,1] u Ay IpOU3BOJIBHO BHIOPAHHOMN

dyHKIIE f PACCMOTPUM CHCTEMY ypPaBHEHUI

ar(f) filzr) + oo+ anlf) fulz) = fla),

() file) + oot o) falzn) = o).

DTO ecTh CHCTeMa JIMHEHHBIX alareOpandecKux ypaBHeHuH oTHOCHTENbHO aq(f), ..., an(f).
Ecsm marpuna ko3dpduiineHToB JaHHO cCUCTEeMbl HeoOpaTuMa, TO 3aBeIOMO pelleHue Cy-
IECTBYeT He JTs J11000it mpaBoit actu. Toraa paBeHcTBO (%) He BBIIOTHSETCS XOTS OB JJIs
onuoit pyukmuu f. CremoBarebHO, MaTpuna KodMMUIHEHTOB A0MKHA OBITH 00PATHMOM.

[lostomy mis 3amannoit dynkmun f kodddunuentor aq(f), ..., a,(f) ompemsenensr ogHo-
3HAYHO.

[Tycrb Tenepn Touka x, € [0, 1] He coBHagaeT HU ¢ OJHON U3 TOUEK I1, . .., T,. 3ABEIOMO
cymectByer dbyuknus ¢ takas, o g(x;) = f(z;) opu i = 1,...,n, #o g(xs) # f(24).
Acno, uro o;(f) = a;(g) mpu i = 1,...,n, orkyna f = g, 4ero GBITH HE MOXKET, MOCKOJIbKY
f(z) # g(e.). O

Bagaga. /lokazarh, 4To s JuHeiiHON He3aBucumoctu Gyukumit fi1(z), ..., fn(x) Heobxomumo u g0~
CTATOYHO, YTOOBI JJisi HEKOTOPBIX YHCEN X1, ..., Tn MATPULIA [f; (a:j)]?j:l ObLIa 0OpaTUMOIA.

11.3 IIpumMmepbl KOHEYHOMEPHBIX JIMHEMHBIX IMMPOCTPAHCTB

JIuHeiinbie MpocTpaHCcTBa, IIPeJACTaBIASIoONne codoil JTUHEHHYI0 000/109Ky HEKOTOPOro KOHeY-
HOTO YHCAa CBOUX BEKTOPOB, HA3BIBAIOTCI KOHEUHOMEDPHHLMU.

(1) Mnoorcecmeo mnoz0useros nopadka n.
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(2)

(3)

(4)

MHOFO“IHGHOM (HO.HI/IHOMOM) oT T HOpH,ZLKa . HA3bIBAECTCA Bpr&}KeHHe BHIa
1 —2
f@)=ap 12" + a2 "+ ...+ a1z + ap.

Ecmu ar, # 0 u agyy = ... = ap—1 = 0, 10 k Ha3bIBaeTCsa cmenenvro Muorowtena f(x).
Breipazkenns Buga ax’ Ha3bIBAIOTCS 00HOYAEHAMU, WA MOHOMAMU.

Bynem pacemarpusath f(z) kKak dyukmmo ot z. Torma cymMyMa MHOTOWICHOB H YMHOKE-
HIe MHOTOWIEHA Ha YHUCIIO ONPEJIEIOTCS TaK Ke, KaK B cIydae (pyHKIN 00IIero BuIA.
[Ipu 3TOM $siCHO, YTO Pe3y IbTATHI ITUX OHEPaInii OCTATCs MHOTOYIeHaMu. Q4YeBuIHO,
JIMHEITHOE MTPOCTPAHCTBO BCEX MHOTOYJICHOB MOPAIKA N ABJASIETCS JTUHEIHONW 0007109KO0f
OJHOYJICHOB BHJIa

2 om0 L, 2t V=1

Mmnootcecmso m X n-mampui, ¢ GuUKCUPOSAHHLLMY PASMEPAMU T U M.

B ganHOM ciiydae CJI0XKeHHe BEKTOPOB OIPe/e/deTcs KaK CJI0KEeHUe MATPHUIL, a yMHO-
JKeHune BeKTOpa Ha, YUCJIO — KaK YMHOYKEHUe MaTPHUIHI Ha, YHUCJIO0.

O6o3naunm wepes B = [(E*);;] maTpuiy pasmepos m X n ¢ 3JeMEeHTAMHA BHJIA
1, i=kj—=1I
Ekl - ) ) )
(B 0, uHaue.

Takux MaTpuir pPOBHO Mmn U OYEBUIHO, UITO BCE TPOCTPAHCTBO 1M X N-MATPHIL sIBISI€TCS
UX JUHEHHONH 000JIOYKOIA.

Mmnootceemeso ecex pewenuti 00HOPOOHOT cucmemvl AUHETHOLT N2E0DAUYECKUT YPABHE-
nutt Az = b.

Ecnu panr m x n-marpuriist A pasen 7, To pyHIaMEHTAIbHAS CHCTEMa PEITeHni JAHHON
OJIHOPOJTHOM CHCTEMBI COJIEPKUAT 1 — " BEKTOPOB, & BCE MHOXKECTBO PEIIeHHi COBIAIAeT
¢ UX JuHeiinoil 000JI0YKOIA.

Jlamuoe jimHeifHoe MPOCTPAHCTBO HAZBIBACTCH HYAb-NPOCMPAHCINEOM, WA A0POM MaT-
punpt A. O6o3nauenue: ker A (B HekoTopbix Kuurax null A).
Mmnoocecmeo ecex cmoabyos euda y = Ax (das 3adannoti mampuuv A).

DTO XOPOIIO 3HAKOMOE HaM MHOYKECTBO, COBIAJaoIee ¢ JHHEHHONH 000JI0UK0#i cTOI0-
moB Marpuisl A. OHO HaswiBaeTcs obpaszom marpuisl A. Obo3nadenne: imA.

11.4 ba3uc m pa3MepHOCTb

[Iycts V' — koneunomepHoe mpocTpancTBo. 1o onpenenenuio, oHO SABIsETCS JUHEHHONH 000-
JIOYKOI KOHEYHOI'0 YHCJaa CBOUX BEKTOPOB:

V=Llay, ..., ap).

[TongaTus nuHEHHO 3aBUCHUMOI M JUHEHHO HE3aBUCHMOI CHCTeM BEKTOPOB B aOCTPAKTHOM
caydae HUYEM He OTJIMYAIOTCA OT TeX K€ MOHATHH B cjlydae Marpui-ctosonos. To ke cupa-

BEJIJTUBO B OTHOIIEHUH Da3uca u pa3MepPHOCTH:

e I/ MOXKHO TIPEJCTaBUThH KaK JUHEHHYIO 000JOYKY HEKOTODOil JIMHEHHO He3aBUCHMOM

TMOJICUCTEMBI BEKTOPOB A1, . .., Qp;
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e 0asuc B npocrpaHcTBe V ompejessiercss Kak Jiodasi JUHEfiHO He3aBUCHUMas CUCTeMa
BEKTOPOB, JJIsi KOTOpoil V' saBjigercd JauHeilHoOil 000/1049KOif; 00ble naBa 6asuca B V
COJIEPYKAT OJIMHAKOBOE UHCI0 BEKTOPOB; THC/I0 BEKTOPOB B Oa3MCe HA3LIBAETCS pa3Mep-
HOCTBIO TpocTpancTBa V' u oboznavaercs dim V;

e JTI00YIO JIMHEHHO HE3aBUCHUMYIO CHCTEMY BEKTOPOB W3 V' MOYKHO JIOCTPOUTH 10 Gasmca
V'; 6osee TOTO, 3TO MOYKHO CIEJIATH € TIOMOIIBIO YACTH BEKTOPOB A1, . . ., Qp.

JlokazaTegbCTBa ITUX MPEII0KEeHNH MOBTOPSAIOT A0KA3aTeheTBa U3 Jlekinun 3 A1 9act-
HOT'O CJIyYasl JIHHEeHHBIX IPOCTPAHCTB — KOIJIA IO/ BEKTOPAMH IIOAPa3yMeBAJNCH MATPHIIBI-
CTOJIOIEI.

11.5 IlommpocTpaHCTBa JUHEIHOTO ITPOCTPAHCTBA

Hemnycroe muoxkecrso W C V nasbiBaercs nodnpocmpancmeom JUHEHHOTO TPOCTPAHCTBA V
eCJIH OHO CaMO SABJISIETCS JIMHEHHBIM MPOCTPAHCTBOM OTHOCHTEIBHO ONEPALnii, 1efCTBYIOIINX
B V. dcuo, uTo mis Toro urodnsr W OBLIO MOANPOCTPAHCTBOM, HEOOXOAUMO H JIOCTATOYHO,
9T00bI 717151 JIIOOBIX BEKTOPOB a, b € W u jioboro dncia o umesim Mmecto Brjtodenus a+b € W
naaeW.

Ecan BeKTODHI ay, ..., a, NpuHAIEe)RAT nognpocrpanctey W, o L(ay, ..., a,) C W.

[MTPUMEP. Paccmorpum MuO)kecTBO V' BCeX ¢BODOIHBIX BEKTOPOB HA MJIOCKOCTH C CHCTE-
Moit KoopanHaT ¢ HadaaoMm B Touke (. [TockonbKy Kayk it CBOOOIHBIIT BEKTOP MOPOXK,1aeTCs
OJTHAM W TOJBKO OJTHUM PAJINYC-BEKTOPOM, JTI0O0e TIOIMHOYKECTBO CBOOOTHBIX BEKTOPOB MOZK-

—_—

HO OTOXK/IECTBJISITH C IMOJMHOKECTBOM pauyc-BekTopoB OA wjnm ux KOHIOB — TO4eK A.
MuozxectBo V', 0ueBHIHO, ABJIAETCA JUHEHHBIM MPOCTPAHCTBOM. Jl100asd npsamMas, mpoxo-

JIATIAs 9Yepe3 HauaJI0 KOOP/IMHAT, aBJIsgeTcd moanpocTrpancTsoM B V. B To ke Bpems, eciu [ —

npsMasd, He TPOXOIAIIas Yepe3 HadaJo KOOPAWHAT, TO OHA MOAMPOCTPAHCTBOM He ABJISAeTCH:

MyCTh A,Bean%’=OT4+O%; sicao, aro C' ¢ .

3amaua. [lokaxkure, 910 JHHEiTHOE TPOCTpaHCTBO R HEIb3sT MPEICTABUTH B BUIE O0ODbETUHEHUS KO-

HEYIHOI'O 9HUCJIa MHOXKECTB, KazKJ0€ U3 KOTOPBIX HE COBIaJaeT C R™ u saBasiercst ero IOAIIPOCTPAHCTBOM.

11.6 Cymma m nepeceveHmre TOIITPOCTPAHCTB

[Iycte P u () — noanpocTpancTBa Juneitnoro npocrpancrsa V. [lox cymmoit P + () monu-
MaeTcss MHOXKECTBO BCeX BEKTOpPOB BuJa w = p + ¢, tae p € P, g € Q). Ilox nepeceyernuem
P N Q nonnmaercs 0ObIYHOE TIEpecedeHNe MHOKECTB.

YrBepxkaenue. Mroocecmsea P+ Q u PN Q asasmomea noonpocmparcmeamu 6 V.

JlokazaTeanCTBO.

(1) PaccMoTpuM TIPOM3BOIBHYIO JIMHEHHYI0 KOMOHHAIINIO BEKTOPOB w1y, wy € P + Q. Tlo
ompeaeaeHno MHOKecTBa P + (), w1 = p1 + q1 1wy = p1 + @2, 0O P1,Pp2 € P u q1,q € Q.
Torna

ayw + aswy = (upy + agpa) + (g + aaqe) € P+ Q,
MIOCKOJIbKY BEKTOP B II€PBOi CKOOKE MPUHAICKUT P, & BEKTOP BTOPOil CKOOKY NPUHAIJIEZKUT
@ (P u ) — moAmpOCTPAHCTBA, TIOITOMY OHH COJAEpIKAT BCE JIMHefHbIe KOMOMHAIIMN CBOUX
BEKTOPOB).

(2) AHaslormaHO, PacCMOTPUM JINHEHYI0 KOMOWHAIINIO BEKTOPOB w1y, wy € P N Q:

QWi + aawe € P 1 OMHOBPEMEHHHO  (rywq + Qs € ()
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= aw, +aswe € PNQ. O

3amMeTnM, 4TO JTI0OBIE /IBA TMOAIPOCTPAHCTBA UMEIOT HEMYCTOe MepeceueHne: KaykIoe u3
HUX COIAEPXKUT, 110 KpailHeil Mepe, HyJ/IeBOI BEKTOP.

Teopema I'pacecmana. [Tycms Wi u Wy — koneunomeproie nodnpocmparncmasa suretinozo
npocmpancmea V. Tozda

d1m(W1 + Wg) = dim W1 + dim W2 — d1m(W1 N Wg)

HokazareasctBo. Paccmorpum 6asuc ¢y, ..., g, noanpocrpancrsa Wi N Wy u ponoanum
ero cuavdasa g0 basuca W,

g1y 9rs P15 Pk, T—l—k:dile,
a 3areM 10 basuca Wy
g15---59r5 q1,- - qm, T+m:dlmW2

OueBuiHo,
Wl _'_WZ = L(glw"agra P1s- -5 Pk qla--'7Qm)'

[TosTomy ocTaeTcst MOKa3aTh JIMHEHHYIO HE3aBUCHMOCTH BEKTOPOB, MOPOXKIAIOIINX JTAHHY IO
JiHeitHy10 000104Ky. [1ycThb

agr+...+ag + Gpt+ ke i+ F Y G = 0.

Otcrona
g+ g + bpit F e = —(mat o Ym Gm) € Wi N W
[Mockoabky W1 N Wy = L(gy, ..., gr), 1Id KaKAX-TO KOIDDUIHEHTOB 07, . . . , 0, UMeEeM

Mgi+...+6g = —(na+ .+ Vimdm)-
9TO PaBHOCHILHO PABEHCTBY
hgr+...+0g +a+...+Ymgn=0

= h=...=0=1=...=%=0 = a=...=a,=0/=...=0,=0. 0O

3apava. Haiinnre pazmMepHOCTh CyMMBI MOANPOCTPAHCTBA, 12 X N-MATPHUIL C HYJIEBOI CyMMON 3JIEMEHTOB

B KaXKJI0# CTPOKE W TMOAIPOCTPAHCTBA N X N-MATPWIIL C HYJIEBOM CyMMO 3JIEMEHTOB B KaXK/IOM CTOJIOIE.
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12.1 Pazsnoxkenue mo 6a3ucy

[IycTn V — BemecTBeHHOE JTUHERHOE ITPOCTPAHCTBO PA3MEPHOCTH N | f1, . . ., fr — HEKOTOpPDIi
ero 6asuc. Torma 060it BeKTOp v € V mMeeT 0JIHOZHAYHOE pa3I0zKeHue 110 JTAHHOMY 0a3HCy

v=x1f1+ ...+ T, [0

Kosddunuenrts: x4, . . ., x, Ha3pIBAIOTCA KOOPANHATAMHA BEKTOPa v B jJanHOM Oazuce. [TousT-
HO, YTO MEXK/JIY JIeMEeHTaMHU JITHEHHOro IpoCcTpaHcTBa V' u MHOXKecTBa c¢Tos1010B R™ nuMeercs
B3aUMHO-OJIHO3HAYHOE COOTBETCTBUE

X1
Vv > T =
:En
[Ipu BBIGOPE Apyroro 6asmca ¢i,...,J, BOSHUKAET €Ille OJHO B3aUMHO-OIHO3HAYHOE CO-

OTBETCTBHUEC MEXKJAY TEMHU 2KE€ MHO2KECTBAMM:

Y1
V=001 +.--+UYGn < Y=
Yn
Paccmorpum pazioxenus
Ji = pugr + .. + P,
u BBegeM n X n-marpuny P = [p;;]. IlogcraBus (%) B pasioxkenue BeKTopa v 10 Oasucy
fi, -+, fa, HAXOTEM
y = Px. ()

DTO COOOTHOIIEHUE TO3BOJISIET MEPEXOJUTh OT KOOPJIMHAT BeKTOpa B Oasuce {f;} K Koopman-
HATAM TOrO JKe BeKTopa B 6asuce {g;}.

B cuy (), maTpuiy P joradano 66110 661 Ha3bIBATh MaTpuUIieil nepexona ot 6asuca { f;}
K Gasucy {g;}. Ho ona Bce ke HasbiBaeTcss OOBIIHO Mampuued nepexoda om basuca {g;} &
basucy { f;}: ecmu f; u g; — cTOJOUBI U3 KOOPAUHAT COOTBETCTBYIONINX BEKTOPOB B KAKOM-TO
TperbeM Gasuce, To, corsacuo (%), [fi, ..., ful = [g1, .-, gn]P (oTCIONA BBITEKAET OOpATH-
MocTh MaTpuibl P u o, uro P~! ecth marpuna nepexona or {f;} k {g;}). Bupouewm, neno
HE B HA3BAHWHW — BaYKHO, 9TOOB P MPaBUJIBLHO UCIOIH30BAIACH TIPH MEpPecdeTe KOOPmHAaT!

79
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12.2 HN3omopdusm JUHENHBIX TPOCTPAHCTB

JIBa BelecTBeHHBIX JIMHEHHBIX mpocTpancTBa V' u W HA3BIBAIOTCS U30MOPPHBILMU, €CTA CY-
IECTBYeT B3aMMHO-OHO3HaYHOE oToOpakenue ¢ : V — W, coxpansioniee onepaiuu B cje-
JIVIOIIEM CMBICTIE:

O(a+b) = P(a) + 0(b), P(aa)=ad(a) vV oabeV, ¥V aeR

Camo otobpaxkenune ® Ha3BIBACTCS MPHU ITOM USOMOPPHUIMOM.

3aMeTHuM, YTO ONepalun CI0KEHUsT BEKTOPOB U YMHOXKEHUs HA YHCJI0 B JeBOil U NMpaBoit
YACTHX JIAHHBIX PABEHCTB, BOODIIE roBops, padhvie! Onepamuu ciieBa jpeicTByioT B V, a ore-
pamuu cipaBa — B W. Tem He MeHee, ecin yCTaHOBJIEHO, 9TO MPOCTPAHCTBA H30MOP(MHBI, TO
3TO O3HAYaeT WX HEPA3JUINMOCTh C TOUKHU 3PEHUS C80UCME onepayul.

Vreepxkaenune. P(0) =0, O(—a) =—P(a) YaeV.

HoxazareasctBo. ¢(0) = ¢(0+ 0) = ®(0) + ¢(0). [Ipubasum K 0benm 4acTIM BEKTOD
b= —®(a) (BeKTOP, MPOTUBOMOIOKHBIN K P(a)):

0=b+d(0) = (b+B(0)) + B(0) = 0+ B(0) = B(0) = &(0)=0. O

Ha mHOXkKecTBe BCeX BEIIECTBEHHBIX JTHHEHHBIX TPOCTPAHCTB H30MOPMU3M MOPOKIALT,
O4eBUAHO, OTHOIICHUE 9KBUBAJICHTHOCTH. Ba}KHO, qTO uccjaeJ0BaHud, BbIIIOJIHEHHbIC J1JId O~
HOrO HPOCTPAHCTBa V, cpa3y yKe HepPeHOCATCS Ha J1060e m30MOpdHOe eMy IPOCTPAHCTBO.
Hanpumep, BexkTopwI aq,...,a, € V JuHeliHO 3aBUCUMBI TOTJIA U TOJHKO TOTJA, KOTJA JIH-
HeitHo 3aBucuMbl BeKTOpH P(aq), ..., P(a,).

Teopema. Jloboe seuwecmeennoe aunetinoe npocmparcmeo Vo padmeprocmu n = dimV
usomopgpro R™,

JlokazaTeqbcTBO. Bribepem Kakoit-unOyap 6asuc a. . . ., a, B IPpOCTpancTBe V u onpeaeanm
orobpaxkerune P ciegyronum odbpaszom:

x
Ov)=| ... |,
Ty
Tae Ti,..., T, — KO3POUINEHTH pa3JIoKeHNsT BEKTOpa v M0 JaHHOMY Da3ucy:
v o= 2101+ ... + X0,

CoxpaHenne onepamuii TpoBepsieTcst OYeBUIHBIM 00pazoM. O

CaenctBue. JIobve KorewnomepHsie BeuLecmseHtvie NPOCmpaHcmses 00unakosot pasmep-
HOCNU USOMOPPHDL.

12.3 IIpocTpaHCTBO MHOIO4JIEHOB

[Iycts P,, — snHeitHOE MTPOCTPAHCTBO MHOTOUJIEHOB MOPSJIKA N C BEIeCTBEHHBIME KO3bdhu-
nuenTamu. /loxaxkem, uro P, uzomopduo R,
JIio6oit MHOTOWTEH p(X) HOPSIIKA 1 UMeeT BHI

p(z) = P L+ prz + po. (%)
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[Toaromy kazkercs, 4To ¢ onpejesenueM nzomopdusma ¢ ner mpodsem:

Po
P(p(x)) =
Pn—1

HeiicTBUTEIBHO, 3TO OTOOpasKeHHe COXpaHser onepanud. Ho OygeT JiM OHO B3aMMHO-
OTHO3HAYHBIM?

Ecam 1o, MHOPOWIEHOM MOHUMAETCS POPMAAbHOE Buipacenue BIaa (%) 1 TP STOM pa-
BEHCTBO MHOTOWICHOB 0Npedeiemes Kak PaBeHCTBO BeeX KO3MMUIMEHTOB TPU OJMHAKOBBIX
CTElleHsX Z, TO B3aUMHAas OJHO3HAYHOCTb OYEeBU/IHA.

Ecu e 10 MHOIOYIEHOM MOHUMAeTCst yrkyus om x euda (*), TO PABEHCTBO MHOTO-
YIEHOB ONpeesderTca Kak paBeHcTBO (byHKumil. B sToMm ciaydae Tpebyercsa doxazamo, 9TO
Ko3bdurmenTs B npejcraBieHnn (x) onpeessiorces no GyHknun p(r) oxHo3HAYHO. st
3TOr0 JOCTATOYHO YCTAHOBUTH JIMHEHHYIO HE3aBUCUMOCTH OJHOYICHOB

20, 2t L,
Kak (byHKmuit ot .
[IpeamonoKumM OT TPOTUBHOTO, UTO JAHHBIE OJHOYICHBI JUHEHHO 3aBUCHMBI. [10CKOIBKY
9TO HEHYJIeBbIe (DYHKIINU, CYNIECTBYET OJIHA U3 HUX, TUHEHHO BHIPAKAIONIASICS Yepe3 MPeIbl-
JyIme:

k

k—1
=0+ T+ ...+ Qg1 .

[TorgaTHO, 9TO TAKOTO OBITH HE MOXKET, €CJIM ITH (DYHKIUHI PACCMATPUBAIOTCHA KaK (DYHKITUU
Ha Beeit ocn (—oo, 00): mogenuM 0be JacTh Ha TF
npu xr — 00; cjeBa noayaurcd 1, a crupasa 0.

Kak 6bITh, ecin 3Tu (hYyHKIUU PaccMaTpUBAIOTCS Ha KOHEYHOM OTPE3Ke, HAaNpUMep, Ha
[0, 1]7 IIpeamnonoxum, 9T0

u nepeiijieM B 00eux 4acTsaxX K Ipejesry

n—1
Po+pxr+...+p,ax” =0 ¥V xe€l0, 1. (#)
B sTOM ciryuae MOYKHO MOCTYIHUTDH CIeAYIOMUM 00pa3oM. BuiGepeM IpPOM3BOIBHbIE MOIAPHO
pa3iIndHble YuCIa I ..., %, € [0, 1]. PaBencrso (#) umeer mecro nupu Beex = € [0, 1], mo-
9TOMY MBI HMeeM MPABO PACCMOTPETD €0 TOILKO JUIs BEIOPAHHBIX 3HAUCHUH & = X1, . . ., Tp!
n—1
p0-1+p1-x1+...+pn_1-x1 = 0,

p0'1+p1'xn+---+pn—1'$2_l = 0.

DTO OJHOPOJHAS CUCTEMa JIMHEHHBIX ajredpandeckux ypaBHenuii ¢ marpureil koadduin-
eHTOB

1 ry ... .1}71171
A= ... ... ... ...

1z, ... 2!
Marpui@a Takoro BUJa HA3BIBAETCS MPAGHCNOHUPOSaAHHOT mampuuet Bandepmonda, a mar-
puna AT — mampuueti Bandepmorda opsiaKa n IS GUCET Ty, . . ., T,. Ob03HAUYeHNE: AT =
V(;Ul, c. ,l’n).
VrBepxkaenue. Onpedeaumens mampuys, Bandepmonda V(zy, ..., x,) 6 cayuae nonapro
DPABNUMHBLE YUCEA L1, ... T, PAGEH

det V(zy,...,x,) = H (x; — ;).
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HokazarenabctBo. Ompeaeantenb

1 1 1
T i) T
detV(ml,...,xn): "
x?’l x;”l !

He U3MEHNTCS, eCJIN U3 i-i BRIUeCTh ¢ — 1-YI0 CTPOKY, YMHOXKEHHYIO Ha T,,. [Ipn 3TOM B TToc1e1-
HEM CTOJIOIE ¢-if 9JIeMEHT CTaHeT HyJIeM. Y Ka3aHHbIe AeifiCTBUs BBIIOJIHEM IIOCIEI0BATEILHO

JIJIsI CTPOK € HOMepaMu ¢ =n,n — 1,...,2. B pe3yjbrare HaX0auM
1 1 e 1 1
det V(zy,...,x,) = det 1 dn T2 dn o Tn—1 7 In 0
22wy —x,) oy A (we —xn) ... 2" (o1 —xn) O

[Ipumenum Teopemy Jlammaca J/1g pa3io:KeHUs ONPEIeJTHTEII 0 MOCTAeTHEMY CTOJIOIY:

det V(zy,...,2,) = (=1)"" (z1 — 2p) (02 — 20) ... (Tpy — ) det V(2y, ..., 20 1)

= (xp—x1)(p — 1) .. () — 2p1) det V(xq, ..., 20 1).

JlokazaTe/bCTBO 3aBepliaeTcd M0 UHAYKIUA. [

CaenctBue 1. Onpedesumensy Bandepmonda 6 cayuae nonapro padiusHbls SUces omauier
oM HYAS.

CaenctBue 2. Fcau gpynxuyus euda (*) PaABHA HYA0 OAA N NONAPHO PA3AUMHBLE 3HAUEHUL
T, mo
Po = pP1 = ... = ppq = O.

Orcro/1a BRITEKAET JIMHEHHAS HE3aBUCUMOCTh OJHOWIEHOB KaK (hYHKIINI Ha JTIOO0M (HPUK-
CUPOBAHHOM OTpE3Ke.

3anava. /lambl mONApHO PA3IUIHBIE YUCTA L1, - - -, Tny Y1, - - -y Yp U A3BECTHO, YTO IS KAKUX-TO TUCE]T
Uy, «.., Uy MHOTOYUJIEH
n n U
— J
fa@) = [ —w) D>
k=1 j=1 Yi
obpalaercst B HyJib IpA & = 1, ..., Tyn. JdOKa3aTh, 9T0 4] = ... = u, = 0. BeiBecTu 0TCIOHa HEBBIPOK IEH-

HOCTb M X N-MaTPUIBL ¢ d7eMeHTaMu 1/(x; — y;).

12.4 Ilpamasa cymma moAOPOCTPAHCTB

B smuneiinom mpocTpaHCTBe HapgLy € pa3/iozKeHUsIMH BEKTOPOB I10 OA3UCY YaCTO MPEICTaB-
JIAIOT UHTEPEC TaKKe pas3IoyKeHHs BEKTOPOB M0 HEKOTOPBIM CHCTEMaM IIOIIPOCTPAHCTB.
[Tycts Wy, ..., W,, — moanpocTpancTBa B JUHEHHOM ITpocTpancTBe V. MHOXKECTBO

W=Wi+..4Wh={w=wi+...+wy,: w €Wi,...,w, € W,}

HazbiBaeTcst cymmot nogupocrpancts Wy, ..., W,,. Koneuno, W sBjisieTcsi noaimpocTpaHCcT-
BOM B V' (I0Ka3aTebCTBO JJIsk CYMMBbI JABYX IOJIPOCTPAHCTB JIETKO 3JANTHDYETCS U K CJIy-
a0 CyMMBI M TOAIPOCTPAHCTB).
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B cinyuae, ecam jiig moboro Bekropa w € Wiy + ... + W, B pasjoxenuun
W=wy+...+w,, w €W, ..., w, € W,,

BeKTOpBI w1 € Wy, ..., w,, € W, onpeleadioTcs OJHO3HATHO, CYMMa JAHHBIX IOJINPOCT-
PAHCTB HA3bIBAETCS NPAMOT cymmoti. [lonmpocTpaHcTBa, CyMMa KOTOPBIX SIBJISAETCS IPSIMOIi,
HA3BIBAIOTCS AUHETHO HE3AEUCUMBLMAU.

Ecmu eq, ..., e, — m0basg TuHEHHO He3aBHCHMasl CHCTEMa BEKTOPOB, TO CyMMa HX JIH-
HeHHBIX 000JI0UeK

W =L(e1)+ ... + L(ey)

SIBJISIETCS MIPSMON CyMMOIT. DT0 HaOII0AeHne 0000IIAeTCs CIeaYIOMIM 00Pa30M.

Teopema. Ilycmo V. — koneunomeproe npocmparcmeo u Wy, ..., W,, — e2zo nodnpocm-

pancmea. Cymma

ABNAAECNCHA NPAMOT CYMMOT Mo20a U MosbKo mozda, Kozda 00seduHeHUEe NPOUBOALHO Gbl-
bparnvr 6asucos das Wy, ..., Wy, daem 6asuc noonpocmparcmea W.

HokazarensctBo. I[lycts W aBnsgerca npsamoit cymmoii. [Ipegnonoxkum, aro dim W; = n;,
u pacemorpuM Wy, ... W, Kak JuHeiHbIe 000J09YKH CBOUX OA3UCOB:

W1 :L(vll,...,vml), Wm:L(U1m7-~-7vnmm>-

Jlokazkem, uTo 00beauHeHHe OazncoB obpasyer Oasuc B V. fcuo, aro W ecthb nuHeiinas
000J1049Ka 00 beInHeHns 6a3uCoB:

W:L(Ull, cevy Ungtly ooy Ulmy - ooy Unmm)'

[TosTomy octaercs qumb yOoequTbcs B JUHEHHOW HE3aBUCHMOCTH BEKTOPOB OObEINHEHUS
6asucos. [lycth w — mpouwsBo/bHAs JuHEiTHAsT KOMOMHAIMS 3TUX BEKTOPOB. JaluIleM w

BHJE W = Wi+ ...+ Wy, Tae w; € W;, 1 =1,...,m. Ecim w = 0, TO B CuJly e JMHCTBEHHOCTH
BeKTOpOB wy € Wi, ..., w,, € W, JaHHOrO pa3joxKeHUd IMOJyIaeM wW; = ... = W,, = 0.
Otciona ciaenayer, 9To Bce KOIMDDUIUEHTHI B pasyiokeHud w = 0 M0 00beIMHEHHONU CHCTEMe
Ully -+ oy Unyly -«+y Ulmy « -+ Un,,m DABHBI HYJIIO.

IIycrp rTenepbp o0bejunenue OasumcoB mnojamnpocrpancrs Wy, ..., W,, naer 0Gasuc W.
E,ZLI/IHCTBGHHOCTB pa3JioKeHud BEKTOpa II0 6a31z1cy O3HavaeT €JUMHCTBEHHOCTH BEKTOPOB
wy, € Wh, ..., w, € W,, B pazjioxennn w = wy + ...+ w,. O

Bagaua. JlokaxkuTe, YTO MPOCTPAHCTBO MaTpul, R™*" gapjsercs mpsMoii CyMMOH MOAMPOCTPAHCTB

CHMMeTPIIHBIX MaTpuI (Takwux, uto AT = A) m KococmMMeTpnanbIX MaTpuI (Takux, uto AT = —A).

12.5 JlonosHUTEJIbHBbIE TPOCTPAHCTBA U MPOEKIINNI
Ecmm muneiiroe npoctpancTtBo V' gBiieTcd mpaMOil CyMMO#M CBOUX HOAITPOCTPAHCTB
L+ M=V,

To M mHazweBaercs donoanumesvrovim npocmpancmseom g L. B cuny cummverpun cyMmbl
OYeBHIHO, YTO L dABJIgeTCs JONOJHUTEbHBIM i M.
B Takux ciydagax A JI000TO BeKTopa v € V' CcyIIecTBYeT eIMHCTBEHHOe Pa3JI0ZKeHNe

v=x+y, tiae x €L, yé&eM.
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Bekrop @ HasbiBaercsi npoekyuel] BEKTOpa v Ha HOJIPOCTPAHCTBO L napaaseavro (BAOIL
noanpocTpactsa) M, a y — npoexiweii BekTopa v Ha M mapasrensro L.

YrBepxkaenue. Cymma dsyx nodnpocmparcme L+ M asasemesn npamoti mozda u moavko
moeda, koeda LN M = {0}.

HokazareascTBo. Ilyctb cymma npsavag u x € L N M. Torpa Mbl uMeeM JiBa pas3/iozxe-
g r = ¢+ 0w x = 0+ 2, B KOTOpPLIX TepBbli BekTOp u3 L, a Bropoit uz M. B cury
e IMHCTBEHHOCT! KOMIIOHEHT pa3ioxkernusd, x = 0.

[Tycts teneps LN M = {0}, u iyctb 21 + Y1 = T2 + Y2, x1,22 € L, y1,y2 € M. Orcriona
xl—xgz—(yl—yg)GLﬂM = 1’1—I2:—(y1—y2)20 = X1 =122, Y1 =Y. U

[TPUMEP. B nauneiinom npoctpancTse V Beex ¢cBOGOJHBIX BEKTOPOB (painyc-BEKTOPOB)
PACCMOTPHUM TLIOCKOCTH L 1 mpaMyto M, Ipoxosiue depe3 Havaa0 KoopawHat. Eean nps-
Mag JIEZKHUT B ILIOCKOCTH, TO cymMa L + M pasua L u He gpisiercs npamoit. Bo Bcex npyrux
caydasax umeeM npamyio cymmy V = L + M u MoxKeM pacCMaTpuBaTh MPOEKIIUU PAIHYC-

—

BekTopa OA (Toukn A) Ha JAHHYIO MJIOCKOCTH MAPAJIETBHO MPSIMOH U HA MPSIMYIO Mapas-
JIEJTbHO TIJIOCKOCTH.

12.6 BpluucieHne NoAIIPOCTPAHCTBA

[Tox BbIYMC/IEHEEM KOHEYHOMEDPHOrO mojnpocTpancTBa W B jmHeiiHoM mpocrpancrse V'
OOBITHO TOHNMAETCSI TTOCTPOEHHE KaKOT0-JInb0 ero Da3nca — JUHEHHO HE3aBUCHMON CHCTEMBI
BEKTOPOB W1, . . ., Wy, Takoil, uro W = L(wy, ..., wg), k= dim W,

[TPUMEP. Ilycrs noanmpoctpancrsa Wy, Wy C R® onpenesioTes ciieLyomm 06pasom:

e IV} — MHOKECTBO BCeX penieHuil 0IHOPOIHON CHCTEMBI

r1+axstaztast+as = 0,
rat+ws = 0

e V5 — MHOXKECTBO BCeX pelreHuil 0IHOPOIHON CHCTEMBI

I1+ZE2—|— ZL’3+IL‘4+ Ty = 0,
2x3 + T4 + 275
Ty — 0.

I
o

Tpebyercst BeraucmTh noanpoctpanctsa Wy, Wo, Wi+ Wy u Wi (| Wh.

Obo3raunM MaTpuipl Ko3ddunueaToB JaHHBX cucteMm depe3 A u B. Torna

1 1 1 1 1
=[P mfo 0o o | Wil Wokan
0O 0 0 01

Marpumsl A 1 B UMe0T BEPXHIOIO CTYIEHYaTyI0 (hopMy ¢ YHCJIOM CTyIeHeHel 2 u 3, coOT-
BeTCTBBeHHO. [loaToMy
rankA =2, rankB=3 = dimW;=5-2=3, dmW,=5-3=2.

(PazmepHOCTH ONPEIENSIOTCST TEOPEMOR O CTPOCHNH MHOYKeCTBA PEIeHu i OMHOPOTHON CHC-
TeMbl JIMHEHHBIX aJrebpandecKux ypaBHeHHil. )
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Hasee, B marpuiie A 6a3uCHBIME SBJSIOTCS, HAIpUMED, cTo01bl ¢ HOMepamu 1, 4. TTo-
TOMY B KadecTBe OA3MCHBIX MOXKHO BHIODATH HEM3BECTHBIE I, X4 OCTAJIbHBIE HEU3BECTHHIE
To, T3, Ts OYIYT CBOOOIHBIMMU:

ro=1 23=0, 25 =0 = 1 =—1, z4 = 0;

To=0, z3=1, 25 =0 = r1=—1, x4 = 0;

o =0, 13=0, x5 =1 = r1 =0, z4=—1.

Takum obpazom,

-1 -1 0
1 0 0
Wi = L(pi,p2,p3), tae pi=| 0|, pp=| 1], pp=| 0
0 0 —1
0 0 1

B marpune B 6a3sucHbIMEU ABJISIOTCS, HapUMep, CToJIONb ¢ HoMepamu 1, 3, 5. Heussect-
HBIE T1, T3, T — OA3UCHBIE, a HEU3BECTHBIE I, T4 — CBOOO/IHBIE:

To=1, 24=0 = r1=—1, x23=0, x5 = 0;
To=0, z4=1 = 1‘1:—1/2, ZL‘3:—1/2, x5 = 0.

Takum obpazom,

—1 ~1/2

1 0

Wy = L(Q1,CI2), rae q1 = 0, g3= —1/2

0 1

0 0

Hanee, Wy + Wy = L(p1, p2, p3, ¢, ¢2) =imC, rae

-1 -1 0 -1 —1/2
1 0 0 1 0
C = [p1, P2 P3, @1, @) = 0 1 0 0 —1/2
0 0 -1 0 1
0 0 1 0 0

[IpocToe BhIUHCTIeHHE MOKasbiBaeT, 4To rank C' = 4, a 0a3MCHBIMHU SBJSIOTCH, HAIPHMED,
cToMONBI ¢ HOMepaMu 1, 2, 3, 5. [TosToMy BEKTOPBI p1, P2, P3, (2 JHUHEHHO HE3ABUCUMBI 1

Wi+ Wy = L(p1, p2, p3, ¢2), dim(W; + Ws) = 4.

Haxkownern, B cuy Teopembr ['pacemana, dim Wy (\ Wy =3+ 2 — 4 = 1. B nansom caydae
MOXKHO 3aMETHTb, 4TO Py = ¢1 = p1 € Wi () Wa. CrenoBaresbHo,

Wi ﬂ Wy = L(p1>~

KOHeqHO, JJid IIOUCKa IepecevdeHud B JaHHOM CIy4dae MO2KHO TaKzKe€ 3aMETHUTb, YTO BEKTOD
x upuragnexkur Wi (| Wy Torma n Toapko Torma, korga Az = 0 n Bx = 0. Takum o6paszom,

WlﬂWgzkerAﬂkerB:{x: [g}x:[g]}
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B obmiem ciaydae BeIYHC/IeHTE TIepecevdeHusl MOIITPOCTPAHCTB
W= L(ay, ..., ap)[ ) L(b1, ..., bw)
CBOJIUTCS K PEIIEHWIO OJHOPOIHON CHCTEMBI JIUHEHHBIX aIre0panvdecKux ypaBHeHU
xria1 + ... +xpar + y1b1++ymbmzo (*)
C HEW3BECTHBIMU L1, ..., Tk, Yi,---,Ym. VI3 PaBeHCTBA () SCHO, 9TO
v=ma;+ ... +xrar = —(y1by + ...+ Ymby) € WL

[Mycrs r = rank[ay, ..., a, bi,...,by,]. Torna dysgamMenTasbaas cucreMa BEKTOPOB st (%)
cocTouT u3 k + m — r BeKTOPOB BUJA

S11 S1k+m—r
Sk1 o ! Sk k4+m—r ’
rae KOMIIOHEHTDhI Slj) ey Sk‘j COOTBETCTBYIOT HEU3BECTHLIM Tq,...,Tk. HOCHQ TOIr'0, KakK (I)yH—

JaMeHTaJbHas CHCTeMa IOCTPOEeHA, MOy IaeM
W =L(v1, ..., Ukm—r), v = S15a1 + ... + Sgjag, j=1,...,k+m—r.
[Ipejnoioxkum, 410
dim L(aq,...,a;) =k, L(by,...,by) =m.

Torga B cuty Teopemsr ['pacecmana dim W = k 4+ m — r, mosToMy BEKTODBI U1, ..., Ukim—_r
Oy IyT JTUHEITHO He3aBUCHMBI.
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13.1 JIuneiitHble MHOroobOpa3us

[Iycts W — moampocTpaHCTBO B JUHEHHOM TPOCTPAaHCTBE V' W T — HEKOTOPBHI BEKTOP W3
V. MHuoxkecTBO BEKTOPOB BH/Ia

M={v=x+4+w: weW}

HA3BIBACTCS AuHelinvMm MHo200pasuem B V. Oboznavenne: M = x + W.

[ToanmpocTpancTBo W Ha3BIBaETCA HANPABAANOUUM Npocmparcmeom nnag M u onpenens-
eTcd 1Mo MHOXKecTBY M onHOo3HaYHO. B camoMm jieste, mycTh

M:x1+W1:x2+W2.

Orciona x1 — xo € Wi Wa. Ilyers y € Wi, Torma y + (x1 — x9) € Wy =y € Wa.
Ananornuno, eciu y € Wy, oy + (29 — 1) € W = yeWp. O

Ilnsg M = x + W BekTOp T Ha3bIBAETCSA 6exmopom cdeuza. B KaduecTBe BeKTOpa CIBUTA
MOKHO B34Tb J1I000# BekTOp U3 M:

M=xz+W=y+W vV ye M.

JleiicTBUTENBHO, IYCTh Y = T + Wy Jas Kakoro-to wg € W. Torma, ecnin z = x + w npu
HekoropoM w € Wm0 z =y + (. —y) + w = y + (—wo + w). Buaunt, x + W C y + W.
O6paTHoe BK/IIOYEHNE JIOKA3BIBAETCS aHAJOIMIHO. [

Ecium W — KoHeuHOMEpPHOE HPOCTPAHCTBO, TO €I0 Pa3MePHOCTh HA3LIBAETCHA TaKzKe pas-
MEepPHOCTBIO JInHeiiHoro MHoroobpasusa M = x + W.

ITIPUMEP 1. MuoxkecrBo pemennii cucrembl Ax = b ¢ m X n-Marpuiieil paura r mpej-
cTaBJsgeT coboii uHeiHoe Muoroopasue v + W, rme v — gacTHOe pelleHne TaHHoil cHcTeMbl

u W = kerA.

ITIPUMEP 2. Ilpamas Ha IJIOCKOCTH HJIU B TPEXMEPHOM IIPOCTPAHCTBE — 3TO JIMHEHHOE
MHOTo0ObOpazue paszmepuoctd 1. IL10cKocTh B TpexmMepHOM MPOCTPAHCTBE — ITO JIMHEHHOe
MHOroobOpasue pa3MepHOCTH 2.

[Ipu w3ydenun MUHEHHBIX MHOTOOOPA3Uii JIEMEHTHl BEKTOPHOTO MPOCTPAHCTBA OOBIYHO
HA3bIBAIOT Movkamu. [1o aHaIoOrum ¢ reoMerpuyecKuM IIPOCTPAHCTBOM, MOYKHO JyMaThb O
BEKTOPAX KaK O PAJIMyC-BEKTOPAX, OTJIOKEHHBIX OT 00IIeil HavaJibHO TOYKH, OTOZKIECTBIIS-
eMOW ¢ HyJIEBBIM BEKTOPOM.

3amaua. Jlokaykure, 9TO IBa JUHEHHBIX MHOr000Opasusa ai + Ly M as + Lo ¢ HATPABISIOMINMHA TIOI-

npocTpaHcTBamMu L1 Lo TiepecekaroTcss TOTIa W TOIBKO TOTHA, KOTAa ai; — as € Ly + Lo.

7
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13.2 AddunHbIEe MHOXKECTBA

[lycts © # y — ABe TOYKHU B JinHeitHOM npocTpaHcTBe V. MHOXKECTBO TOYEK BUIA
l={2=2+tly—x), teR}

Ha3bIBACTCA NPAMOL, TPOXoadieil yepe3 Touku x u y. Muoxectso M C V nasbiBaercs
aPPUHHBLM MHOHCECTNBOM, €CTTH BMECTE € JIIOOBIMHI JBYMsI TOUKAMHU T 7 Y OHO COJIEPKUT BCE
TOYKH IPOXOJIANIEH depe3 HUX NMPAMOM.

yTBep}K,ZI;eHI/Ie. Jlunetinoe MH02006p03Uﬂ U moaAdbKo OHU ABAANINCA agﬁgﬁunﬁumu MHO-
acecmeamu.

HokazarensctBo. Ilycts M = x5 + L — nuneiinoe MHOrooOpasue ¢ HaIPaBJISAIOIIHM
TIPOCTPAHCTBOM L W BEKTOPOM caBuTa Xo. Ilycth v = 29 +u, u € Lmy = x9+ v, v € L.
Torna v —u € L u nosromy = + t(y — ) = x9 + t(v — u) € L nas 106X t.

Temepsr npemanonoxum, aro M — addunnoe MHOKeCTBO. 3aduKCUpyeM TOUKY Tog € M
U PAcCMOTPUM MHOXKECTBO

L={z€eV:z=x—ux, v M}
Jokazkem, uTo L — jmHeiiHOe TOANPOCTpancTBO. Bo-1epBoix, ecjim z € L, TO

az = (zo+ alr —x9)) — x0 € L.

T1 + T
Bo-BTOpHIX, eciit 21 = X1 —Tg € LU 29 =29 —x9 € L, T0 21+ 20 = 2z, e 2 = — Zg.
Ocraercst 3aMeTHTH, ITO
T+ T2 To — X1
T:x1+T€M = z€L = 2z€lL = z1+zxmn€elL. O

JI1060€ MHOXKeCTBO TOUEK S COMEPIKUTCA, KOHEYHO, B HEKOTOPOM ahdUHHOM MHOZKECTBE
(manpumep, B V). Ilyers M — nepecedenue Beex TakuX adOUHHBIX MHOXKECTB. ICHO, 4TO
M oyner Toxe apPUHHBIM MHOXKECTBOM, IIPUYEM HAUMEHBLITUM apUHHBIM MHOXKECTBOM,
comepskamuM S. OHO HazbIBaeTCs addunnoti 060.404K0T MHOKECTBA, S.

13.3 TI'mnepruiockocTu

[Iycts V' — BemecTBeHHOE JTUHEHHOE MPOCTPAHCTBO pa3MepHocTH n. JIioboe JguHeiinoe MHO-
roobpaszue M = vy + L C V pasmeprHoctu n — 1 Ha3bIBaeTCd 2UNEPNAOCKOCTNDIO.

[Tockonbky V uzomopduo R”, gapaiite cuntarh, uro V = R", n paccMOTpUM ypaBHEHHE
OTHOCUTEJIbHO BEIEeCTBEHHBIX HEU3BECTHBIX L1, ..., Tp

ary+ ...+ cpr, =0b. ()

e XoTd Obl OJHO U3 4YuceJ1 ¢; OTJIMYHO OT HYJIA.

YrBepxkaenue 1. Mnoowcecmeo ecex sexkmopos u3 R" ¢ xoopdunamamu x1, ..., T,, y006-
AeMBOPAULUMU Ypasreruto (%), ecmov eunepnaockocmov. Kpome mozo, aobas 2unepnioc-
KOCMb MOAHCEM ObiMb 360AHA KAK MHONCECMBO PeuleHul HEKOMOopo20 YPasHeHUA 6uda (*).

Jloka3zaTeabCcTBO. YpaBHeHHe (k) — 39TO YaCTHBIH cJaydail cucTeMbl JUHEHHBIX anarebpa-
MYeCKUX yPaBHEHWH, COCTOAIIEH X oiaHOro ypasHeHusi. Marpuia ko3dduiineHToB umeer
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pasmepnl 1 X n, u, HOCKOJIbKY HE BCE ¢; PABHBI HYJIIO, ee panr paser 1. O4ueBugHO, cucTema

copMecTHa. O003HAYMM 9epe3 Vg, ..., Up_1 BEKTOPBI (PyHIAMEHTAILHONR CHCTEMbI DENICHHUI,
W MyCTh Uy — NPOU3BOIBHOE YacTHOE perieHwe. Toraa MHOKECTBO pellieHnil cucTeMbl (%)
uMeeT BUJ g + L(vy, ..., Uy 1) U TIOITOMY SIBJISIETCSI THIEPILIOCKOCTHIO.
[Iycts M = vo+L(vy, ..., Vp_1) — OPOU3BOIBHAS TUIEPILIOCKOCTL. O6pasyem nx (n—1)-

marpuiy B = [vq, ..., Up_1] ¥ PaccMOTpUM ypaBHEHHE

C1

BT |...| =0.
Cn

Panr marpunpl KoshUIueaTos paper n — 1 = cuUCTeMa UMeeT HeTPUBUAILHOE PEeHIeHUe
c=lcy, ..., cy]". Ouennmno,

M={z=v+ Bz, ze€R"'}L

VMHOXKHUB 06€ 9acTH PaBeHCTBA T = vy + Bz cjleBa Ha MATPHILY-CTPOKY ¢, HAXOAUM

c'r=cvy+(c"B)z=c"vy = cxi+...+coxy=>b b=c'uv.
OcTaeTcs 3aMETHTD, 9TO Uy €CTh 4aCTHOE PelleHHue IMOJIYICHHO! CHCTeMBI, a CTOIONbI MaTpU-
s 0 )
bl B 00pasyior pyHIaMeHTAILHYI0 CHCTEMY pPeIleHuil 11 COOTBETCTBYIOIMEH OIHOPOIHOIM
cucreMbl. [

YrBepxkaeuue 2. Jloboe aunetinoe mmozoobpadue pasmepHocmu k AGAAECMCA NepeceeH-
em n — k 2unepnaockocmer.

HoxkazarenscTBo. [lycts mannoe maorooopasme nmeet sujg M = vo+ L(vy, ..., vy). Toraa
x € M ectb BexkTop Busa T = vg+ Bz, e B = [vy, ..., v, 2 € R*. Pacemorpum ypasuenue
B'y=0.

[Tockonbky rankB = k, dpyHgaMeHTaJ bHas CUCTEMa PEIICHUE CONepkKHUT N — k BEKTOPOB.
O6o3Ha4YuM UX Yepes aq, ..., a,_1. laree,

T T T T
a; = a; vo+ (a; B)z = a; vo.
Ciie10BaTeALHO, T NPUHAIICKHUT IIePECeYCHUIO THIIEPILIOCKOCTE
T T <
a; x="b, b =a;v 1<i<n—k.

B 1o xe Bpems, mepecedeHne 3TUX T'UIIEPILIOCKOCTEH eCTh JUHEHOe MHOrooOpasue TOi Ke
pasMepnocTn. [

3aMeTuM, 4TO CHCTEMbI THIEPILIOCKOCTell, Jafolnre B mepecedenun M, MOXKHO BBIOPATH
MHOTEMH criocobamu. 113 qokazareibcTBa BUJIIHO, 9TO UX CTOJBKO, CKOJIBKO mMeeTcs (PyH/1a-
MEHTAJbHBIX CACTEM PEITeHUil ypaBHEHUS BTy = 0.

13.4 IlomympocTpaHCTBa

JTiobasi TMTIePIIOCKOCTD T & C1T] + ... + ¢y = b (¢’ = b) Bogenser B R™ nsa nommuo-
JKeCTBA!
m_={z:c'x<b}, mp={r:c'z>0b} T_Nmy =T,
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DTU NOAMHOYKECTBA HA3bIBAIOTCS (“OTPHIATENbHBIM” W “IOJOKUTEIBHBIM) NOAYNPOCT-
parcmeamu. B ciaydae MIOCKOCTH B TPEXMEPHOM MPOCTPAHCTBE OHU yZK€ W3yYaJnCh B
pazaese 7.12.

VrBepxkaenue. Touku T,y ¢ T npuHadiescam pasHbM NOAYNPOCTNPAHCIEAM M0204 U
moavko mozda, kozda x + t(y — x) € T npu wekomopom 0 < t < 1.

dokazarenscTBo. Ilycts 174 onpenenernoctn © € m_ u y € 4. lorga ypaBHeHne
T —
¢c(x+tly—x))=0>

HMeeT PelleHune
f b—c'x B b—c'x
Ccely—x) (b—cTaz)—(b—cTy)

npudem ¢ oueBuHOCThIO 0 < ¢ < 1. Ecam xe z,y € 7 (m4), To npu qobom 0 < ¢ < 1
Haxoqum x + t(y —c) € m_ (my). O

13.5 DBrinykJjble MHOXKeCTBa

[Iycts V' — smuHeiiHOe mpocTpaHcTBO U X,y € V. MHoxecTBO TOUYeK BUaa = + t(y — x) =
(1 —t)x +ty, 0 <t < 1, HazsiBaeTcst ompeskom, coenuugomum x u y. Muoxectso M C V
Ha3bIBACTCH GHINYKADIM, €CJIH BMECTE € JIIOOBIMEU JBYMS TOYKAMH OHO COJIEPZKHT BCE TOYKU
COeJIMHATIONIET0 NX orpe3ka. Touku, mosydaembie pu 0 < ¢ < 1, HA3BIBAIOTCSA SHYMPEHHUMU
MowKaMy OTPE3Ka.

Jliobble moympocTpancTBa B R” — BHIIYKJIbIe MHOXKecTBa. 10 Ke BEpHO U /I Iepece-
YeHns JI00r0 YNC/Ia TOAYIPOCTPAHCTB. DTO cJencTBre Hosiee ODIIEro u 0O9eBUIHOIO (DAKTa:
nepeceverue 4100020 YUCAG BHINYKABLL MHONCECTNE ABAACTNCA GUNYKADIM MHOHCECTIEOM.

B omnpenenennoMm cMmbicie IBORCTBEHHBIA ITOAXOJ K MOCTPOEHHUIO BBIMYKJIBIX MHOYKECTB
takoii. ITycth vy, ..., vp € V. Torna BekTop

U:t12}1+...+tk7)k, tzZO, t1+...+tk:1,

Ha3bIBAETCSI 8bINYKAOT KOMOUHGUUET BEKTOPOB V1, ..., Ug. MHOXKECTBO BCEX BOBMOYKHBIX BbI-
MYKJIBIX KOMOWHAIIUI 33 aHHBIX BEKTOPOB HA3BIBAETCS UX B8bINYKA0U 000404KOT.

YT1BepxkaeHue 1. Bunykiaa 00040uka 6eKMOPOS ACAALNCA GONYKADIM MHOHCECTTIEOM.

HoxkazareabcTtBo. Ilycth x = aqvy+...+apup uy = frvg+... Brvg. Tormanpu 0 <t < 1
oIy 9aeM
k

L=ttty = ((1-t)a;+ts)v.

i=1
Ecm Y a; => 6 =1 n oy, §; > 0, T0, 04eBHIHO,
k
(M=t +t8) =1, (1-t)a+t3>0 O

i=1

Hanpumep, B TpexMepHOM TPOCTPAHCTBE BHITTYKJ/Iast 000JI0YKA TPEX TOUYEK, He JIeYKAILIX
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Ha OJIHON TPAMOil, npejcTaB/iasger coOO TPEYroJibHUK C BEPIIUHAMU B 9TUX TOYKAX. BBIITYK-
Jast 000JI0YKa YeThIpeX TOYeK, He JeKAIINX B OJHON MJIO0CKOCTH, €CTh TeTPasp.

YrBepxkaeuue 2. [lycmov M — swnyxaoe muooicecmso. Tozda emecme ¢ a10001 cucmemot
mouex M codepotcum yesurom U uT 6unykAY0 000404KY.

HokazareascTBo. Eciu t; > 0, 10

k k k

Ztivi:tlvl_‘_(l_tl) Zli—ltlvl s Zli—ztlzl

i=1 =2 1=2

Jlajtee pOBOANM WHAYKIIUIO MO YUCTAY TOYeK k. [

Jioboe (B TOoM unciae W GECKOHEYHOE) MHOXKECTBO TOYEK S COMEPKUTCS B HEKOTOPOM
BBIIIYKJIOM MHOYKECTBE (JIOCTATOYHO Y9eCTh, 4TO JH000e adDUHHOE MHOKECTBO SIBIISIETCS
BBIIYKJIbIM). [lepecedenne Beex TAKMX MHOXKECTB Oy/IeT HAMMEHBIIUM BBITYKJIBIM MHOZKECT-
BOM, coepzKamuM S. OHO HA3BIBAETCA 8biNyKA0U 000.40uk0T MHoHCcECMEa S. JIETKO BUIETD,
910 ecau S — KOHEYHAs CHCTEMa TOYEK, TO ee BBIMYK/ias 000J0TKA COBIAIAET C BBITYKJION
000109K0IT MHOZKECTBa, S.

3agauya. Marpuma A € R™ ™ naspBaercsa deoaxocmoracmuueckoti, €Clii BCE €e 3JIeMEHTbl HEeOTPH-
[IATEIbHBI, 8 CyMMa, JIEMEHTOB B KaXKJIOH CTPOKE W KayKIOM CToyOIe paBHa 1. Jloka3arh, 9TO MHOKECTBO
BCeX IBOAKOCTOXAaCTHYICCKUX MATPUILL IIOPAJKaA N ABJAAECTCA BBIIIYKJIbIM W HalTH BCE ero Yenoevie TO9YKU (TaK
Ha3bIBAlOTCA TOYKH MHO2KE€CTBa, HE ABJIAIOINKUECAd BHYTPDEHHUMHA HHU OJId OJHOI'O OTPE3Ka, IIPHUHAIAJIEXKAIIEero

JIAHHOMY MHOYKECTBY ).
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14.1 KoMIiiekcHble 4ucjia

Kak u3BecTHO, KBaJipaTHOE YpaBHEHHE ¢ BEITECTBEHHBIME KOADMHUIIIEeHTAMI MOKeT He UMeTh
BelecTBEHHbIX pernernii. PopMaabHO NOJTOKEHHE JIETKO MONPABUTD, BBE/I JI/Isi 0003HAYEHU S
HECYIIEeCTBYIOIINX PereHnit Hekne “abctpakTHbie yncaa’. Ho ogaux obo3HaueHnil, KOHETHO,
MaJj10. BaxkHo onpeie/IuTh onepanuu CJI0KeHUsT U YMHOXKEHHS JIJIS HOBBIX YHCEJ TaKUM 00-
pa3oM, 9TOOBI OCTAJIUCH B CHJIE IIPUBBIYHBIE CBOMCTBA 9TUX ONEpAldi HAJI BEIIECTBEHHBIMU
YUCTAM.

B kauecrse “abCTpakTHBIX YUCEA’ PACCMOTPUM 2 X 2-MaTPHILLI CIIEIHUATBHOTO BUJIA

z:z(a,b):[z _ab} a, beR. (+)
O6o3naunm dyepez C MHOXKECTBO Bcex TakuxX MaTpuil. Onepaiun CJIOXKEHUs W YMHOKEHUS
“abCTpaKTHBIX 4dmces” OHPEAE/IMM KaK COOTBETCTBYIOIIME OIEPAlNK HAJ MAaTPUIAMU. IDJjie-
MEHTAPHO MPOBEPAIOTCS, YTO OHU 0OJIAAI0T CASAYIOIMIUME CBONCTBAMM.

(1) Ecavu,veC, mo u+veC u uveC.

(2) Jhobas nenyaesasn mampuya z = z(a,b) € C obpamuma, a coomsememesyrouas
06pam1as MaMPUYA uMeem 6uod

4| c —d o a g —b
© T ld e | ‘Tetrre T et
(3) Mwnoorcecmeo C ommocumensvo onepayut CAONHCEHUA MAMPUY, ABAAEMCA abesesol
epynnod.
(4) Mnoowcecmso C\{0} ommnocumervro onepayuy, YMHoMCEHUA MAMPUY, ABAAEMCH abe-
neeot 2pynnod.
(5) Hmeem mecmo ducmpubymusrnocmsv: z(u +v) = zu+ zv ¥V u,v,z € C.

Ecin B yrBepxaenuax (3)-(5) 3amennts C na R, To momyvarcs ocHOBHBIE CBOHCTBA Ole-
paruit Ha BemecTBeHHbIME dncaamu. [losromy smementsr muoxkecrsa C jrornano paccmar-
pUBaTh KaK 4UCIA. DTO U OYJIyT TAaK HA3bIBAEMbIE KOMNACKCHBIE YUCAQ.

BermecTBeHnble YncIa @ W b HA3BIBAIOTCS COOTBETCTBEHHO BEU,LCMBEHHOT W MHUMOT
9aCTBHI0 KOMILIEKCHOTO 4ucia z = z(a,b) Oboznauenue: Re(z) = a, Im(z) = b. Pacemor-
PHM JIBe CHEIUAIbHbIC MATPHIBI BHIA (*):

|10 . |0 =1
CTlo1] 'T|1 o0
JIerko BUIeTH, 4TO
z = z(a,b) = ae + bi, a,beR. (xx)

93
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ManI/IHa € BLIIIOJHACT POJIb €JAMHUYIHOI'O JIEeMEHTa OTHOCHTEJIbHO OI€paluH YMHOXKCHUA.
Marpuity Buja ae ecreCTBEHHO OTOXKJIECTBUTH C BEIEeCTBEHHBIM 4HCJIOM a. Torma e = 1 - e
OTOXKJIECTBUTCS C IUCJAOM 1, & COOTHOIIEHHE (k) TIPUMET BH/

z = a + bi,
U IIPU 3TOM, KaK JIEIKO IIPOBEPUTh,
2 -
i"=-1 (—1 oroxgecTBasieTCs ¢ MATPHUIEH —e).
Hecmoxxu0 poBepuTh, uTo ypasHenune 22 = —1 umeer Ha Muoxkectse C B TOUHOCTH J1Ba,

pemenns z = +i. OTcioga MOKHO BBIBECTH, UTO JIO0O0E KBaJApaTHOE ypaBHEHHE C BeIleCT-
BeHHBIME KO dunuentamu umeer nsa (mHOrma copnaiaromux) penrerus u3 C. Mbr ckopo
YBHIUM, 9TO TO K€ BEPHO ¥ /I KBaJPATHBIX YPABHEHUI ¢ KOMILIEKCHBIMU KOdpunmenTa-
MHU.

Koneuno, KOMIIEKCHBIE YHCTAa MOYXKHO OBLIO OBl BBECTH 0€3 HCIOIB30BAHUS MATPHIL —
CKa3aB, 4TO 3TO napbl (a,b) BENECTBEHHBIX YHCEJ, /I KOTOPBIX OIEPAIMU OLPEIe/ISIFOTC
IpaBuJIaMu

(a,b) + (¢,d) = (a+¢,b+d), (a,b)(c,d) = (ac — db,ad + bc).

[Ipumercst H3MEHUTD JIUIIb HEKOTOPBIE JETATH JTOKA3aTeIbCTBa CBOHCTB (3)-(5).

Hamr maTepec K MCHOMB30BAHUIO MATPHIL BUIA (*) OODBICHIETCS TE€M, 9TO OHU TTO3BOJIH-
JII HaM TOJIYYHUTb MCKOMbIE “aOCTpaKTHbIE YHMCIa’ KaK yyKe 3HAKOMble 00BEKThI ¢ XOPOIIO
U3yYEeHHBIMHU CBOMCTBAMH.

14.2 KoMiiekcHad IIJ0CKOCTDH

PaceMoTpuM mI0cKocTh ¢ JiekapToBoit cuctemMoii koopauuat. Ilycrs (a,b) — touka (paaumyc-
BEKTOD) ¢ KoopauHartamu a,b. Oguesuino, (a,b) < z = a + bi ecTh B3aNMHO-OTHO3HAYHOE
COOTBETCTBHE MeXKIy TOYKAMH (PaJnyCc-BEKTOPAMH) MJIOCKOCTH ¥ KOMILIEKCHBIMHU THCIAMH.
[110CKOCTh, TOUKH (PaJryc-BEKTOPbI) KOTOPOil UCIIOIB3YIOTCS JJisi H300pazKeHHsT KOMILTEKC-
HBIX YHCEJ, HA3BIBACTCI KOMNAEKCHOT NAOCKOCMBIO.

Paccvorpum KoMILiekcHoe 4ucio z = a + bi. JIlyimHa oTBevaroniero eMy pajanyc-BeKTopa,
paBHasi v a? + b%, Ha3bIBaeTCsT MOOYAEM KOMILIEKCHOTO YHCaa z U obo3Havaercs |z|. Yron ¢
MeZKJIy PajiiyCc-BEKTOPOM JJist 2 # () M MOJIOKUTEIbHBIM HAIPAaBJIeHHeM 1epBoil ocu (ocu abe-
IUCC), HA3BIBACTCSI AP2YMEHMOM KOMILUTEKCHOTO uncia z. ObosHauenune: ¢ = arg z. Konedno,
apryMeHT ONpeJIeSIeH ¢ TOYHOCTHIO JI0 CATaeMOTO, KPATHOTO 27T,

Yucny z = 0 MOKHO TpUnucaTh JI0b0e 3HaYeHne apryMeHnTa.

OueBnano,

z = |z|(cos¢ + ising), ¢ = arg z.

Takast popma NpejCTaBIeHus KOMILIEKCHOIO YUCIA HA3BIBAETCH €10 MpPu2oHOMeEMpPuseckol
Ppopmoti.

BaMernM, YTO CyMMe KOMILIEKCHBIX YHCEJl COOTBETCTBYET CYMMa COOTBETCTBYIONINX
paauyc-BeKTopos. OTCIo/a MOTyYaeM OueHb MOJe3HOe HEPABEHCTBO (HEPABEHCTBO TPEYIOJIb-
HUKA)

lu+v| < |u] + |v] vV u,v e C,
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1 €ro He MeHee MOJIe3HOe CJIeJICTBHE
| u| — |v| | < |u—v] vV u,veC.
[Tpn yMHOKEHUHU 2 HA KOMILIEKCHOE YHC/I0
w = |w|(costy + isin), Y = argw,
[1OJ1y 4aeTCsl

2w = |z||w|(cos¢ + ising)(cosyp + isiny)
|z| |w| ((cos ¢ cos®p) — sin¢ siney) + i(cos¢ siny + sing cos)))
= |2|[w| (cos(¢ +¢) + isin(¢+ 1))

TaxuMm 06PA3OM, NPU YMHOHCEHUL KOMNACKCHOLT MUCEA MOOYAU NEPEMHONCAIOMCA, G ap2y-
MEHMBL CKAGODLEAIOMCA.

OTMmeTnM yao6Hoe o6osnauenue: e'® = cos ¢ + isin¢. ' Torma el?el? = el(0+¥) (5 mommom
cornacuu ¢ hbopMaIbLHBEIM TPIMeHeHHeM T3BEeCTHBIX CBOHCTB 9KCIOHEHIHATBHON (DYHKINN).

KowMmmnekcHoe uuciio a — bi Ha3bpIBaeTCsa conpascernvim K z = a + bi. Obo3nadenune: z =
a—bi. Ha koMI1eKCHO# MJI0CKOCTH PAJnyC-BEKTOD s Z MOLY9aeTCs U3 PAInyC-BEKTOPA /s
Z CUMMETPHUYHBIM OTpazKeHueM OTHOCHUTEJILHO HepBOfI OCH. SaMeTI/IM TaKzKe, 9TO Zz= |Z‘2.

OTMmedeHHbIE CBOWCTBA KOMILJIEKCHBIX YHCEJT YIIPOIIAIOT MOy YeHIe HEKOTOPBIX HHTEPECHBIX (popmyt. Ha-

n n
npuMep, 9TO0BI BBIYUCIUTD CyMMy S, = Y. cos k¢, 3amernm, ato S, = Re <E zk), rje z = cos ¢+ isin ¢.
k=1 k=1
. n4l_
Taxum 06pa3om, 3a7ak9a CBOAUTCS C CYMMUPOBAHWIO N€OMETPUYECKO# nmporpeccun: S, = Re (Z po— Z) .

14.3 IIpeobpa3oBaHUS IIJIOCKOCTH

C IIOMOIIBIO KOMIIJIEKHBIX 9YHCEJI MOZKHO 3aJaBAaTh B3AUMHO-OAHO3HAYHBIC OTO6pa)KeHI/IH ILJIOC-
koctu Ha cebst. Hampumep, duxcupyem w € C u paccmorpum orobpakenme z — 2z + w.
D10 napaienbHbli mepeHoc (CABUr) TOYeK Ha BEKTOD, 33JaHHBIH KOMILIEKCHBIM YHCIOM W.

Janee, paccMOTpUM 0TOOpaXKeHne 2 — w2z B MPeINoaoxenuu, uto |w| = 1. B cuny Toro,
aro |w| = 1, maxomum |wz| = |z|. [Ipu 3T0M pagmyc-BeKTOp JUIsl W2 NOTYYaeTCsT TIOBOPOTOM
paJInyCc-BEKTOPA JIIs Z HA YIoJl ¢ = arg w. Takum 00pa3oM, yMHOXKEeHIe KOMILIEKCHBIX YHCe,T
Ha (PUKCHPOBAHHOE KOMILIEKCHOE YHCIO W ¢ MOJyJeM 1 3ajaer MOBOPOT Ha YIoJ, paBHBIH
aApryMeHTy YHCIa W.

YMHOXKEHHE HA BEHIECTBEHHOE 4Yucio p > 0 33JaeT 20MOmemuio — KaxKIblil pajauyc-
BEKTOD YMHOXKAETCsI Ha p (PACTSTHBAETCA B p pas).

[Tockobky B caydae w # 0 MoxkHO 3amucarh w = |w|w, rae w = w/|w| u, cremo-
BATEJBHO, |W| = 1, yMHOXkKeHHe Ha MPOHU3BOJBHOE KOMILIEKCHOE YHCI0 w # () CBOIUTCS K
KOMIIO3UTINH (TTOCIETI0BATEIHHOMY BBITIOIHEHHIO) JBYX OTOOPasKeHUi: TOBOPOTA U TOMOTE-
THUU.

[TpeobpaszoBanue BUIA 2 — Z TAKZKe sABJISETCs B3AUMHO-OJIHO3HAYHBIM. DTO CUMMETPH Y-
HOe OTpasKeHKe OTHOCHTEIBHO NepBoii ocu. Ho oHO yike He IpecTaBUMO B BHIE KOMIIO3UIMI
II0BOPOTOB, TOMOTETHH M MapaJlJIeIbHBIX epeHocoB. CKa3aHHOE O3HAYAET, YTO HH I/ KAKUX

!B Teopun (byHKIHMIT KOMILTEKCHBIX IEepPeMEHHBIX JAaeTCs CIeluaibHOe ompenenenne yHKIUH B JTEBOH
YaCTH, & JAHHOE PABEHCTBO HA3BIBAECTCS (HOpMyaoti Iiaepa U TOKA3BIBACTCA C UCIOIH30BAHUEM 3TOIO OIpe-
JIeJIeHus.



96 Jlekmust 14

KOMILIEKCHBIX YHCeST @, b HeJb3s MOJyIUTh PaBEeHCTBO Z = a + bz, BepHoe jiis Beex z € C.
Jokazkure!

VrBepxkaenne. Muoscecmeo T omobpascenud Komnaexcnol naockocmu 6uda
P(z)=a+bz uwu P(z)=a+bz, ede a,bcC, |[b=1,
obpasyem 2pynny OMHOCUMEALHO KOMNOZULUL 0Mobpastcenud.

HoxkazareabcTtBo. Kommosunug orobpazkenuit PW onpenensercs caeayONInM TPABUTOM:
(PU)(2) = ®(¥(2)). [Mycry P(2) = a+ bz u V(z) = ¢ + dz npunagexar 7. 910 03HAYAET,
uro |b| = |d| = 1. Torga

O(VU(2)) =a+blc+dz) = (c+bec)+ (bd)z.

[Mockombky |bd| = |b||d| = 1, mammoe orobpazkenne taxxke npunaiexur 7. Poab enn-
HUYHOT'O JIEMEHTa BBLIMIOJTHSAET TOXKJ/IECTBEHHOE OTOOparkeHme z — 2z, KOTOPOe, OYEBHJIHO,
npunarexkut 7. Jdanee, ecin w = a+bz, T0 2 = a—bw. [lockonbky |—b| = 1, oTobpazkenmue,
obparHoe K P, TakyKe TpUHAIIEKNAT 7 .

Teneps 3amennm © na @ win VU na V. KoMIo3unusa Takux oToOpazKkeHHil H 06paTHbIe K
HUM TaKKe MpUHAIAIe)RAT 7 — J7Is TPOBEPKH HYZKHBI BBIK/IAIKN, AHAJTOTHIHBIE PEIBIITY-
mum. O

Bsanmuo-onHO3HaUHOE OTOOpazKkeHHe MI0CKOCTH 2 — P(z) HazbiBaeTcs deusiceHnuem,
eCJIM OHO COXPAaHSAET paccTosiHue MeKay Toukami: |P(z1) — P(z0)| = |21 — 22| V 21,20 € C.

W3 namux mpe by nux o0cy K aeHuil MOHATHO, 9TO JiIoboe oTobpazKkenue u3 7 sBJseTcs
KOMIIO3UITNeH TTapaJsieIbHBIX IePeHOCOB, TOBOPOTOB M CHMMETPHYHBIX oTpaxKeHuil. Kaxkmoe
"3 JAHHBIX OTOOPaXKeHUil CHeIuaJbHOTO BUJA ABJIsdeTcd JBUKeHueM. [losTomy Jsoboe oTo-
Opaxkenue u3 7 ecrtb jgBuzkeHue. BepHo u obpaTHOE — ITO BEChMa HpUMedaTeIbHbIH (DaKT,
JAIOMIHI OTHOE OIMCAHNE BCeX MBICUMBIX JABHKeHHT (1 Tpedytommii 601ee 06CTOSTETHHOTO
JIOKA3aTeIbCTBA, HA KOTOPOM MbI He Oy/IeM OCTAHABJIUBATHCS).

[Tpumep Gosee ciaokuoro orobpazkenus: z — 1/z. OHo He onpeeseno npu z = 0, HO
ABJIAeTCA B3auMHO-oaHO3HadHbIM Ha MHOKecTBe C\{0}. HacTo K KOMILIEKCHO! IJIOCKOCTH
JnobapisgeTcs abcTpakTHAS OeckorewHo YoareHnas TOUKA 00, B PE3YJIbTATe Yero MOsBJISeTCS
pacuiupennas kommekcnad miockocts C = C|J{oo}. Torma orobpazkenne 2 — 1/z MOXKHO
IPEBPATHTH BO B3AUMHO-OQHO3HAUHOE 0TOOpazkenue na C, mpuHaB coryamenne o oM, 9to 0
HEePeXONT B 00, a 00 nepexonut B 0. Orobpakenne z — 1/z npeacrapisier coboil dacTHbIH
CAydail TaK Ha3bIBAEMBIX 0p06HO-AUHEHL OTOOpaYKeH BIIa

a+ bz
@ = ) =

rae a,b, c,d — GuKcupoBaHHbIe KOMILIEKCHBIE YUC/IA, IIPHYeM Ipeanonaraercs, aro ®(z) ue
SIBJISIETCST TOXKJIECTBEHHOM KoHcTauToi: ad — be # 0.

Eciu d = 0, To gpobuo-tuHeiinoe 0Tobparkenne CBOAUTCA K PaccMOTpeHHoMy Bbite. IIpeamonoxnm, 94To
—c/d,
10 ¢ Oyzer B3aMMHO-OJHO3HAYHBIM OTOOPAXKEHUWEM HA PACIIMPEHHON KOMILJIEKCHOW IIOCKOCTH. JIpobHO-

d # 0. Torna ®(z) ue onpeneneno npu z = —c/d. Ecim yenosurbes, aro ®(—c/d) = oo u $(00)

JnHEHbIE 0TOOpaykeHUsT O0IAJAIOT PAIOM 3aMEYaTeNbHBIX TeOMETPHYECKUX CBONCTB (HAMpUMep, OHU Ie-
PEBOIAT OKPYKHOCTU U TIPAMBbIE B OKPYKHOCTH WJIM TIPAMBIE — JOKAXKUTE!) W WrparoT BaskKHYIO POJb B

Teopun (PYHKIINH KOMILTEKCHOTO TIEPEMEHHOTO.
3amaua. Jlokasarh, 9TO ApOOHO-JIHHEIHOE 0TOOpAKEHIE

—b
z = a%, la] =1, Im(b) <0,



E. E. Toiproiiinnkos 97

EePeBOAUT TOYKHU (KOMILIEKCHBIE YMCJIA) BEpXHEeil IOJIYIJIOCKOCTU B TOYKHU €JMHUYHOIO KPyra C LEHTPOM B

Ha4vaJie KOOpJAWHAT.

3agaua. Jlokazarb, 4To ApOOHO-THHENHOE OTOOpaKEHNE

z—0b
1—2b’

Z = a

la| =1, [b] <1,

nepeBoaUuT TOYKH (KOMHJIQKCHI)IQ '{cha) C€AUHUYIHOTIO Kpyra ¢ OEHTPOM B Ha4daJi€e KOOPDAMHAT B TOYKH TOI'O

2K€ MHOXKeECTBa.

14.4 KopHU U3 eJIuHUIIBI

KoMILIeKCHOE 9MCIO0 2z HA3BIBACTCS KOPHEM CTEHEeHH 1 U3 eAMHUNLL , ecad 2" = 1.
dPopmysna Myaspa. Ecau z = |z|(cos¢ + 1isin¢), mo

2" =z|" (cos(ng) + 1isin(ng)).
JokazaTeabcTBO. J[0CTATOYHO yUeCTh, 9TO IPU YMHOKEHUH KOMILICKCHBIX YHCET MOJLY/IN
IIePEMHOZKAIOTCSA, a apPIYMEHTHI CKAALIBAIOTCA, [

CaenctBue. Cywecmsyem posHo N passusHus Kopret us eduHuybl cmenety n. Imo Kom-
NAEKCHBLE YUCAG 8UJG

2 2m k 2m k
zk:e‘T:cos(L)%—isin(L), k=0,1,...,n—1.
n n

HoxkazareascTBo. Ilycts 2z = |z| (cos¢ + 1sin¢) ecTh KOpeHb U3 €UHUIIBI CTENEHU 7.
Torna, cornacao dopmysie Myaspa, |z| =1 u cos(ng) =1 (= sin(n¢) = 0). Orcroga

2w k
p=——, k=0, %1, £2,....
n
CnenoBarenbHO, IpU JI0O0M I1€JIOM k KOMILIEKCHOE YHCIO BHJIA

(27rk) .. (27rk)
2, =coS|{—— | + 1sm | ——
n n

ABJIAeTCd KOPpHEM CTEIIeHH 7 U3 € JUHUIIDI . B CHJIY IEPpUOAUIHOCTH CHHYCa U KOCHHYCa OYe-

BUJIHO, 9TO 2 = 2z, ecaiul = k+mn, m=0,+1, +2, ... . Ecmxe 0 <k, <n—1, 10
PaBEHCTBO 2 = 2; BO3MOKHO JIMIIb HpH k = [ — 10CTATOYHO 3aMEeTUTh, YTO KOMILIEKCHbBIE
quCIa 29, 21, ..., Zn—1 PACIOJOKEHBI B BEPITUHAX TPABUIBHOIO N-YTOJbHUKA, BINCAHHOTO B

eJIMHUYHYIO OKPYZKHOCTb. U

14.5 TI'pynna KopHeli cTerieHu N U3 €IUHUIBI

Bregem obo3nadenune K, 11T MHOKeCTBA KOPHEH CTermeHn N W3 eIUHUIB. MBI TOJIBKO UTO
JIoKazau, 910 K,, COIepPKUT POBHO 7 KOMILIEKCHBIX THCEI.

MuozxkecTBO K,, ABIAETCH, KAK JIETKO BUJIETh, TPYIIOH OTHOCATEIBHO OTEPAIMA Y MHOMKE-
HUS KOMILUIEKCHBIX unces. Bomee toro, K, asasemes yurauvecroti epynnot. B camom nee,
2 = ¥, te € = cos(2m/n) + isin(27/n) = 2.

Kopenb z,, = £ nazbiBaeTcd nepeoodpa3HvimM KOPHEM CTEIICHU N U3 €IUHUIILI, €CJIU

Ko = {E)" (™) o (™)1
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[Ipeanonoxum, aro €™ — nepBoobOpa3ubiii Kopenb. Torga paBencTBo €™ = 1 B ciayuae
0 < p < n Breder 3a coboit paBeHcTBO p = n (eciu e? = 1, TO cTeneHU YUCTA € HE MOLYT
HOPOUTDH GoJlee, YeM p ducen).

YrBepxkaeune 1. Kopeno uz edunuuyv €™ € K, npu m > 1 asasemces nepeoodpasrovim
mozda U MoAvko mozda, K020a “uCAG M U N 63aAUMHO NPocmu (Haubosvwud obuyut desu-
meav amux wucen pasen 1).

HoxkazareabcTBo. Ilpeanonoxum, 9To €™ saBiaseTcs nepBoobpa3HbIM KOPHEM, HO YHCIA M
U N BCe YKe UMeT HamOoIbImuil oomuii qenurenab d > 1: n = dp u m = dq Tpu MeabIX p, ¢
ud>1 Torga (") =™ =P = = 1npu 0 < p<n = crenenu uucia ™ He
MOTYT TMOPOJUTEL Oosiee, 4eM p < n 4uces = KOpPeHb £ He MOKeT ObITh HepBOOOPAZHBIM.

[Iycth Tenmeps m u n B3auMHO NpOCTHl. Jlokaxkem, 4To €™ SABJsIETCS MEPBOOOPAZHBIM
KopHeM. /IS 9TOTO T0CTATOYHO YCTAHOBUTD, 9T0 ecn eF = el mpn 0 < k,l <n—1, 10 k = .
B camom meste, m(k — 1) Z0JIZKHO HAIESIO JeUTHCs HA 1. [I0CKOIBKY m U n B3aHMHO MPOCTHI,
k — | nomxno nesmmrbca Han = k=1 O

B Teopuu qucess KOIUYIeCTBO YUCET OT 1 /10 1, B3AUMHO HPOCTHIX ¢ 1, 0003HauaeTcs ¢(n),
a dbynkuus ¢(n) nazwiBaercs pynryued isepa.

YrBepxkaenue 2. Cymma ecex KopHel u3 eOUHUUBL CMENEHY N PABHE HYAH0.

JokazaTenbcTBO. I10CKOIBbKY 2, = €F, Tpebyercs HATH CyMMYy 4/I€HOB I'€OMETPHYECKOIl

HPOIPECCHH:

n—1 n—1 n

i e"—1
ZK = gt = — = 0. O

D =) =

k=0 k=0

n—1

Bamaua. [lokasarn, uto Y. (z + eFy)™ = n(a™ +y"), tae € = cos(2m/n) + isin(27/n).
k=0

3agauva. llcnonb3ysi KOMIIEKCHBIE YHCITA, JTOKA3ATH, 9TO

(a) 2" —1= (22 —1) 1:[(:1:2 — 2z cos(mk/n) + 1); (b) 1:[ sin <7rl<:) = 2\”/_51.
k=1

14.6 Marpunbl ¢ KOMIJIEKCHBIMA JIEMEHTAMU

MHOKECTBO MATPUIL PA3MepPOB M X N ¢ KOMILIEKCHBIMHU 371eMeHTamu obo3nauaerca C™ ™.
Ecmn A = [a;;] € C™*", 10 MaTpuIa Tex e pa3MepoB ¢ 3aMeHOIl JIeMEHTOB Ha KOMILJIEKCHO
CONPsZKEHHBbIE K HUM 9acTo obo3HadaeTcs depes A = [a,;).
Marpuna AT maseiBaetcs conpasicennoti K A marpureii. O6oznauenne: A* = AT,
OrMeTuM HEKOTOPBIE CBOIICTBA COMPSIKEHHBIX MATPHIL:

o (AB)* = B*A*;
e det A* = det A;

e mvarpuna A ofparuma TOrga M TOJLKO TOIMA, KOIJa 00paTuMa CONpPsZKeHHAsi MATPUIA
A*, npu stom (A*)7! = (A71)* (mmorma ucnonnsyerca oboznadtenme A7 = (A*)71).

@ynxuua Jiinepa obiagaer pagoM 3amedarenbubix cpoitcTs. Hampumep, ¢(ab) = ¢(a)p(b) nns mobbx
B3aMMHO TTPOCTBIX YUCET a W b — Jokaxkure!
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15.1 Kouabma u mojsa

B apornecce pa3dBUTUd MaTeMaTUKH IMOCTOAHHO HaXOAWJINCh IPDUYHUHBL JJId TOT'O, LITO6I>I BBO-
JUTH 6ostee obIIMe moHATHA ducaa. Obmen3BecTHa, M0 KpajiHeil Mepe, Takas IeIOYKa pac-
IITAPEHW:

NcZcQcRcC,

N={1,2,... } — marypaibubie dncia; '

Z ={0, £1, £2, ... } — mesple unca,

Q={p/q, p€Z, ¢ € N} — paunuoHa bHBIE TUCIA,
R — BeliecTBeHHbIE YHCIIA,

C — KoMILIEKCHBIE YHUCIA.

MHOKECTBO HEIbIX YUCe Z IOCJIY K0 IIPOTOTUIIOM JI/Is BBEJICHUA MOHATUS KOAbUA, & MHO-
xkecrBa Q, R, C — g1 moHsATHS 10ASA.

[TycTh HA HemycTOM MHOXKecTBe K JIeficTBYIOT MBe airebpandecKue ONepannu: CIOKEeHNe
(o6o3HaTaeMoe 3HAKOM +) U yMHOKeHHe (0003HAUaeMOe TOYKON WaH “IyCThIM MecTOM”), 1
IIyCTh 5TH OLEPAIMH OOJIAJAI0T CJIe[YIOINMI CBOfCTBAMHU:

® MHOXKeCTBO K OTHOCHTEJIBHO ONEpallud CIOKEHUs SBAgeTca abeneBoil Ipymoii;

® BLIIIOJIHAIOTCA 3aKOHDBI ,D;I/ICTpI/I6yTI/IBHOCTI/I:

alb+c¢)=ab+ac, (b+cla=ba+ca V a,bceK;

® onepanys YMHOXKEHUS aCCONMATHBHA.
B rakux ciaydasx MuoxkectBo K HazbiBaeTcst (ACCONUATHBHBIM) k04bUoM. (B HEKOTOPBIX
KHHTAX IO ajrebpe B OIpejesieHne KOJIbIA ACCONHATUBHOCTD YMHOXKEHHS He BKJIIOYAETCS. )

Eannuaunlii 3;1eMeHT OTHOCUTEIHHO ONMEPAIINY CIOXKEHUS B KOJIBIIE HA3BIBACTCT HYAEEHIM
u obo3nagaercsa cumBosioMm (). DjemeHT, 0OOPATHBIN OTHOCUTETBLHO CJIOXKEHUsI K JeMEHTY «,
HA3BIBACTCA NPOMUBONOAONHCHM K @ 1 0DO3HAYACTCH —a.

YrBepxkaeuune 1. 0-a=a-0=0 V a€ K.

TTo crosam Kponexkepa, “Bor co3gasn HaTypajbHbIe YHUCIA, BCE OCTATLHOE TPHIYMA JeJI0BeK .

99
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HoxkazareasctBo. Ilycte b = —(0 - a) (ssiement, nporusonosoxkueii K 0 - a). B cuy
mqucrpubyTusnocta, 0-a = (0+0)-a = (0-a) + (0 - a). [Ipubasum b x obeum wacTaM:
0=0+(0-a)=(0+0-a)+(0-a)=0+(0-a)=0-a. O

Ecnu ymHOXKeHHIE KOMMYTATUBHO, TO [ HA3BIBACTCH KOMMYMAGNMUBHBDIM KOALUOM. Fcim
CYNIECTBYET eJMHUIHBIA SM€MEHT OTHOCUTEIbHO OIEPAINN YMHOXKEHHS, TO KOJbIIO HA3bIBa-
eTCs KoALUOM ¢ edunuyed.

[Iyctb P — KOMMYyTaTHBHOE KOJIBIO C euHUIEH, 1isi KoToporo muoxkectBo P\{0} oTHO-
CUTEJILHO OIepallid YMHOKCHHUS SBJIAeTCd abeaeBoil rpynmoil. B Takux cIydadx MHOMKECTBO
P nasmpiBaercsa noaem.

Ipynma P\{0} mo yMHOKeHUIO HA3BIBACTCS MYyAbMUNAUKAMUEHOT epynnot ons P.

EuHUYIHBINA 971eMeHT KOIbIa ¢ e UHUIEH WM TOIs OTHOCHTEIBHO OIePAIldd YMHOKEHHUS
obo3navaerca oOBIYHO CHMBOJIOM 1.

YrBepxkaenne 2. Ecan K — kombno ¢ equnnteit, to (—1)-a=a-(—1)=—a V a € K.
HoxazareasctBo. 0= (1+(—-1))-a=1-a+(-1)-a=a+(-1)-a. O

Bamaua. Ilyctb a u b — smemenTsl Komblia ¢ egununei e. JlokaxkuTe, 970 U3 OOPATHMOCTH JIEMEHTA,

e — ab B TaHHOM KOJbIIE BBITEKAET OOPATUMOCTD JIEMEHTa € — ba.

15.2 denurenu Hy s

B HeKOTOpBIX KOJBIAX CYIIECTBYIOT HEHYJEBble dJIeMeHTH a,b Takue, 9To ab = 0. Takue
MeMEHTH @, b Ha3BIBAIOTCA 0eAUMEAAMU HYASA.

Yr1Bepxkaenue 3. B nose ne moxker ObITh jgesuteneit nyias: ab=0 = a=0 wuimm b= 0.

HokazarenasctBo. llyctb ab = 0. Eciu a = 0, To yrBepxKaenue joka3zano. [1peamonoxum,
aro a # 0. Torna aua a cymecrByer obparnblii snement a ' (e 'a = aa™ = 1). B cuy
yTBepxkaenus 1 n acconmarusroctn ymuokenusd, 0 = a~ -0 =a"'(ab) = (e 'a)b=1-b=1b.
O

[TIPUMEPBI:

(1) K — MHOXKeCTBO YeTHBIX TeJbiX uncest. Ouepanuu — CI0KeHHEe U YMHOYKEHHUe TeJTBIX
quces. DTO KOMMYTATHBHOE KOJIBIO 0e3 e uHuIbl. Ko/MbIlo He uMeeT aeuTeneil HyJis.

(2) K = R™™ (MHOXKeCTBO Beex n X n-Marpuil). Ouepannu — CJIOKEeHHe U YMHOXKEHHe
MATpHIl. DTO HEKOMMYTATHBHOE KOJIBIO ¢ exuuuieii. Koablio nMeer IeauTesnn HyJIs.
Hanpuwmep, B ciiydae n = 2 Haxoum

Ll A

(3) K — mmoxecrso Beex umcest suma a + byv/2, rae a,b € Q. Onepamun — ciioxenne u
YMHOZKEHHE BCIIEeCTBEHHbIX YHUCEJI. ;[CHO7 9TO CyMMa YHUCeJI TaKOI'O BUJda U UX ITPOU3BE-
JieHust OyIyT 9ucJIaMu Takoro ke Buaa. [loaromy oueBngHo, 910 K — KOMMYTATHBHOE
KOJIBIO ¢ equnumeii 1 =1+ 0-/2.

B namnom caydae K gpigercsa momem: muoxectBo K\{0} orHocuresnHo omepannu
VMHOZKEHUsSI YHCeNT sBJisieTcs abesieBoil rpymnmoii  (cMm. mpumep abesieBOH IpyHIbI u3
Jexuun 2).
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15.3 KoJubIio BBIYETOB

HaHOMHI/IM, 9TO BbIYE€THI IIO MOAYJIIO P — 3TO CIIeHUaJIbHbIC ITOJAMHOXKECTBa MEJbIX YHCeJI,
MMEIOIINX OJIMH W TOT K€ OCTATOK IpPHU JeJieHnn Ha p (cM. pasmer 9.3).

Badukcupyem uesioe uuciao p > 1. Jis aoboro a € Z 0603nauum yepe3 Z(a) MHOKECTBO
BCeX IEJIbIX YuCeJl, UMEeIOIINX IIpU JCJICHUHU Ha P TaKOIl 2Ke OCTaTOK, KaK 1 YHUCJIO G (CpaBHI/I—
MBIX ¢ @ 0 MOAy/It0 p). MHOKecTBa Z(a) W HA3BIBAIOTCS 6bIMEMAMU NO MOOYAIO P.

MnozkecTBO BCex BBIUETOB 110 MOJYJIIO p obo3Hauvaercs Z,. Becero nmeercda posHo p pas-
JIMYHBIX BBIYE€TOB IO MOJYJIIO P:

Z, = {Z(0), Z(1), ..., Z(p —1)}.
Ornpe/eenns OMepamuii CI0XKEHNs U YMHOXKEHUS BBITETOB:
Z(a) + Z(b) = Z(a +b), Z(a)Z(b) = Z(ab).
Jlannple ompe/esieHns KOPPEKTHbL B CHILY CIe/IYIOMEro 3JIeMeHTAPHOr0 HAOJIIOIeHus:
Z(c+d) =Z(a+Db), Z(cd) = Z(ab) V ce€Za), ¥ deZ).
CTo/Ib 7Ke JIeMEeHTAPHO [IPOBEPSIETCs], 4TO OTHOCHTEJILHO ONeDAlnii CJI0KEHHsT U yMHOKEeHHUSI

MHO?KECTBO BhIYE€TOB Zp ABJIAETCA KOMMYTaTUBHBIM KOJIBIIOM C eﬂI/IHI/IL[eI;'I.

TeopeMa. B CAYHAE NPocmozo p U MmoAbKO 6 ITMOM CAYHAE KOADUO GBLHETNOE TI0 MOdy/l?O P
ACAACTNCA TNOAEM.

HoxkazareabcTBOo. [lycrb p He gBasiercs npocTbiM ducjioM = p=abupu 1 < a,b<p
= Z(a)Z(b) = Z(ab) = Z(p) = Z(0) = 0. 3nauur, Z, uMeeT ACTUTEJNHN HyJs, I COLIACHO
YTBEPKJIEHHIO 3, Z;, He MOKeT OBITH IIOJIEM HPH COCTABHOM .

Tenepsb npeanOIOKUM, ITO P — IPOCTOE YUCI0. JJoKazKkeM, 4T0 a5t 06010 Bordera Z(a)
mpu 1 < a < p — 1 cymecrsyer Border Z(b) Takoit, uro Z(a)Z(b) = Z(1) = 1. dnas sroro
PacCMOTPHM 9YHCIA BHJA k@ W UX OCTATKH OT JIeJeHHS Ha D:

lL-a=pp+r, 2-a=pg+r, ..., (p—1)-a=pgp1+rp1, (1)
1,71, -y Qp—1,Tp—1 € Z, 0<7r,...,mp-1 <p-—1
Hu oun u3 ocTaTKoB 71, . .., 7, 1 He PaBeH HyJIo, HHaue a Jeluioch 6bl Ha p. Kpome Toro,

Cpejid HUX Her coBhajamommx. I[Ipeanosioxkum, 4ro 1, = 7. Torga (K — m)a = p(qr — qm)-
[TOCKOJIBKY @ U p B3aUMHO IIPOCTLIE, k — 1 JeJIUTCH Ha .

Opnako, ipu k,m =1, 2, ..., p— 1 oueBuano, uto |k —m| <p = k—m =0. Takum
obpa3zowm,

{ri, roy ooy mpn = {1, 2, ..., p— 1} (2)
3HaunT, MpU HEKOTOPOM k Hempemenno 1, = 1 = Z(a)Z(ry) = Z(1) =1. O

3ameuanme. B npoBejeHHBIX paccykaeHUSAX (PaKTUUIECKH COAEPKUTCS 10KA3aTEeTbCTBO
“mMaJioii” TeopeMbl Pepma:  ecAu P — NPOCMOE YUCAO U G B3GUMHO NPOCMO C P, MO YUCAO
aP~'—1 deaumes na p. B camom neste, mepemuozkas pasencTsa (1) n yaursisag (2), momyvaem,
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aro (p—1)! (a?~! — 1) nenurca ma p. [ockonbky (p —1)! u p B3auMHO TPOCTHL, HA P 06A3aHO
menThes ancao aP~t — 1.

Kak BuauM, Koablia Z, Nal0T NPUMEPbl KOHEYHbHLET KOAeY, & IPU IMPOCTOM p — TaKkKe
IPUMEPHI KOHeUHuT noaetd (TO ecTh, KOJIeI W MoJieil ¢ KOHEYHBIM YHUCAOM SJIEMEHTOB).

Konednble o/ig UTpaOT BaXkKHYIO POIb B MPHUKJIAIHBIX BOITPOCAX MaTeMaTHKU — HAIPH-
Mep, B TEOPUU KOJMPOBAHHSI, OOHAPYKEHUs U HCIPABJICHUs OMHUOOK IIPH nepejgade nHbOp-
MAallUM 110 KaHaJaM CBA3MU.

3agaua. lokazkure, 910 JI060€ KOHEIHOE KOMMYTATHBHOE KOJIBIO 0€3 JeuTeseil Hy s SaB/ISeTCs ITOTIEM.

15.4 Baoxkenuss m n3oMoppu3MbI

[Iycte M — menycroe nmommuoxkectBo B K. Ecimum K — kosbno, 1o M HasbiBaeTcs ero nod-
KOADBUOM, ECJIH OHO SBJSETCH KOJBIIOM OTHOCHTE/IHHO oneparuii, aeficteytonmx B K. FKem
K — none, To M Ha3bIBaeTcss €ro nodnosem, e€CJii OHO SABJISETCS MOJIEM OTHOCUTETBHO TeX
JKe omeparnuii, KoTopble JeicTBYIoT B K. B Takux ciaydadax roBopdart, 9to M enooceno B K,
win K gasisiercst pacwupenuem Koabua (mons) M.

B Pa3JINYIHBIX TOCTPOCHUAX MOT'YT BO3HUKATH KOJbla HWJIW I10JIA, HEPpA3JIUIUMBbIE C TOYKH
3peHusd CBOMCTB JIeHCTBYIOMUX B HUX onepanuii. OJuHAKOBOCTH CBOMCTB omepanuii B L u M
03HAYAET CYIIECTBOBAHUE B3aUMHO-OIHO3HAYHOrO oToOpazkenus ® : L — M, coxpaHsIonero
olnepanun:

O(a+b) = P(a) + P)b), O (ab) = (a) P(b) vV a,be L.

Takoe orobpazxkenne ¢ HaspiBaercsa usomoppuamom, a L u M — uzomopdroimu.

O6braro K Ha3BIBAIOT PACIIUpeHueM Koabla (mosis) L u B Tex ciaydasx, Korja L u30-
MOPGhHO HEKOTOPOMY ero HOAKOJbIY (moamnouto) M.

[Tycts 1 — equnudnbiit 3mement nosg P. PacemorpuM cyMMb, cocTosiume U3 p ciaraeMbix
BHJI
p-1 =1+4...4+1.
[TomyepKHeM, 9TO MpaBas YacTh eCTh onpedeserue BbIpaxkeHus p - 1 (p He sBJIsgeTcs dJre-

MEHTOM HAIIETO TOJs U, CTATIO0 ObITh, peUb He UIeT 06 YMHOXKEHUU JABYX JEMEHTOB MOJIs).
MurumasnbHoe p Takoe, 4to p - 1 = 0, Ha3bIBaeTcs rapakmepucmukoti noasa P.

YrBepxkaenue 1. Ecau noae umeem zapaxmepucmuky p > 1, mo 4ucao p npocmoe.

HokazareabcTBo. Ilpeanonoxum or nporussoro, yto p = mk. Torma 0 = (mk) -1 =
(m-1)(k-1). 910 HEBO3MOXKHO, TAK KaK B HOJie He ObIBaeT jgesnrene Hyas. O

YrBepxkaenue 2. Jhoboe nose rapaxmepucmuru p > 1 Mmoocem pacemampusamoes Kak
PACUWUPERUE NOAA GOUEMOE L.

JlokazaTeabcTBO. B 1mosie XxapakKTePUCTUKH P UMEeTCsI, 10 KpaiiHeit Mepe, p pa3InaHbIX dJ1e-
MeHTOB Buja k-1, k=1, ..., p. Jlerko npoBepseTcs, 4TO COCTABJIEHHOE U3 HUX MHOYKECTBO
apdeTcs noanosneM. Vzomopdusm gaHHOTO MOANONL C Z, YCTAaHABINBACTCA OTOOPazKeHUueM

O(k-1) = Z(k). O

C.TIG,I[CTBI/IG. Jloboe Koneurnoe noae moscem PACCMAMPUBGINDBCA KGK PacwuperHue Hexomo-
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pozo NnoAA 8btHeINos.

3agaua 1. Ilycrs P — uuncioBoe nose u npu 3tom R C P C C. Jokaxkwure, uro P = R mbo P = C.

3amaua 2. Haiinure Bce moms, Bioxenubie B mome Q.

15.5 Ywucio 3JieMeHTOB B KOHEYHOM I10JIe

YrBepkaeHue 3. B K0HEUHOM NOAE YUCAO INEMENNOE 0043GMEALHO umeem 6ud n = P,

ede p — npocmoe, m — HAMYPAALHOE YUCAO.

okazarenbcTBo. Fcim p — xapakTepucTrka KOHEIHOTO ToJIs [, TO, COrIacHO yTBEpK-
Jenuio 2, F' dBisgeTcd paciIupeHHeM IO BBIYETOB IO IIPOCTOMY MOAydo p: Z, C F.
[To aHaorny ¢ HAITUMK HCCACJOBAHUIMH B CIydae BEIIeCTBEHHOIO JUHEHHOr0 IpOCTPAHCT-

Ba, 1EMEHTHl a1, ..., On, € [F' HazoBeM JMHEHHO He3aBUCUMBIMM HaJ Zp,, €CJU U3 pa-
BeHCTBA Qi@ + ... + Qupay = 0 ¢ koadpdpummentamu oy, ..., o, € Z, BBITEKAET, 9TO
ap = ... = a, = 0. Ilyctb m — MakcuMaabHO BO3MOYKHOE YHUCIO JIEMEHTOB, JWHEHHO

He3aBUCUMBIX HaJj Z,. Torna moboit snement v € F' umeer Buj
v=o1a1 + ... + Qplm,, A1y .y Oy € L.
Jits Kaxka0ro u3 Ko3hOUIUEeHTOB (; BO3MOXKHO p pa3JIMUYHBIX 3HadYeHnit = n=p™. O

Koneunble mojig IpuHATO Ha3bIBaTh TakxkKe noasmu laaya. Mbl qokazaaum, 9To JJId CY-
HIEeCTBOBaHUS Mot ['arya HeoOX0AUMO, YTOOBI €ro YHUCI0 IeMeHTOB uMeso Bua n = p'. Ho
CYIIECTBYIOT JiH ToMIs ['arya g Tpou3BOMIBLHOTO N TaKOro BuAA! OTBET MOJOXKHTEILHBIN,
HO Ha KOHCTPYUPOBAHWHU TaKUX TOJEH Mbl OCTaHABJIUBATHCS HE Oy/1eM.

3agauva. Jloka)kuTe CyIECTBOBAHUE IMOJIsI U3 YETHIPEX DJIEMEHTOB.

JOITOJIHUTEJ/IbHAA YACTD

15.6 IloJsie yacTHBIX
Teopema. Jlwboe Kommymamueroe Koabyo 6e3 deaumeneti HYAd MOHCET OBIND BAONHCEHO 6 TLOAE.

HokazareqbcrBo. Ilycts K — KOMMyTaTWBHOE KOJBIO 0e3 menuTeseit Hy si. UT0ObI pacuiupuTh €ro J10
noJsis, paccMoTpuM opmanvrvie wacmuvie Buaa ¢, e a,b € K u b # 0. Hazosem dopmanbubie sacthbie i
u § pasHbIMH, eciii ad = be. Jlannoe oTHONIEHHE PABEHCTBA ABJIACTCH, O4eBUIHO, pedeKcuBHbIM (§ = ) u
cummerpudabiM. Ho orO Takeke Tpan3utusHO. B camom zere,

%: & ad = b, Szg & cq=dp.

alo

Orciona (ag — bp)(ed) = 0 u, B cuny orcyrcrBusg aenureseil nymis, ag —bp =0 =

a
ag=bp & -—==-.

b q
Ciie1oBaTEIBLHO, OTHOIIEHHE PABEHCTBA ABJSETCS HA MHOXKECTBE BCEBO3MOXKHBIX (POPMATHHBIX YACTHBIX OT-
HOILIEHUEM KBUBAIEHTHOCTH. [109TOMYy BCE MHOXKECTBO (DOPMAJIbHBIX YACTHBIX PA30MBAETCS HA HEIEPECEKa-

FOIIHECS KJIACCHI SKBUBAJIEHTHOCTH.

IIycrs K (%) 0603Ha4aeT KJIAaCC SKBUBAJIEHTHOCTH, IOPOXKIaeMblii (DOpMAIbHBIM YacTHBIM 3. Kak Mbl
yZKe 3HaeM, K/IacC 9KBUBATCHTHOCTH OJHOZHAYHO ONpPeJeNAercs JToObIM CBOUM IIPeJICTABUTENIeM: eClu § €

K (%), 10 K (%) = K (4); m09TOMY TPaJMIMOHHO OH OTOMKJECTBIAETCS C JTIOOBIM CBOMM TIPEICTABATENEM.
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Onepauuy CIOXKEHHMS U YMHOXKEHHs KJIACCOB dKBUBAJEHTHOCTH (DOPMAJIbHBIX YACTHBIX OLPEIEIUM IO
AHAJIOTUHU C 33JaHUEM OTNepaInii I/ PauOHAIHLHBIX IUCET:

a c ad + be a c ac
K(D)+K(S)=K(“7),  E(DKEG)=K(55)-
b d bd b d bd
IIpoBepka TOTO, 9TO PE3yABTATHI ITUX OMEPAIUil HE 3aBUCAT OT BHIOOPA MPEICTABUTEIEH B KJIACCAX YKBUBA-
aeatHoctn K (%) u K (5), OCYIIECTBJISIETCS BIIOJIHE DYTUHHBIM 00pPa30M.
JIerko BUIeTh, 9TO MHOXKECTBO (POPMATBHBIX YACTHBIX €CTh KOMMYTATHBHOE KOJBIO C eauHurei 1 =
K (%) IIpu stom 0 = K (%) JI1000it HenysieBoil 3nemenT umeer Bug K (%), rje a # 0. OueBujHO, 37EMEHT
b
K (E) OyeT K HEMy OOPATHBIM.
Nrak, MHOKECTBO KIaccoB K (%) ecTb 1ose. [loueMy OHO MOXKET CYUTATHCA pacIIMpeHreM Koubia K7
JL71st 3TOr0 PacCMOTPUM B3aWMHO-OJHO3HATHOE COOTBETCTBHE a > K (%) ¥ 3aMEeTHM, 9TO OHO COXPAaHSET

olepauuu:
ac be ac be
a—|—b<—>K()+K(>, ab<—>K<>K<>.
c c c c
Ocraercst JOroBOPUTHCA 00 OTOXKAECTBJIEHNN djIeMeHTa a € K ¢ KJaccoM 3KBUBaJIEHTHOCTH K (
He 3aBHCAIMM OT BbOopa ¢ # 0). O

ac
c

) (xomeuo,

ITocrpoennoe mone GOPMANBHBIX YaCTHBIX ABISACTCA MUHUMAADHBIM NoAeM, comep:RaimmmM K — B TOM
cMbICie, 9TO Jr0boe nose, cojepzxamee K, NOIKHO COAEPXKATH U JAHHOE I0J1€ YACTHBIX (IT0 OYEBUIHO —

BMECTE C JIIOOBbIMU ABYMdA dJIEME€HTaMH I10J1€ COAEPZKHUT TaKzKe UX LIaCTHOQ).
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16.1 JluneiiHble MpOCTPaHCTBa HaJ MOJIEM

[Iycts P — mpom3BOIBHOE MO, 3MEMEHTH KOTOPOTO HA3bIBAIOTCS “4UCAGMU, UV — HEIycToe
MHOYKECTBO, 3JTEMEHTHI KOTOPOTO HA3bIBAIOTCS SEKMOPAMU.

[Ipegnonoxkum, 9To Ha V' onpeie/ieHbl JBe Olepalun: CI0KEHHE BEKTOPOB H YMHOYKEHHE
BEKTOPOB Ha YUCJIa (37€MEeHTBl U3 mojsi P), U mycTh 5TH OMEpaliy YIOBJIETBOPSIOT TeM Ke
TpeGOBaHUAM (AKCHOMaM), KOTOPbIe ObLIH ¢hOPMYJTUPOBAHBI TIPH OIPEIEJICHUHN BEleCTBEH-
HOT'O JIMHEHHOTO MPOCTPAHCTBA — € TEM TOJBKO OTJINIUEM, UTO BCIOLY MO YUCIOM TOIPA3y-
MeBaeTcs jieMenT u3 nosiga P. B rakux ciaydasx V nasbiBaeTcs AuMEiHbM NPOCMPAHCMEoM
Had noaem P, wim sexmoproim npocmpancmeom Had nosem P.

[loraTuga nuHeiHON 3aBUCHUMOCTH W HE3aBHUCHUMOCTH BEKTOPOB JIMHEWHOTO MPOCTPAHCTBA
HaJ 1ofeM P BBOJATCS TaK »Ke, KaK M B ¢JIyvae BeIIeCTBEHHOTO JUHEHHOTO MPOCTPAHCTBA.
Touno Tak ke BBOJSATCS MOHATHA JUHEHHON 000JI0UKH, 6a3mca, pa3sMEepPHOCTH, MOINPOCT-
paHCcTBa (CyMMBI HOAIPOCTPAHCTB, mepecedennst u T. J1.). Coxpansorces: Bce DaKThl, MOJYy-
YeHHbIE paHee MPH UCCIEJOBAHUN ITUX MOHATHUIN.

SameTnm, 9TO WHOTJA OTHO W TO YK€ MHOYKECTBO BEKTOPOB V' MOKHO PacCMaTpPUBATH KaK
JIMHEITHOe MPOCTPAHCTBO HAJI PA3HBIMU TOJIAME. COOTBETCTBYIONINE JUHEHHBIE TPOCTPAHCTBA
JIOJIZKHBI CIUTATHCS PA3HBIMU.

[NPUMEPBI:

(1) V — MHOXKeCTBO KOMILTIEKCHBIX dnces (B poiau BeKTopoB), P = R — nose BermecTBen-
HbIX 4YHCeJI. CJIO)KeHI/Ie BEKTOPOB olipeaedercd KaK CJH02KEHHE KOMIIJICKCHBIX YHCeEJI.
OHepaHI/IH YMHOXKEHHA BEKTOPOB Ha YUC/Ia U3 IMOJIA R TaK zKe oIipeae/ideTcd KaK YMHO-
JKEHHE JIByX YHCEJ — KOMILIEKCHOTO U BEIIECTBEHHOTO. DTO KOHEUHOMEPHOE JIMHEHHOe
npoctpancTBo Haa mojaeM R. Kak jerko Bugers, dim V' = 2.

(2) V — MHO)KeCTBO KOMILTEKCHBIX 4dnces, P = Q — mose panuonaabusix dnces. Ciaoxkenne
BEKTODOB OIIpe/ieIgeTcs KaK CIOKeHHe KOMILICKCHBIX duces. Omepanusd yMHOXKEHUS
BEKTOPOB Ha 4nciaa u3 nord Q Tak Ke ompejensiercss KAK YMHOYKEHHE JIBYX YHCET —
KOMIIJICKCHOI'O 1 PalluOHaJIbHOI'O.

JlanHoe JiuHeiiHOe TPOCTPAHCTBO ABJIseTCA OeCKOHEeYHOMEPHbIM. Bo3bMeMm, Hanpumep,
npoctbie yucaa 1 < p; < ... < p, U B KAYECTBE BEKTOPOB U3 V' PACCMOTPUM JIOTAPU(MMBI

logpy, ..., logp,. Ilyctn
aplogpy + ...+ aylogp, =0, «; =s;/t;, si,t; €Z.

VYMHOXKUB 00e dacTu JUHEHHONl KOMOHMHAIIMM HA IIpPOU3BeJeHHe 3HaMeHaTejeil ¢t =
ty...t,, yKe IUId HeabX KodpdunuenTon J; = q;t HaX0IUM

Bilogpr + ...+ By logp, =0 = log(pfl...pn")zo = pll...pg’l:l.

105
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[IpeamostozxuM, 910 HE BCe [3; paBHBI HYJI0. TOTIa Cpean HUX UMEKTCS KaK MOT0XKHU-
TeJIbHBIC, TAK B OTpHIaTesabHble. Ecmm 5;, ..., B;, > 0 n (; < 0, To menoe 4mciio

Bi Bi
Dy, plk’“ JIOTZKHO JIQJINThCA Ha Pj. fIcHO, UTO 3TOro ObITH HE MOZKeT, IO3TOMY

Bi==P=0 = ar=..=a,=0.

Takum obpazom, s JIOO0r0 N NpeabsBIeHa JUHEHHO He3aBUCHMAas CHCTEMa U3 N
BEKTOPOB.

(3) V — MHOXKeCTBO m X n MATPHI[ ¢ JIEMEHTAMH U3 TPOU3BOIbHOrO nous P. Obo3nade-
. J— mXxXn . —
ane: V = P"™*". CloxeHne BEKTOPOB — 9TO CyMMa MATpHIl: [a;;] + [bi;] = [ai; + bijl-
YMHOKEHHE BEKTOPA HA YUCI0 & € P onpejesisiercst Kak yMHOXKEHHE MATPUIbL HA YUC-
10: afa;j] = [ova;j]. B nannom ciaydae V — kOHeYHOMepHOe JIHHEHOE IPOCTPAHCTBO
naj nojgem P; dimV = mn.

3agauva. Jlokaxkure JUHEHHYI0 HE33aBUCUMOCTH (DYHKIWI sinx, sin 2z, ..., Sinnx KaK 3JEMEHTOB Be-

MIECTBEHHOTO JIMHEHHOrO MPOCTPAHCTBA (DYHKIMH HA NPOU3BOIBHOM 33JAHHOM OTDE3Ke [a, ).

3agauva. JlokakuTe, 9TO TPYIITa, MEIBIX YHUCE] C ONEpaIneil CI0KEeHWsT HE MOXKET ObITh aJIUTUBHON

CPYIIOi TUHEHHOrO MPOCTPAHCTBA, HAJT KAKAM-JTHOO IIOJIEM.

3agaua. CymecTByer jin JUHEHHOE MTPOCTPAHCTBO u3 10 BeKTOpOB?

16.2 MHoro4JjeHbl HaJ II0JEM
Muorouiensl 0T & HaJi nojieM P — 310 dpopMajibHble BbIPAaXKeHUsT BUJIA
p(z) =ap+ a1z + ...+ a,z”, ap, ai, ..., ap, € P. (%)

B nmanHOM ciaywae x Bcero Jmiib cuMBoOsL. Ecam a, # 0, To roBopsar, 4T0 p(Tr) — MHO20-
waer cmenenu n. Obosnadenue: deg p(x) = n. MHOrOUYIEHBI HYJI€BO CTENEHH HA3BIBAIOTCSI
KOHCMaHMaMy I OOBITHO OTOXKIECTBISIOTCS ¢ aeMeHTaMu oasg P. Muorowrien, Bce K03db-
dunuenTH KOTOPOTO paBHBI (), Ha3bIBaeTCd HYyAe8uiM. g HYJIeBOTO MHOTOUYJIEHA CTENeHb
HE OonpejesieHa.

Koneuno, Mo:kHO OBLIO ObI, KAK W B CJIydae BelIeCTBEHHBIX KO03(MPUIMEHTOB, paccMaT-
puBarh p(x) Kak dyHKIHIO 0T £ € P. MBI He menaem 310 no cieayiomieii npuaunne. [Tycrs,
nanpumep, P = Zo = {0, 1}. Torna x = 2> V 1 € Zy. Kak BUAUM, MHOTOWIEHBI ¢ Pas3-
HBIMI KO3 DUIUEHTAMA MOTYT OKa3aThCs PABHBIME KakK (DYHKIIMH, a HAM BCe Ke KayKeTcsd
[OJIE3HBIM MMETh TAKOe OINPE/IeJIeHIE, IPU KOTOPOM OHU OyJIyT Pa3/IMdHbIMH.

Nrak, B caydae mpou3BOJBHOTO MOJst P MBI paccMarpuBaeM MHOTOY/IEHBI MMEHHO KaK
dopmasibHbIe BbIpayKeHUsT OT KakKoii-To OykBbl. [Ipu mcnosb3oBanuu OYKBLI & MHOYKECTBO
BCEX MHOTOUJIEHOB JIIOOBIX cTeneneii obo3Hadaercs depes Plz].

Omnpenesnienne. Bynem ropoputh, 9ro MHOTOUIEH p(z) Buga (k) mmeer Koddduiment a;
npu crenenu z¢ g Beex 4 or 0 g0 n u kosddunuent 0 npu 060 crenenu z°, riae i >
n+ 1. MHorowrensl oT x HaJ moseM P Ha3bIBAIOTCS PABHBIMU, €CJTH OHU UMEIOT OJTMHAKOBBIE
KO3 MUIMEHTHI IPU OJIMHAKOBBIX CTEHEHSX OYKBbI T.

2

TakuM 06pa30M, MHOTOWIEHBl & U X* HaJ moaeM Zy CUATAIOTCS PA3TUIHBIME (XOTS U

COBHAJIAIOT KaK DyHKIUKN OT & € Zy).

PaccMoTpuM J1Ba MHOTOUJIEHA U3 MHOXKecTBa P[x]:

p(x):a0+a1x+...+anpx”", a;=0 mnpn i 2>n,+1,
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q(z) =bo+biz+...+bya™,  b;=0 upun i>ng+1.

Cymmoti mHo20urer06 HasbiBaercs Muorowien p(x) + q(x) = so + s12 + ... , B KOTOPOM
ko3 dunmenT npu x' paBeH

si:aﬁ—bi, ZZO
IIpoussedenuem mHo20uaen06 HasbiBaeTcst MEOrOUIeH p(x) q¢(z) = to+t1x + ..., B KOTOPOM

ko3bdunuent npu ¢ pased
i

ti = > agh, >0

k+l=1

Nmenno Takoit MHOTOY/IEH MOy YUTCS, €CTU TPUBBLIYHBIM CIIOCOOOM PACKPBHITH CKOOKH U MPH-
BECTH MOJIO0OHBIE WIEHbI B BbIPAKEHUN

(ao + a1 4 ... + ap,x")(bo + biw + ... + by, 2™) =

(a0b0> + (Cllb() + Clobl)l’ + (a2b0 + a;b; + a0b2)$2 + ... + (anpbnq)xnp+”q.

Bazkroe (XoTs u 0ueBuIHOE) HABIOIEHTE:

deg(p(x) q(z)) = degp(x) + degq(x). (#)

16.3 KoJubIio MHOTO4JIEHOB

YrBepxkaenne. Mroowcecmeo muozousenos Plr] omuocumenvno onepayut caoscenua u
YMHOHCEHUA MHOZOYUAEHOE ABAALTNCA KOMMYMATMUSHUM KOALYOM ¢ edunuyed. Jesumened
nyaa 6 Plx] nem.

JokazareabcTBo. Beujy odeBnpnocTr T0oro, 4ro ciaoxkenue npeppainaer Plz] B abesnesy
IDYIIILY, nepeiijeM cpa3y K H3y4YeHHuIo CBOiicTB onepannn ymaokenusa. Hapsiny ¢ p(x) n g(x),
PaCCMOTPUM €I1e OJMH MHOIOYJIeH

r(x) =co+cx+...+cpa", ¢;=0 upu i>n,+ 1.

[Iycrs (p(z)q(z))r(z) = up +wzx+ ...; p(x)(q(x)r(x)) =vo+viz+ .... Torma, cormacuo
OTIPEJIEJIEHUIO OTIEPAIIAN YMHOKEHUS,

u; = apb | ¢ = arbic,, = ag bic,, | = ;.
> | 2 ) IXADS

jHm=i \k+l=j E+l+m=i k+j=i l+m=j

Takum ob6pa3zoM, yMHOXKEHHE MHOI'OYJIECHOB aCCOIMUATUBHO. /IMCTPpUOYTUBHOCTD IPOBEPSET-
¢ 04eBHAHBIM 00paszsoM. KOMMYyTaTHBHOCTH YMHOXKEHHsI TaKzKe OUYeBHIHA. PoIb eIuHUIbI
BBITTOTHsIET MHOTOWIeH 1. OTCyTCTBHE meuTeseil Hyas BBITEKAeT u3 cBoiictBa (#). O

Bamernm, 4To P[x] MOXKHO PACCMATPUBATH M KaK JIMHEIHOE TIPOCTPAHCTBO HAJL mosieM P
(ci102KeHIe BEKTOPOB OLPEENISIeTCsl KaK CJIOXKEHHe MHOIOYJIEHOB, YMHOXKEHIE BEKTOPOB Ha
3JEMEHTHI oIt P — Kak yMHOKEHHe MHOTOWJICHOB Ha HyJIeBOH MHOTOYJIEH W MHOT'OYICHBI
HYJIEBOIi CTeNeHn, OTOXKIECTBISEMbIe ¢ JIeMeHTaMu 1o P).

Jluneiinoe mpocrpancTBo Plr] GeckoHedHOMepHO (TPH ONpeJIeIeHU: MHOTOWIEHA Kak
dopMabHOH CyMMBbI OJHOYJIEHOB JIMHEWHAs HE3aBUCUMOCTH JI000# CHCTEMBbI OJIHOYJIEHOB
C Pa3HLIMHU CTemeHsaMu odeBuana). Muoxkecrso muorowrenos P, [z| cremenn n mam Huxke
SIBJISICTCS TOANPOCTPAHCTBOM Pa3sMepHOCTH 1 + 1.



108 Jlekmus 16

16.4 JleneHue ¢ OCTATKOM

Yrepxkaeuue. Jas 110600 napo, muozounenos f(x),g(x) € Plz] 6 cayuae g(z) # 0 cy-
wecmeytom u eduncmeertv, mrozouaenst q(x), r(x) € Plx] makue, wmo

f(z) = g(x)q(z) + r(x), degr(z) < degg(x) aubo r(z)=0. (%)

HoxkazareascrBo. Ilycrs f(z) = a2 + ...+ ag, ¢g(x) = bpa™ + ... + by, npuuem
by, # 0. Ecomm deg f(x) < degg(x), To cymecrBoBanue nokazano: ¢(x) = 0 u r(x) = f(x).
Ecau deg f(z) > deg g(x), 10 nonoxum

an n—m
fi(@) = f(z) (—x )g<x> L deg fi(s) < deg f(z) G0 fix) —
Bocnonbayemcst unaykmnueii o crenenu f(x). Ecaun y:ke HaiiieHo npeactaBieHne

filz) = g(@)q(x) +ri(z),  degri(z) <degg(z) mmbo ri(x) =0,

TO (*) MOTyYaeTcs Mpu BHIGOpE

@) = (o) e o) =)

HokaxkeM emnHCTBEHHOCTD. [lycTh mMmeeTcs ermie omHa mapa MHOTOWIEHOB () U 7(x),
YJOBIETBOPSIIONIHX cooTHOIIeHno (). Torma

9(x)(q(z) = q(2)) = r(x) —7(2).

Ecan q(z) — q(x) # 0, 10 cTenenb MHOTOUYJIEHA B JIEBO YacTH He MeHbIe crerneHn g(xr) =
deg(r(z) — 7(z)) > degg(z). DT0 HEBO3MOKHO, OTOMY YTO MPU BBIYUTAHWH MHOTOYJIEHOB
CTelleHb Pe3yJibTara He BBIIe CTeMeHN Kaxkaoro u3 uux = ¢(x) =q(z) = r(z) =7(z).
O

Muorounen () U3 paBeHCTBa (%) HAZBIBACTCS 0CMAMKOM, & ¢(T) — HENOAHBLM YACTIVHbIM
npu jejgennn Maorodiena f(z) va g(x) # 0. Ecm r(x) = 0, To roopsar, uro f(z) deaumes
na g(z), nmu g(x) asasemes deaumesem MuOTOUWIEHA [(T).

16.5 Haubonpinuii odI1Mii HeJINTEIh

[Tycts muOrounen d(x) € Plx] apasgercs obmum menntesneM MHOro4wneHoB f(x) u g(x) u3
P[z]. On HaswiBaercst Hauboavwum obugum deaumenrem, ecan aoboi obmuii geanrenb 3Tux
MHOTOYJICHOB SABJIsIeTCs TakzKe U ero genutesaeM. Obosuadenne: d(z) = (f(x), g(x)). Muoro-
WIEHBl HA3BIBAIOTCS 63AUMHO NPOCMbLMU HAT ToJeM P, ecin uX HauboIbImil OO ne/m-
TeJIb uMee€T HYJEBYIO CTCIICHD.

U3 ompejiesenust CHO, 9TO HAUOOIBIMHA OOMIMIT JETHTENb MHOTOWICHOB ONMpPEIETIeH OJl-
HO3HAYHO ¢ TOYHOCTHIO JI0 HEHYJIEBOIO MHOKUTEJIsI (MHOTOU/ICHA HYJIEBOIl CTEIeHH ), IIPHHA/I-
aexaiero nomo P. B ciaydae B3anmuo mpocteix Muorowrenos f(z) um g(z) Bcerga MOMKHO
canrarh, uro (f(x),g(x)) = 1.
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[pexnonoxkum, uro deg f(x) > degg(x). Haubonpiuii obmumii Aeauresb MHOOYIEHOB
f(z) u g(x) MmoxKHO HalTH ¢ TIOMOIIBIO aszopumma Fexauda, npeacraasomniero coboii me-
MOYKY JICJICHUI ¢ OCTATKOM CJIE/IYIOMIEro BUA:

fle) = g@alz) + n), degri(z) < degg(z),

glx) = r(z)g(z) + rx), degry(z) < degr(x),

r(x) = ro(x)gs(z)  + r3(x), degrs(z) < degry(x),
rea(e) = mo@ale) + ne), degne) < degr (o),
Te1(r) = (@) qria (7).

[Ipu moce10BaTeILHOM JEJICHUH ¢ OCTATKOM CTEIeHb OCTATKA MOHMKACTCA Ha KazKJI0M IIare.
B nmanmoit nemnouke ri(r) — mocseanuit HEHYIeBOH OCTATOK.

YrBepxkaeune. 7(x) = (f(x),g(z)).

Hoka3arenscTBo. IIpocmarpuBasi JaHHble PaBEHCTBA CHHU3Y BBEPX, JETKO YOCIUTHCS B
TOM, UTO 14 () ABAAETCA OOIIMM AeTHTeeM MEOTOWIeHoB f(2) u (). Ilycrs d(z) — moboit
obmuii nemurens aiust f(x) u g(z). [IpocmarpuBast Te ke PABEHCTBA CBEPXY BHH3, [IOJIy9aeM,
aro d(z) smaserca nemurenem as ri(x). Cregosatensno, riy(z) = (f(2), g(z)). O

Teopema o HauGosnbmeM o6iem genureste. i a06ux mnozousenos f(x), g(x) € Plz]
cywecmeyrom muozousenv, ¢(x), Y (x) € Plx] maxue, wmo

f@)o(x) +g(x)y(x) = d(z),  d(z)=(f(x),9(z)).

JokazarenabcTBOo. llcKoOMble MHOIO4Y/IEHbl KOHCTPYKTUBHO TOJIYYAIOTCs HA OCHOBE AJI0-
purma EBkinga. Eciun yzxke nomydenbl paBeHCTBA

ria(x) = f(2) dia(r) + g(2) Yia(x), 1ia(7) = f(2) Pica(x) + g(2) i1 (2),

TO U3 HUX HETPYIHO BhBecTH, 410 74(%) = f(x) ¢;(2) + g(x) ¥4(2), re

¢i(r) = dia(x) — Yia(z) qi(w),  Yi(x) = ia(x) — Yia(z) @i(2).
Tpedbyemoe pasencTBo nojydaercd npu ¢ = k. O
Caexncrsue. /[aa 63aummo npocmux mnozourenos f(x), g(x) € Plx] cywecmesyrom muoeo-
waenvs ¢(x), Y (x) € Plx] makue, wmo f(z) ¢p(x) + g(x) Y (x) = 1.

Bameuanwne. Jlwoboii MHorowten suga f(x)o(x) + g(x)y(z) neaurcsa va d(x) = (f(x), g(x))
(mosTOMY, B 4aCTHOCTH, €0 CTeleHb He MeHbIne creneHn d(x)).

16.6 3HaveHUs MHOTOYJIEHA U KOPHU

[lycrs f(x) = ag+arz+...+a,2™ € Plz]uf € P. Onpenesum f(#) ecrecTBennbIM 06pa3oM:
f(0) =ay+a0+...+a,0". fcuo, uro f(#) € P. OHO 1 Ha3BIBAETCH 3HAUEHUEM MHOTOUICHA
f(z) mpu x = 0. Daement O HazwpiBaeTCsa xKoprem Muorownena f(x), ecim f(0) = 0.

Teopema Besy. FEcau f(x) € Plz] u f(8) = 0 daa nexomopozo 0 € P, mo f(x) deaumca
na x — 6.1

JokazaTeabcTBo. Boinoanus jenenne ¢ octarkom, Haxomum f(z) = (z — 0)q(z) + r(x),
rae r(x) = 0 aubo degr(x) = 0. Ecam r(x) = 0, 1o Bce mokazano. Cayuait degr(z) = 0

! Tannoe npeaoxkenne 06bIMHO NIPUBOJUTCS B KAYECTBE [IIABHOIO CJIEJCTBHS U3 Teopembl Besy — yrBepik-
nennst o ToM, uro () = f(0) mus ocrarka r(x) or memenus f(x) Ha T — 6.
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Bener K nporuopeunto: 0 = f(0) = (60 — 0)q(0) +r(0) = r(0) = r(x) = 0. B 10 xe
BpeMd, COIVIaCHO HalllUM OIIpeACJICHUAM, MHOTOYJICH HyﬂeBOfI CTEIIeHN HE MOXKET 6bITb paBeH
HyJeBOMY MHOro4djeny. O

Henysesoit muorousen f(x) € Plz] naspiBaercsa pasaoKUMBIM HaJ P, ecIm CymecTByoT
MHOTOYJICHBI HeHyJ1eBoii crenenu p(z), ¢(x) € P[x] rakue, ato f(x) = p(x)q(z). B nporusmom
cIyuae MHOTOWIEH f(x) HA3BIBAGTCS HEPAZAONHCUMbBM, UITH HENPUEOJUMbIM HAT P.

N3 Teopembl Be3y BbITeKaeT, UTO HEPA3JOKUMBIM HaJ P MHOTOUYIEH He MOXKeT UMeTh
KOpHeit u3 P, a npou3BOAbHBINA MHO020%AeH cmeneny N Had P ne moocem umemsv boaee n
xopHed.

Bazgaqa. ,ZLOK&)KI/ITG, YTO HaJ, JIIOOBIM KOHEYHBIM ITOJIeM cyaiecrByer OECKOHEYHO MHOI'O HEPA3JI02KUMBIX

MHOT'O4YJI€CHOB.

Sagaga. JlokaxkuTe, UTO A1 MHOTOYJIEHOB HAJ, TOJEM BBIYETOB Z, TIO TMPOCTOMY MOIYTIO D WMeeT

MecTO paBeHCTBO (2 — 1)P = 2P — 1.

16.7 IlpucoeamneHmue KOpHHA

Hepenko mpuxoanTcs paccMaTpuBaTh MHOTOWIEHBI HaJ mojeM P, He mMmelomue KopHeil u3
P. Takue MHOro4jieHbI MOTL'YT, T€eM HE MeHee, UMeTh KOPEHb B KaKoM-jinbo pacurupenun F
nons P. Dnement 0 € I naswpiBaeTcsa aszebpauseckum vad nosem P, ecin oH sBIsIeTCs KO-
HeM MHOTOWIeHa Haj P. Muorodnen naj P MUHUMAIbHON! CTEIeHN ¢ KOpHEeM  Ha3bIBAETCHA
MUHUMAAOHBM MHO20YMAEHOM T O Ha onem P.

bynem paccMaTpuBaTh TOJBKO TaKHe paclIupenus Mo P, KoTopble BIoXKeHH B F'. [IycTh
0 € F. llone HA3BIBACTCS MUHUMAALHOM O-pacuupenuem onas P, ecin oHo cojgepkut 6 u
BJIOZKEHO B JI000e moste, conepxKaiee P u 6. O6o3nauenune: P(6).

B Gosiee obiem ciayuae, eciu 01, ..., 0, € F, 10 uepes P(6q,...,0;) obo3nauaercs MuHu-
MaJIbHOE 1101, cojiepzKariee P u sjpemeHTsl 01, . . . | 0. MUHEMaIBHOCTD 03HAYAET, YTO JAHHOE
moJie BJIOYKEHO B Jiroboe mose, cogepykamee P u 0, ..., 0.

Ecan 6 ¢ P, To roBopst, arto none P(0) noaydeno w3 P npucoepnHernem siemeHTa 6.
Pacmmpenne TaKoro TUIIA HASBIBACTCS NPOCMbLM AA2e0PAUECKUM, €CIN § SABIAeTCT KOPHEM
HEKOTOPOro MHOrOWIeHa u3 Plx].

Teopema o mpucoenuueHuu KopHHA. Munumarvhoild mHoz20usen das 0 onpedessemcs
00HOZHAYHO C MOYHOCTBIO 00 HEHYALE020 MHOMCUMENA. Eeau n — e20 cmenens, mo Mutu-
Manvroe 0-pacuupenue noss P umeem eud

PO)={s€F: s=ay+af+...+a, 10", ao, ai, ..., an_1 € P}. ()

HoxkazarenscrBo. [lpeanonoxum, uro f(z) u g(z) — 1Ba MHHEMAILHBIX MHOTOWICHA JIJIsT
6 (oba crenenn n). Torga ux manbonbinuii oOmuit gesurens d(z) € Plx] umeer Bux

d(z) = f(x)p(x) + g(x)¢(x), e ¢(z),d(x) € Pla].

Otrciona d(0) = 0. [osromy degd(z) = n =  kaxaplii u3 muorouienos f(z) u g(x)
oraugaercst or d(x) JAUIIb HEHYJIEBHIM MHOKHTEJIEM.

O6o3naunm 4epe3 M MHOXKeCTBO, ONpeeJeHHOe NpaBoil dacThio (k). OdeBuanHo, 9TO
M C P(0). lToaromy ocraercst TOIBKO jJ0Ka3aTh, 90 M — monode.

Bosbmem mpon3BoIbHbH MHOrOWIEH p() Hax moaeM P u 3ameruM, arto p(6) € M. das
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JIOKA3aTeIbCTBA Pa3ienM p(x) ¢ OCTATKOM Ha MUHHMAJIbHbIA MHOTOWIeH f(X):

p(x) = f(x)q(z) +r(x) = p(0) =r().

dceno, uro r(0) ecrb cymma snementos 1, 6, ..., 0"7' ¢ xosbdpunuenramu uz nosust P.
[Tosromy 7(0) € M.

HpOI/I3Be,ZLeHI/Ie ABYX 9JIECMEHTOB U3 M ABJIAETCd, OYeBUIHO, 3HaYCHUEM HEKOTOPOI'O MHO-
rounena p(z) € Plz| upu x = 6. [losromy ono npunamiexur M. Hanee, 1060it s1eMeHT
w3 M wumeer Bug p(6), tae muorowrten p(x) € Plx] umeer crenenb He Bbime n — 1. Muo-
rowien f(x), OYeBHIHO, HEPA3TOKUM, MOITOMY MHOTOWIEHBl p(z) m f(xr) B3aWMHO mpoc-

Tol. [To coteicTBuIO U3 TeopeMbl 0 HanboJIblIeM 00IIeM JesuTesie, CyIecTBY 0T MHOIOYICHbI
(), (x) € Plz] rakue, aT0

f@)o(@) +plx)px) =1 = p@p@)=1. O

3amaua. Ilome P — MuHEMAIBHOE UHCIOBOE IOJE, COAEprKAIee IMOoIe PalnoHATBHBIX ducen Q u /2.

Joxkaxkure, 910 moje P ecTh JUHEeHHOe TPOCTPAHCTBO HAL mojieM Q m HaliiuTe ero pa3smMepHOCTbD.

3angava. Jlokaxkure, 9TO KBAJAPATHBIE KOPHU /D1, - - -, \/Pn U3 MPOCTHIX uuces p; < ... < p, JHHEH-
HO HE3AaBUCHUMBI KaK 3JIEMEHTBI JIMHEHHOTO MPOCTPAHCTBA BEIIECTBEHHBIX YMCEJ HAJ, MMOJIEM DPallMOHAJIbHBIX

quceJi.
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17.1 KoMmrmiekcHble MHOTOYJICHbI

BamMedaTebHO, YTO B HAKOOIee HHTEPECHBIX CIVIAIX — & UMEHHO, I KOMMACKCHBLL MHO-
204.0e106 (MHOIOYJICHOB ¢ KOMILIEKCHBIMH KO3 dunmenTamu) — MOXKHO IOJSYIUTh TOYHOE
YTBepZKICHHE O CYIIECTBOBAHMM KODHeil: M000il MHOrOY/IeH cTenmenu 7 > 1 uMeeT KOpeHb,
HBHHIOIHHﬁCH KOMIIJIEKCHBIM YUCJIOM. ﬂaHHoe yTBEpXKJACeHUE TPpaJUuIIUOHHO Ha3bIBaCTCA OC-
HOBHOT meopemoti arzedpbt.

OHo 3aHEMaeT JeHCTBATEILHO 0COD0E MECTO B PAe Pa3IeoB MATEMATHKHA — MHOTHE U3
HUX UMEIOT JJIs Hee CBOM COOCTBEHHBIE MOKA3ATEILCTBA. Bee M3BECTHBIC TOKA3ATEILCTBA B
TOH MJIM MHOH Mepe HCHOIb3YIOT HOHATHE HenpepbieHocmu. Mpl H3/I0KUM JOKA3aTeJIbCTBO,
ocHOBaHHOe Ha MeToze Jlamambepa ! m Tpebyromiee oT HAC HAMMEHbIIel MOATOTOBHTETHHON
paboTHI.

Ml 6ynem pacemarpusath MHOTOUTeH f(2) € C|z] kak dbyukiuio or 2z € C. Ilpu sToM pa-
BEHCTBO MHOTOWICHOB KaK (DYHKIMIA BedeT 3a cOO0H TaKzKe HX PABEHCTBO KaK (pOPMAIbHBIX
BLIPAZKeHHH OT cTenmeHeil OyKBHI z. [Img mOKa3aTeIbCTBA MOXKHO IMPAKTHYCCKH IOBTOPUTD
paccyzKaeHne, IpOBeJeHHoe B CIydae BeHIeCTBeHHBIX MHOIOYJICHOB. A MOMKHO 3TO CIeIaTh
W TakK: M3 TeopeMbl Be3y sCHO, 4TO MHOTOYICH CTENeHH 1 He MOMKeT MMeTh 0oJee, deM n
KopHeii; ecnin f(z) = g(z) anst Beex z, To muorowieH f(z) — g(z) mmeer GeCKOHEYHO MHOTO
KOpHEil, 1035ToMy OH 00s13aH OBITh HYJIEBHIM MHOTOYICHOM.

17.2 IlocaemoBaTeIbHOCTH KOMILIEKCHBIX YHCEJI

[IycTh 3aana MOCIEI0BATEILHOCTD KOMILIEKCHBIX 4HceT zx, k = 1, 2, .... Ona Ha3bBa-
eTcst CXOJSINENCsT K TOUKe Zzg, ecain st oboro € > 0 cymectsyer Homep N = N (&) Taxoi,
q10 i BeeX k > N BBINOJIHSETCsT HEPABEHCTBO |2 — 2o| < e. (CoriacHo onpe/ieJeHuio, no-
HATHE CXOOUMOCTH JJId KOMILJICKHBIX HOCJIeILOBaTeJIbHOCTefI CBOJAUTCA K CXOAUMOCTH K HYJIIO
BEIIECTBEHHON MOCIe0BATENLHOCTH |z — 2|.) OBo3HAUeHTE: klim 2K = Zo WIN 2, — 2.

—0o0

Teopema Bouabrano-Beiiepuitpacca. /las npoussosvroti nocaedosamervrocmu 2y mo-
wek npamoyzosvnura 11 = [A, B] x [C, D] cywecmeyem nodnocaedosamervrocmo 2y, cxo-
dawaaca x nexkomopot mouke zg € II.

JlokazaTeabCcTBO. 3amuiieMm zy = T + iyk, T, yx € R. OueBnmno, x € [A,B| u
yr € [C,D]. B cuny meopembr Bombiiano-Beiieprirpacca st BeleCTBEHHBIX MOCTEI0BA~
TeJbHOCTEH Ha OTpe3Ke, CYIECTBYET MOJINOC/Ae0BATENbHOCTD X, CXOIAIIAsACA K BeIecT-
BEHHOMY YHCIY To € [A, B]. PaccMOTpHM COOTBETCTBYIOILY IO TONOCIET0BATEIBHOCTH TOUEK

13amernm, uto Jamambep He MOT JATh IIOTHOTO JOKA3ATEIbCTBA, TAK KAK B €r0 BpeMs He OBLIO CTPOTOTo
MOHSATUS HEMTPEPBIBHON (DYHKITHH.

113
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2k, = T, + 1Yg,. [lockonbky yi, € [C, D], 110 T0il Ke npudnuHe HARIETCS TOIIOCTEI0BATE b

HOCTb Yk, , CXOIASAMIAsACS K BerecTBeHHOMy uucay yo € [C, D). Ipu arom zp, — xo (kax
J J

HO/IOCTIEA0BATENLHOCTD CXOsINeiics ocienoBarebuocTh). [lycts 2o = xo + iyy. Torna

’Zkij - ZO| < ‘xkij - I0| + |yk¢]~ - y0| — 0. U

17.3 HenpepoiBHBbIEe (DYHKIINM HA KOMILJIEKCHON TIJIOCKOCTH

Pacemorpum dyukuuio $(z), oupegenennyio upu Beex z € C v npUHUMAONLY IO BEIECTBEH-
uble 3HadeHns. Oyukuus P(z) HAZBIBAETCS HENPepuieHOt 6 mowke Zg, eCJIu JJisi JJisi 000
HOCTeI0OBATETLHOCTH 2k, CXOMSIIIENCs K 2, TTOCIeI0BATEIbHOCTh 3HaueHnii P (z;) cxoxurest K

@(Zo).

Teopema Beitepmirpacca. Hycmo @ynryus O(2) Henpepuisha 60 6cex moukar npamoy-
eonvnura 11 = [A, B] x [C, D]. Tozda cywecmeyrom mowru z., z* € Il makue, wmo

O(z,) < D(2) < D(2Y) Vz eIl

JokazarenabscTBo. Jlokaxkem cymrectBoBanue Touku 2*. IIpexkie Bcero, ybeaumcs B TOM,
gro dyukmus $(z) orpanndena cpepxy. Eciau 310 He Tak, TO CYIIECTBYET MOCTIEI0BATE b
HOCTbB 2j, €O cBoiictBoM P (2;) > k. Ilo Teopeme Bonbiano-Beitepimrpacca, ona obragaer ¢xo-
JSIIeics] OOC/IeIOBATEIBHOCTBIO 2, — 2o € 1I. B ety mempepsiBrocTH, D (21, ) — P(20),
a 9TO MPOTHBOpeYnT HepaBeHcTBaM P(zy,) > k;, BRINOMHAIONIMCH Opu Beex k;. [losTomy
cymecTByer BerecTBenHoe ducao M rakoe, uro ®(z) < M s seex z € II. Yucno M
HasbIBaeTCsl geprHed] epanvio mias P(z).

Pacemorpum MHOZKecTBO BetecTBeHHBIX uncess ®(I1) = {x : x = ®(z), z € II}. Tlockob-
Ky OHO OIPaHUYEHO CBEPXY, TO JJIsI HErO CYIIECTBYET MoOuHaA 8eprHAs epanb M* — Takad
BepXHss I'paHb, KOTOpas JUOO NPUHAJIEZKUT MHOYXKECTBY, JJUOO K Hell CXOJUTCs HEKOTOpas
OCIEI0BATEILHOCTD OTMYHBIX OT Hee 9HCces U3 JAaHHOTO MHOXKecTBa. 2 VTak, mycThb 2, € 11
u $(z,) — M*. Tlo reopeme Bonbnano-Beiiepiirpacca, mMeeTcst MOANOCTeI0BATEIBHOCTD 2y, ,
cxoagmasica K HekoTopoit Touke z* € II. B cuny menpepsiBHOCTH,

M* = lim ®(z,) = P(27).

k—o0

OueBuano, uro dyukius V(z) = —P(z) orpanndena cBepxy TOra U TOJIBKO TOI/IA, KOTJA
®(z) orpanuyeHa CHU3Y. 3HAUNT, HAMH JOKA3aHO TAKKe CYIeCTBOBAHUE HUMCHED 2pany ns
®(z). Onmpach Ha yKe JOKA3AHHOE YTBEPKIECHHE, 3aKaiodaeM, 4To Jisd V(z) cyuecTByeT
Touka z, € I Takas, aro W(z) < U(z,) mas Beex z € II. Orciona ®(z,) < ®(z) ansa Beex
zell. O

17.4 CBoiicTBa MOIyJd MHOTOYJIEHA

PaccmorpuM npon3BOIbHBIH MHOTOYIEH

f(z)=ap+arz+...+ap12" 42" (#)

2 Tannbrii GaKT JOKA3BIBAETCS B KYypCe MATEMATHHUECKOTO AHAJM3A.
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C KOMILIEKHBbIMU KO3 punuentamu u crapium Koddgpdunuenrom a, = 1, n > 1.

JleMMa 0 HEIpPepBIBHOCTH MOAYJsi MHOrousneHa. Pyuruyus P(z) = |f(z)| nenpepovisna
npu ecex z € C.

HokazareancTBo. lns jgokasaresnbcrsa Henpepbisaoctu P(2) B TOUKE 2 = 2 JOCTATOYHO
yCTaHOBUTH HenpepbiBHOCTH MyHKIHH P(29+h) ot h € C B Touke h = 0. fcno, uro f(zo+h)
ecTb MHOTOYJIeH OT /i

f(Zo + h) = bo + blh + ...+ bn_lhn_l + hn7 rae bo = f(Zg)
OTcroma HAXOIUM

[®(z0 +h) = P(20)] = [[f(=o+h)] — [f(20)l] < [f(20+h)— f(20)
< |bth 4+ ...+ by A"+ R
< fbllal + oo+ ][RP+ R D

JlemMma o pocte mMomyass MHOrod4jdeHA. /i arobozo wucaa M > 0 cywecmsyem R > 0
makoe, wmo u3 nepagencmsa |z| > R ewmexaem, wmo |f(z)| > M.

JlokazaTeabCcTBO. YunrbiBast, uro |2¢| = |z|', nomydaem
f] = 2" =lao + arz + ...+ a1z 2 2" = aol = laall2] — ... = lanl2" "
O6o3naunM depe3 A MakCHMaJIbHOE U3 THce |agl, ..., |a,—1|. Torma npu |z| > 1 HaxomUM
el = e (1- 7).

s mo6oro 3aganaoro M > 0 moozKuM
R = max{l, 2nA, V2M}.
Jlerko Bujers, uro eciau |z| > R, 1o

n nAY\ _
f(z)] > R (1_M) = R'/2> =-=M O

17.5 OcHoBHaga Teopema aJIreopbl

[Tycrb f(2) — npou3BOIbHBIR MHOTOUWIEH BUIA (F).

JIemma JTanambepa. Ecau 6 nekomopot mouke z € C svnoanaemca nepaserncmeo | f(z)] >
0, mo natidemea h € C maxoe, wmo |f(z+ h)| < |f(2)].

JokazarenabcTBO. YTBepkjienue oueBuiHO B ciaydae n = 1. [losromy npesmnonoxum, 4To
n > 2. @ukcupyem z € C u pacemorpum f(z 4+ h) xax MHOTO4YIeH OT At

F(z4h) = f(2) +bih+ ...+ by h" " 4 A"
[Iyctb b, — mepBbiii HenyJeBoii koadduuuent ( = by = ... = b, =0). Torga

f(Z + h,) = f(Z) + bmhm + g<h)hm+17 g(h) — bm+1 4.+ bnflhnim72 + hnfm—l.
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Oupegenum KoMmiiekcHoe ducio ¢ pasencrsom (" = — f(z)/b,, u Gyjem uckarb h B Buje
h=¢_t, t>0.
flcro, aro
F) 4+ bah™] = [FE)A =) = [FEIQ -t < [f(z)] mpu ¢>0.
[Ipu sTom HA oTpe3ke 0 < t < 1 mra HekoToporo B > (0 mmeeMm
l9(Ct) (¢t)™ ] < Bt™
Cnenosarenbho, ecn 0 <t < 1, 1o
[f(z + COI < [f()(X =)+ Bt™ = |f(2)] + (Bt —|f(2))t™

Mpn 0 < < min(1, | £(2)]/B) noaywaen |f(z + ¢t)| < [f(z)]. O

OcuoBHas Teopema anaredbpsul. 10001 MHO20UAEH € KOMNACKCHBLMU KOIHHUUUEHMAMU
cmeneny evlule HYAeeol umeem roms 0v, 00uH KOMNAEKCHBIT KOPEHD.

Hoxazareascro. [lycts M = |f(0)|. Ecim M = 0, To Bce gokazamno. [Ipeamonoxum, 4T0
M > 0. Cornacuo gemme 0 pocTe MOLYJIst MHOTOWIeHA, Ipu Beex |z| > R umeem |f(z)] > M.
Paccmorpum kBagpar 11 = [— R, R X [—R, R]. ®yuxnus | f(z)| nenpepsisua npu seex z € C
u, B YacTHOCTH, pu Beex z € II. Ilo Teopeme BeitepmTpacca, cymectByet z, € Il Takoe, aTo
|f(z:)| < |f(2)| mpu Beex z € II. OueBnano, uto |f(z.)| < M u, kpome Toro, M < |f(z)]
JUT TI00BIX Touek z ¢ [ =

[fEI<If)] V¥V zeC (*)

Ecan | f(z)| > 0, o, mo nemme lanambepa, npu vekoropom h € C nonygaem |f(z, + h)| <
|f(2)], ar0o mporuBopeunt Hepasencrsam (k). Takum obpaszom, |f(z.)] =0 = 2z, aBagerca
HCKOMBIM KopreM: f(z,) =0. O

17.6 Pa3z/ioxkeHne KOMIIJIEKCHBIX MHOT'OYJIEHOB

MHuoro4ieHbl IEPBOIi CTeNeHN HA3BIBAIOT TAKKe AUHETUHDMU MHO20MAEHAMAU.

Teopema. Jlobot komnaexcnot muozouaen f(z) ecmenenu n > 0 pasaazaemesa 6 Clz] na n
AUHETHDLT MHONCUMENeT:

f(z) = alz—2z1) ... (2 — z), a, 21,..., zn € C. (%)

Zarmoe pasaosicenue eOUHCMBEHHO ¢ MOYHOCMDIO 00 NOPAJKG coMmHoxHcumened.

HoxkazareascTBo. [lo ocHOBHOI Teopeme aareGpbl, f(z) umeer X0Ts Obl OJMH KOMILIEKC-
HBIl KOpeHb — IycTh 310 Oyaer z;. CornacHo teopeme Besy, muorowien f(z) penurcs Ha
JMUHeRHBI MHOTOWIeH 2 — 210 f(2) = (2 — 21) f1(2). Eciu deg f1(2) = 0, To nckomoe paszio-
x)enue yxke nojydeno. Ecu deg f1(2) > 0, T0 U 9370T MHOIOY/IEH UMeEeT XOTsi Obl OJIUH KOPEHb
— mycTh 370 OymeT zo. Takum obpaszom, f(z) = (2 — 21)(z — 22) f2(2). Eciau deg fo(2) = 0, 1o
pasnozkeHue moayveHo. Ecin ver, 10 fo(2) TakKe nMeeT KOMIIEKCHBI KOPeHb, 1 TaK JaJiee.
dcHo, 9o Ymceao a paBHO crapiiemy KoadbdunuenTy Muorouaena f(z).
Tenepb TPEANONOKAM, ITO UMEIOTCS /IBA PA3IOKEHUSA:

f(z) =a(z=2z)...(z—2z,) = a(z—721) ... (2 —Zm)-
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Crenenb MHOTOWICHA B TIPABOii YaCcTH, OYEBUIHO, paBHa m = m = n. Kpowme Toro, a = a
(a0 crapmmmit kKoabdunnent muorowrena f(z)). Hamee, (21 — 21)... (21 — 2,) = 0 =
XoTst Obl OjiHA U3 CKOOOK paBHA HyJI0 = 2] COBHAJAET C KAKUM-TO U3 ducesa z;. llocie
HepeHyMepalyi BCeraa MOXKHO CUUTATh, 4TO 21 = 2. MTak,

(z—21) ((z—29)...(2=2,) — (2—22)...(z=%,)) = 0.
Orcyrersue B C[z] menureneil mysis o3Hadaet, 410
(z—29)...(z2—2n) = (2—22)...(2 — Zpn).

Paccyx1ast anagoruaubiM 06pa3oM, IPUXOAUM (IIOC/Ie epeHyMepallii KOPHEii) K DABEHCTBY
Z9 = Zp, M Tak jgajee. U

Caencrue. /1060t xomnaekcnod mnozouaen f(x) cmenenu n > 0 umeem eduncmesenmoe
passogcenue 6uda

f(z>:a(z_gl)k1"'7(Z_Cm>km> kla"'akm>07 k1++km:n, (**)

Cz#C] npu Z#]v a, Cla"'aCmE(C-

Pazsoxkenue Bujia (%) HHOTJA HA3BIBACTCS KOMNAECKCHBIM KAHOHUYECKUM DPa3IOZKEHN-
em muorowiena f(z). Yucno k; naseiBaercs xpammocmoto kopus (;. Kopenb (; ma3piBaercs
Kpamuuim, ecta k; > 1, u npocmoim, ecnn k; = 1.

Cormacuo (kx), muorowrten f(z) uMeeT m MOMAPHO PA3TUIHBIX KOpHEHd. B pazmoxennn
(%) HeKOTOpBIE W3 YHUCE Z1,..., %, MOLYT COBIAJATDL: €CIN 2; = (;, TO HMeeTCs POBHO k;
qyucesa, pasubix (;. Hepeako momydennyio Bwile Teopemy (OPMYJHPYIOT TaKHM 00Pa30OM:
A10000 KomnaekcHull, MHozousen cmenenu n > 0 umeem posHO N KOMNAEKCHUT KopHet ¢
yuemom kpammocmed.

17.7 PazioxkeHue BellleCTBEHHBIX MHOTO0YJIEHOB

PacemorpuM sewecmsernvili mMrozouner (MHOTOUWIEH ¢ BEIIECTBEHHBIME KO buImenTamm)
f(:zc) = ag+ a1x + ... + a,x" u npegnonokuMm, uro duciao z € C gpBiasercs ero KOpHEM.
Tora KOMIZIEKCHO CONPSZKEHHOe YUCI0 Z TAKIKE sIBISETCS KOPHeM (B CHJIy BEIeCTBEHHOCTH
K03bIUIIEHTOB @; = a; JJisl BCeX 1):

fZ) = a+az+...+a,2" = aGg+az+...+a,2" = f(z) = 0.
Eciu Z # z, 10 x6adpamunrvidl mHo2ouser (MHOTOUYIEH CcTeneHu 2)
o) = (2—2)(x-%) = 2" = (z+D)a+ [

MMEEeT, OYeBH/IHO, BeleCTBeHHbIe KO3 dHUIueHTsl n sBIsieTcss Hepa3iokuMbiM B R[z].

Teopema. /060t cewecmeenmod mrozousen f(x) ecmenenu n > 0 pazaaeaemca 6 R[zx] na
AUHETHBIE U HEPASAONCUMBLE KEAIPAMULHBLE MHOIHCUTNENU:

flx)=alr —z1)...(x —zp) P1(2) ... PN (2), M +2N =n,

a, 1, ..., ry € R,
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2 .
oi(z) =z +sx+t;, s, t;,eR, =1 ..., N.
Jlanmnoe paznoscenue eOUHCNGEHHO ¢ MOYHOCTIBIO 00 NOPAOKA COMHONCUMEAET.

HokazareabcTtBo. MHorouwnen f(x) uMeeT n KOMIUIEKCHBIX KODHEH 21, ..., 2z, € y9€TOM
kpatHocTei. [lycTh poBHO M M3 HUX ABASIOTCA BelllecTBeHHBIME. Torma octamababie n — M
KOpHeil pa3buBaioTcsi Ha Mapbl KOMIUIEKCHO CONPSAYKEHHBIX duces (= 4qucao n — M JoiKHO
6biTh weTHbIM: n— M = 2N). BerecrBennbre KopHu 1at0T M JIHHEHHBIX MHOKATEJIEH, & TTapbl
KOMTIIJIEKCHO COMNPSIZKEHHBIX duces] JaioT N Hepa3/IoKUMbIX KBAaJIPATUIHBIX MHOXKHTEIEH.
TeMm caMbIM CyIIECTBOBAHHE HCKOMOTO Pa3JIozKeHUs JOKa3aHo. /lonycTum, 9To nMeoTces JIBa
pa3I0KeHusT TAKOTO BHJIA:

f@)=alz—z1)...(x—xm) ¢1(2) ... dn() =a(x —F1) ... (x — Fap) S1(2) ... oo ().

dcno, aro a = a (310 crapmuit koadhdunuent f(r)). Hanee, moaHbIH HAGOP KOMILTEKCHBIX
KOPHEH ¢ y4eToM KpaTHOCTEH OIpejie/ieH OMHO3HATHO = BEIeCTBEHHbIE KOPHHU C yIeTOM
KPATHOCTEI OIpPe/Ie/IeHbI OJTHOZHAYHO =

alr—z1)... (x —axy)=alz —7)...(x = Tppy), M=M = N=N"

[Mockoabky B R[z] menmreneii Hyas Het, nomydaem

$1(2)...on(2) = ¢i(2)...on(2).

Mycte ¢1(2) =0 =  ¢i(z) = (x — 2)(z — 2). Janee, ¢1(2)...on(2) =0 = xors1 Goi
OJIMH U3 MHOXKUTE el paBeH HyJi0. [lycrs, Hanpumep, ¢1(2) =0 = ¢1(x) = (z—2)(x—32).
Takum obpaszowm,

$1(x) = di(z) = oa(x)...on(x) = da()...on(2).
Janee o waayknuu. O

CaenctBue. 10001 sewecmeennvili MHO20MAEH HEUEMHOT cCMenety uMeem Tomsa ov, 00uH
seueCmeenHvlll Koperov.

3ameuanme. [locienee yrBepzKiaeHne MOKHO ObLIO Obl JIOKa3aTh U HEIIOCPEJICTBEHHO — De3
HCIOJIB30BaHUST OCHOBHOIT TeopeMbl aarebpbl. /locraToano gokasarh, uro f(z) (kak GyHKIns
or z € R) mMeer MOJIOKUTETBHBI 3HAK MPH JIOCTATOYHO GOJIBITUX MOJOKATEIBHBIX T W OT-
PHUIATEIBHBIN 3HAK IIPH JOCTATOYHO DOJIBIUX OTPUIATETBHBIX . [locie 9Toro uenop30BaTh
HerpepelBHOCTD f () m Teopemy Poswis.
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18.1 ®opmyast Buera

PacemorpuMm komrmutekcHbIit MEOTOWIeH f() cremenu n co crapmmM Koddduumentom 1 u
ero pasJjioykeHue Ha JUHEHHbIe MHOKUTEJIH:

fl@) = ag+az+. . +ap2" ' +2" = (z—a1)... (- ).

PackpoiBas ckoOKM B IpaBoil YacTu u npupaBHuBas KOIMMUIIMEHTH TPU OJUHAKOBBIX CTe-
NeHaX &, ToaydaeM gopmyan, Buema:

n1 = —(r1+z0+...+2x,),

Ap—o9 = ([Ell’g + T3+ ...+ Zlfn_ll'n),

Un—g = —(T122%3 + T122Ta + ...+ Tp_oTp_12y),
Ap—f = (—1)k Z Ly oo Ty,

1<i1 < .. < <n

Bripaxkennga suga

o = op(T1, ..., x,) = Z Tiy - Tip, k=1,...,n, (%)

1<iy < ... <ig<n

HA3BIBAIOTCS IAEMEHMAPHOLMU CUMMEMPUNECKUMY MHO2OMAEHAMU OT L1, . . ., Tp. TakuM 00-
paszoM, Ko3bbuImenTs MEOrOUIeHa f(2) BHIPAKAIOTCS depe3 JIeMeHTapHBIe CHMMeTPHYec-
KM€ MHOTOYJICHBI OT €ro KOpHE# X1, ..., Ty:

g = (=1)% oy, k=1,..., n

18.2 MHoro4jeHbl OT 1 IepEMEHHBIX

DopmasibHOe BhIpazKenue it ... ro"

on. TOE O, ..., Oy — HEOTPUIATe/IbHBIE IeJIble CTeleH !,

HA3BIBACTCH 0OHOMACHOM CMENeHU O + ... + Qu OM NEPEeMENHBT T1, ..., Tp. PaBEHCTBO
a; = 0 Jomyckaercs (B 9TOM ¢JIydae OJHOUJIEH He COJEPKUT I; ).

Mrozouaenom om nepemennms Ty, . . ., T, Had nosem P HasbBaeTca popMaIbHad CyMMa

OIHOYJICHOB OT X1, ..., Tp C Ko3ddumumentamu u3 noada P. Cmenenvio MHOTOUYICHA HA3bIBa-

€TCd HaMBDLICIIaA CTCIICHb BXOAAIINX B HErO OJHOYJICHOB C HeHyﬂeBbIMH KOSq)d)I/IHI/IeHTaMI/I.

Hanpumep, muorowien
_ 3.2 2.3 4
f(z1, xo, x3) = wyx503 + T]THx3 + T1T2X5 + X102 + T3

119
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umeer crenenb 6. Kak Bugnm, B cocraB f(z1, T2, T3) BXOAAT 3 OJHOUICHA HAMBBICIIEH CTe-
MEHU.

[Tomaraem z{' ... 20" = :L’?l xﬁ”, ecn «; = (3; nag Beex 1. OIUH W TOT K€ MHOTO-
qJIEH JOMYyCKaeT MHOTO (DOPMATBHO PA3JIMIHBIX HPEICTABICHNNH B BUIE CYMMbI OJIHOUYJIEHOB C
ko3 durmenTtamu u3 1moasd P. OaHako Mbl Beerjia MOXKeM IepeiiTh K cmandapmmomy npeo-
CMasAeHuto, B KOTOPOM KaxKJIbIHl OJHOYIEH BCTpedYaeTcss TOJIBKO OIMH pa3 — Mpoleaypa
mepexoJa Ha3bIBATCS npusedenuem nodobHbT 4aeH08 U 3aKII0IaeTcd B 3aMeHe BCeX OInHa-
KOBBIX OJHOUJIEHOB C KAKUMHU-TO KO3 PuimeHTaMmu O JHUM OJHOUJIEHOM ¢ KOI(MDPUIHEHTOM,
PaBHBIM CyMMe THX KoM (MUIHEHTOB, a 3aTeM HCKJIIYEHUH U3 CYMMBI BCEX OJHOYIEHOB C
HyJeBbIMH Kodbdunuertamu. MHorodwiensl [ U ¢ HA3bIBAIOTCS PABHBIMU, €CJIH OHU UMEIOT
paBHBIe KOYPQPHUITMEHTHI /11 PABHBIX OJHOYJICHOB B CBOUX CTAHJIAPTHBIX HMPEICTABICHHSIX.

CymMoit MHOTOUJIEHOB f-+ ¢ HA3bIBAETCS MHOTOUWIEH ¢ KOI(MDDHUIUEHTAMHI, PABHBIMU CYyMMe
KO3(DPHUIUEHTOB /I COOTBETCTBYIOMUX OAHOUICHOB, BXoadamux B f u ¢g. [IpousBenenunem
MHOTOUICHOB f = 3 oy 250 .. 207 1 g = S b, g, 27" ... 20" naspiBaercs Muorowen
fg, cocrostimii U3 BCex 4JIEHOB BHIA

a1+p61 an+p
(aal,...,an bﬁl:mvﬁn) xl 'r’nn "

Takum 06pa3oM, yMHOKEHHE MHOTOUYJIEHOB BBIIIOTHSETCS O IPUBBITHBIM IIPABUIAM PACKPHI-
THsI CKOOOK U IPUBEIeHUS HOJI00HBIX UJIEHOB.

MHozKecTBO BCeX MHOTOYWIEHOB OT Iq,...,%, Haja mnogeM P obo3HadaeTcs depes
Plzy, ..., x,]. OTHOCUTEIBHO ONEpAI CIIOKEHUST ¥ YMHOKEHUsT MHOTOWIEHOB OHO SIBJISIET-
¢sI KOMMYTATHBHBIM KOJIBIIOM C €JUHHIEH u 0e3 JejanTeseil HyJid.

18.3 Jlekcukorpaduieckoe ynopsaaovdeHne

[Tpn u3yv4eHUn MHOTOYIEHOB OT I1, ..., &, YaCTO UCIOJB3YETCs Aekcukozpaduueckoe (cao-
6apHoe) YIOPAI0IeHIe BXOJANINX B HUX OJHOWIEHOB:

aq Qn ﬁl B
ot oo xdm crapme (Boimme) xit...ahn
ecau 1ist HeKOToporo 1 < &k < n BBINOJIHAIOTCSI COOTHOIIEHUST
o =0, o, e = Peer, o > Oy

B nanbHeiineMm mon cmapwium waeHom MHOTOUWIEHA OyIeT MOHUMATHCS B3ATBHIH ¢ COOT-
BETCTBYIOIIUM HEHYJIEBHIM KOI(DMOUITMEHTOM OJHOUJIEH, SIBJISIOMMUIICS HAUBBICIIUM TIPH JIEK-
CUKOTpadpUIECKOM YHOPSIIOYEHUH OJHOYJIEHOB CTaHAAPTHOIO TPE/ICTaBAeHNus JTaHHOTO MHO-
roujena. QO4eBH/IHO, CTAPIIAH YJIeH OIpeJie/ieH OJIHO3HAYHO.

Jlerko mpoBepsieTcst, YTO CTAPIIN YJIeH MPOU3BEIeHNs IBYX MHOTOYJIEHOB PaBEH MPON3-
BeJIEHUIO UX CTApIIUX YIeHOB.

18.4 CumMmmMerpmYecKne MHOTOYJIEHBI

Muorounen f(xy, ..., T,) HA3BIBACTCS CUMMEMPULECKUM, €CTH JJIsI JTIOOOH MOJACTAHOBKH O
CTEeINeHu N

f(xlu sy :Cn) = f(xa(l)a ceey xa(n))-
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BaxkubiMu npumMepamMu CUMMETPUYECKUX MHOT'OUJIEHOB SBJISIOTCS /1€MEHTaAPHbIE CUMMETPU-
YeCKUe MHOTOYJICHBI O, IPUCYTCTBYOIIME B (hopmytax Buera.

Teopema 0 cuMMeTpUYEeCKHX MHOTOYJEHAX. /Jlif 4100020 CUMMEMPUIECKO20 MHO20-
waena f(xy, ..., T,) cywecmeyem u eQUHCMBEH MHOZOUAEH § OM N NEPEMEHHHLL MAKOT,
Ymo

flzy, .oy zn) = glo, ..., on),

ede o = op(x1, ..., Tp) — INEMEHMAPHHIE CUMMEMPUIECKUE MHOLOUAEHDL 610G (*).
HoxkazareascrBo. Ilycrs ax(* ... x0" — crapmmit wien muorowiena f(zi, ..., ).
Torma B ciaydae cUMMETPHIECKOTO MHOIOYJIEHA 0053aTeJbHO BBHIMOJTHSIIOTCS HEpPaBEHCTBA
a1 > ... > «ap. Ecan 661 510 OBLJIO HE TaK, TO JAHHBIH YJIeH He ObLJ Obl CTAPIIUM: B CHM-
METPUIECKOM MHOTOUIEHE BMECTE ¢ OJHOWICHOM X' ... %" MOJZKHBI IPUCYTCTBOBATH BCE
OTHOYWICHDI BHIA x?él) . x?&) 1714 JII000H TTOOCTAHOBKHA O.
Paccmorpum muorodsiexn
. a1 —o2 ap—1—Q (o7
o(o1,...,00) = ao] oot o, (1)

Ero moxx#uo paccMaTpuBaTh TakKyKe KaK MHOTOUIEH OT I1,...,IT,, JJd KOTOPOTO CTapIINii
4aeH OyIeT, 0OYeBHIHO, PABEH

axit T (xqw)® ™ (2 )T (2 ) = axt oat (2)

[Tosromy crapiiuii 4jieH MHOIOYJIEHA

filze, .. xn) = fo,...,20) — @01, ..., 00)

Oyaer muamuie crapimero dieHa mias f(xq,...,2,). AHaJIOrHIHBIM 00pa30M OT fi MOYKHO
HepeiiTu K MHOTOWIEHY fo ¢ MEHBIIHM CTApIINM WJIEHOM, W TaK jaajee. B CuIy KOHEYHOCTH
o0IIIero YncsIa 4IeHOB JaHHAs IIPONeIypa TOMKHA Ha KAKOM-TO IIare JaTh HYJIeBOH MHOIO-
YJICH.

Jlnst moKa3aTeabCTBa €IMHCTBEHHOCTH MHOTOYIEHA ¢ JOCTATOYHO IMOKA3aTh, YTO €CIH
glor,...,00) #0, 101 f(x1,...,2,) # 0. IpyruMu cIOBaMu, Hy?KHO MPOBEPUTh, YTO MOC/Ie
3aMeHBI 0, Ha COOTBETCTBYIOIINE MHOTOWIEHBI OT 1, . . . , Ty, ¥ IPUBEIeHHUS TOTOOHBIX 1JI€HOB
ocTaHeTcs XOTsI Obl OJUH HEeHyJIeBO# wieH. JI060#f 4YJeH MHOTrOdYJIeHa ¢ MOYKHO 3allUCATDh B
sujie (1) ¢ mokaszarensmu oy > ... > «,. Kak MHOrOwWIeH OT Zi,...,T,, MHOTOWIEH @
uMeer cBouM crapiiuM dieHoM (2). CrapiiuM 9IeHOM i ¢ KAK MHOTOYIEHA OT T, ..., Ty
OyaeT HAMBBICIIHI W3 YWIeHOB TaKoro BuAa. OH onpeneseH OMHO3HAYHO W TOITOMY HE MOYKET
COKPATHUTHCS IPU NPUBEICHAN MOJO0HBIX YIEHOB. U

CaencrBue. 3HaueHue 106020 CUMMEMPUHECKO20 MHO2OUAEHE G(T1,. .., Ty) NPU 3aMEHE
NEPEMEHHBLL HA KOPHU MHo20useHa f(x) = ag + a1 + ... + ap_1Zy_1 + " Had nosem P
ABAAEMCA INEMEHTOM NOAA P.

HokazarenbcTtBo. CHMMETPHUYECKUI MHOT'OUWICH SABJISETCS MHOTOYIECHOM OT 3JIEMEHTap-
HBIX CHMMETPHYECKUX MHOrOWJIeHOB. Ecium cunuTarh mepeMeHHble KopHamu s f(x), To,
B cuay ¢opmyan Buera, ¢ O6yaer MHOrOWIEHOM HaJ TeM ke mojeM P oT KoxbdpuimeHTon
ag, - - -, Ap_1, KOTOPBIE SIBJSIIOTCS djieMenTaMu mojig P, 0O

Bagaua. Ilycrs 21, ..., 2, — Bce KOpHU (C y4eroMm KpaTHOCTeH) MHOrouwieHa f(x) ¢ panuOHAIbHBIMU
kodbdunmentamu. Jokazars, a0 nmpoussenenne D = [](z; — z;) sABIfETCA PAHOHAIBHBIM THCIOM.
1#]
Bamaua. Ilycrs 21, ..., 2, — BCe KODHM N-if CTENEHN n3 exuHUNbL, & f(T1, ..., Ty) — CHMMETPUYIECKHI

MHOTOYJIEH C TeabMU KO3 dunmentamu. Jlokaszars, 4To 3HadYeHne [ MpH x; = z; SABJISETCS IMEJIBIM YUCIIOM.
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18.5 HbIOTOHOBBI CyMMBI

[Tycrs 3agan muorodnen f(r) = ag+ a1z + ... + ap 12" + 2", W uUycrb 1, ...,T, — Bee
€ro KOpHHU C y4eTOM KpaTHOCTel. Buipaxkenus

sk::c'f+x§+...+xfl, k=1, 2, ...,

HA3BIBAIOTCST HbIOMOHOE8bMU CYMMamu, 1st f(x).
dcHo, 910 $p — CHUMMETpPHYECKUil MHOTOYJIEH OT KOPHeil i, ...,Z,. Ilosromy s ecrb
3HAYEHHE MHOIOUIEHA OT JEMEHTAPHBIX CUMMETPUUYECKUX MHOIOUJIEHOB U, CJIeJ0BATEIBHO,
o1 KO3DDUIHUEHTOB ag, . . . , Gp—1. TaKAM 06PA30M, HBIOTOHOBBI CYMMBI KOHCTPYKTUBHO BbI-
paKaroTcst yepe3 KoahduiueHThl MHOTOWIeHa f () — MX MOXKHO HaliTH, HE 3HAsI KOPHU.
Ha BBIMHUCJICHUHN HBIOTOHOBBLIX CYMM JICI'KO IIOCTPOUTDHL TaKzKe HeKOTOprU/I METO HpI/I6ﬂI/I—
JKEHHOTO BhIYMC/IeHUst KopHell Muorouwiena f(x). ! TIpeanonoxum, 4ro

k+1 k+1
L2 In
sa _ 10 (B) 4o (3)

= % %
Sk 1 (2) + ()

3agava. /lokasarb, 4To MHOro4JjeH f (x) =14+2x+...4+ 2" umeer n pa3IuIHbIX KOMILJIEKCHBIX KOpHEHt

Torma

21, ...y Zp. BOIMHCTATE HBIOTOHOBY CyMMY S = 2F + ... + 28 mpu k = 7.

3agava. Haiitu muorousen 3-it cremenu, KOpHAME KOTOPOIO SIBISIOTCH KBAAPATHI KOPHEH MHOTOYJIEHA

23 — 22 — 5.

'Ha mpaxTuKe 11 3TOM IMeM Bee ¥Ke UCHOIb3YIOTCH JIPYTHe MeTOIBl — ¢ 6olee GBICTPOi CXOMIMMOCTHIO.
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19.1 Auxarebpamydeckne MHOT00Opa3us

[ycrs f(x1, ..., T,) — MHOrOYJIEH CTeNeHH k OT NEPEMEHHBIX X1, ..., Tp. MHOKecTBO
M:{x: [.fCl, ceey In]T:f(xl’ 7xn) :0}

Ha3bIBaeTCs anzebpaudeckum mrozoobpasuem ' nopaiaka k. OuesuHo, 5TO NOHATHE 00001ITA-
eT MOHSATHE JUHEHHOr0 MHOMOOOPa3nusa B N-MEPHOM IPOCTPAHCTBE.

B ob6mem ciyuae crpoenne mHoxkecTBa M BechbMa cyiokHO. OJHAKO, IPU €TI0 U3YUECHUH
9aCTO TOMOIAaeT O4YeHb MPOCTas Wjess — JaBaiiTe MOMBITAEMCS YIPOCTHTH BUJ YPABHEHUSI
f = 0 ¢ momotmpo 3aMeHbl TepeMeHHbX © = Py, e P — HeBbIPOXK/IeHHAs MATPHUIA TO-
psaKa n. 3aMeHa MepeMEeHHBIX CBA3aHa C MEepexXo/IoM K JIpyromMy 0asucy B TOM zKe N-MEepPHOM
HPOCTPAHCTRE.

Vreepxkaenue. Ilycms P — npousosvhas HEGWPOHCIEHHAs MAMPUY, nopaoka n u
_ T _ T

91, - yn) = flxr, ..., ), 2de [x1, ..., 2, = Plyi, ..., ys] . To2da cmenens

MHOZOUACHA § PAGHA CTMENEHU MHO20YUAEHA, [ .

HoxkazarensctBo. Ilycrs P = [p;;]. Torga

k

n 1 n kn
k1 kn __
Ty ..y = E PiYi | .- E PnjY;
j=1 j=1

Orcrosa siICHO, 9TO cTerneHb ¢ He Boilie creneHu f. [IpoTuBOMOIOKHOE HEPABEHCTBO TOKA3HI-
Baercs ¢ MOMOIIBIO 3aMeHbl y = P71z, O

19.2 KsaapaTtudHble MHOTOYJIEHBI OT ABYyX MEPEMEHHBIX
PaccmorpuMm kBaipaTuvaHblil MHOTOUJIEH ¢ BEHIECTBEHHBIME KO3MDDUInEeHTAMI
f(SL’, y) = a11x2 + 2&12I‘y + a22y2 + 2&13217 + 2@233/ + ass

Kak (QYHKIHIO OT JEKAPTOBBIX KOOPAMHAT X, % HA ILIOCKOCTH U UCCIEAYeM CTPOEHHE MHO-
JKeCTBa TOUeK (x,y), YAOBIeTBOpsionux ypapuenuio f(z,y) = 0.
Mmuorounen f(x,y) UMeeT TpU THIA CIATAEMBIX:

f(x,y) = folx,y) + fi(z,y) + fo,

Tloapo6HLIM H3ydIeHNEeM aIre6pamIecKuX MHOTOOODA3Mil 3aHIMAeTCs ajJredpantdeckas TeOMeTpPH.

123
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fo(z,y) = a2 +2a190y+asy® — weadpamuunas wacmo, fi(r,y) = aj3x+asy — Aunetinas
wacmo, fo = azz — c600600HwT waen. KBagpaTudHas w JUHEHHAS 9aCTH 3aMUCHIBAIOTCSA C
HOMOIIIBIO MATPUYHBIX OIepAlMii TAKIM OOPA3OM:

folz,y) =[x y][an am}[:p}’ filz,y) =2[ as a23}{x]

a2 Q22 Y Yy

Kpowme Toro, nerko npopepsercs, 9TO

11 a2 i3 X
flz,y) = [x Y 1] a2 Q22 Q23 )
a13 Q23 A33 1

[Tonpobyem HaiiTu Takyro JeKapTOBY cHCTeMy, B KOTOpoil ypasaenue f(z,y) = 0 momyunt
6ostee npocToit Bul. MHOKECTBO ero pellieHuii IPUHITO Ha3bIBaTh AuHuel (kpusoti) 6mopozo
nopAdka.

19.3 IlloBopoT mekapTOBOIl cUCTEMbBI KOOPJAUHAT

Ucxonuyto IeKapToBy CHCTeMY KOODJAMHAT MOBEPHEM TIPOTHB 4YacOBOIl CTPEJKH Ha YToa ¢.
Toria 6a3ucHbie BEKTOPHI €1, €2 NepeiijlyT B HOBble DA3UCHbIE BEKTOPbI, COOTBETCTBEHHO,

€ =cospe; +singpey, € = —singe; + cospes.
Crapble KOOpJMHATHL T,%y OyJlyT BbIpayKaTbCs 4Yepe3 HOBbIE KOOPJIMHATHI T,Y CJIEJLYIONUM

obpazom:
x|  ~~ [ ~~ _ | cos¢ —sing T
[y} = rertye = [simb cosqﬁ}[”yv]

Jlerko mpoBepsieTcs, 9TO

[ me] (i) - [Bl-[mr e n)

sing  cos¢ —sing cos ¢ Y —sing cos¢ Y
B HOBBIX KOOpJMHATAX KBaJIpaTHIHAS YaCTh fo(x,y) OpUHEMAET BH]

Y
- o~ cos¢ sing ayr  aqo cos¢p —sing
fo = [ Ty } e . .
sin¢g cos ¢ a1z Qoo sing  cos¢
Marpuia B cKOOKaxX ecTh IPOU3BEJIEHHE TPeX MAaTpHUI BHIA A= QT AQ, npuuem A — cum-
merpuunag Marpuna: AT = A. Orcrona

AT=(QTAQ)" =QTAT(Q") =QTAQ = A.

Buaunt, A = [a;;], 1 <1i,j <2, ocraeTcsa CUMMETPHYHON MaTpuUIeil.

<) N

[TonpiTaemcs BEIOpATh yroa ¢ Tak, 9To6bl MaTpuna A npuobpesia JuaroHaJbHBIA BHI:

[ cos @ singb} {an Cl12:| [COSQS —singb]_[)\l O]

—sing cos ¢ 12 G99 sing coso | | 0 Ay

—~
*
~—

Takum obpazoM, TpebyeTcs 3aHyIUTH JJIEMEHT

G190 =ag1 = (cos®¢ —sin®¢) aja — singcos @ (a1 — ass)
= cos(2¢) a1z — sin(2¢) w = 0.
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Ecu a19 = 0, To MmoxkuO B3aTh ¢ = 0. Ecaum a5 # 0, To HaI0 peIrmuTh ypaBHEeHWe

@11 — A22
ctg (29) = T oan,

OueBnaHo, penrenne cymecTsyer. [103ToMy Beerma HalgeTcss ¢ TaKoe, 9TO UMEeeT MECTO Pa-
BeHCTBO (). Kpome Toro, nipu j11060M BbIGOpE ¢ mosTydaem

A\ = cos® ¢ ay1+2cos ¢sin ¢ 19 +sin® Gas, Ay = sin? ¢ ay, —2cos ¢sin @ 19+ cos? ¢ ags.

Otrcrioga A\j+Ay = aq1+ass. B To e BpeMsi, HCIOJIb3Ys PABEHCTBO (%) U TO, UTO ONPEIEJTUTENb
NIPOU3BEICHUST MATPHUIL PABCH MPOU3BEICHUIO ONPEIeTUTETCH, HAXOIUM A\ A = a1109y — G3y.
Ciie10BaTe/IbHO, A\| U Ay CyTh KOPHH KBaJpPaTHOIO ypaBHeHHs

)\2 — ((IH + a22)>\ + (a11a22 - G%Z) = 0. (#)

JlokazaHo cieyroIiee

YrBepkaeuue. C nomowpto nosopoma ucrodnoli dexapmosoti cucmembv, KoopouHam Ha
nekomopwuill yzon ¢ ypasuenue f(x,y) = 0 npeobpasyemca 6 HOBUT K0OPIUHGMAT K BUAY

)\1%/2 + )\2@2 + 2()135 + 2523@ + b33 = 0,

cos¢p —sing

[ b1z bos ] = [ @13 A23 ] [ sing  cos¢

1 , b3z = ass,

a A1 U Ay ABAANOMCA KODHAMUY KBGOPAMHO20 YpasHerus (H#).

19.4 CaBur geKapTOBOIl CUCTEeMbI KOOPIUHAT

EcrecTBeHHO TPEANIONOKUTH, 9TO KBAAPATUIHAS YACTh fo HE SBJSIETCS TOZXKIECTBEHHBIM
HyJIeM. SHAYUT, A\ U Ay HE PABHBI HYJIIO OJTHOBPEMEHHO.

Cayuait 1: Ay # 0, Ay # 0. Brigesunm B KBaApATHYIHON YACTHU MOJTHBIE KBAIPATHI:

M T2 4 20137 = A 52+26ﬁ55+@ —%:A §+@2—b—%3
1 13 1 )\1 )\% )\% 1 )\1 )\%’

~2 ~ ~9 b23 ~ 533 533 ~ b23 ? b%zz
)\2y +2b23y2 )\2 Yy +2—y+F - V = )\2 y+)\— — F
2 2 2 2

Ocy1mecTBUM CIBHT J€KAPTOBO CHCTEMbBI KOODIUHAT T U Y, IOMECTHB ee HAdajI0 B TOUKY

b13 b23
o — (e D)
( A Az)

Hogwie koopauHaThl &' n Y’ BRIpAXKAOTCS Yepe3 T W Y CJELYIONIM 00pa3oM:

~ b13 ~ b23
r_ “1s I =
r = x + N Y y + e

ajn — A a12

23amernM, UTO JleBas 9acTh ypapHenus (#) ecth B TouHOCTH det { a a A\
21 22 —

} 9TO MHOIOYJICH

ai
a21
€CTeCTBEHHbIM 00PAa30M BO3HUKAET IIPU U3YUYEHUM P/ BazKHBIX 3324 JIJIs IPOU3BOJIbHBIX (HE 0013aTesIbHO
CUMMETPUYHBIX) MATPHUIL MTPOM3BOILHOrO nopsiaka (cuM. Jlekuuio 29).

. a12
OT A, HA3BIBAEMBIN LapaKmMepucmuteckum MHO204AEHOM MATPHUITHI [ a } . MHOro4en Takoro ke BUIa
22
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B HoBbIX KOOpuHaTax ypashenue f(x,y) = 0 Tepsier JUHEHHYIO YACTh U IPUHUMAET BU/

M)+ X () + e =0, (1)
b? b2
c = b33 - 3 ﬁ
AN

Caywuaii 2: A\; = 0, A2 # 0. IleperHocum nadajo KOOpJAUHAT B TOUKY

B mOBBIX KOOpAuHATAX

I -~~~ by
r = x, y =Yy +
A2
ypasaenue f(x,y) = 0 moayvaer Buj
~92 ~ b%3
)\2y + 2bx + ¢ = 0, b = b23, c = 633—F.
2

Ecan b # 0, BHINOIHAM ellle OJINH MePEeHoC Havala CHCTeMbl KOopanHar — B Touky (—c/b, 0).

B moBBIX KOoOpauHaATAX
/

x—f—l—c ' =

ypasuenue f(x,y) = 0 mpuobperaer dopmy

Ao (¥)? 4+ 202" = 0. (2)

A

Ecau b = 0, moy4aem ypasaenue (mostoxkum Jist yaudukamua ' = T, ' = 7)
A (y)? + ¢ =0 (3)

Ciyuait \; # 0, Ao = 0 cBOAUTCS K CJIy4Yaio 2 JOMOJHUTE/IHHBIM MOBOPOTOM CHCTEMbI
KoOopAMHAT Ha yros /2. JlokazaHa ciemyomast

Teopema. C nomouwywto nosopoma u cd6u2a UCTOOHOT CUCEMDL KOOPOUHAT, YPAGHEHUE
f(z,y) = 0 npusodumca 6 noswx koopdunamaz x eudy (1), (2) uau (3).

Ecin ypasuenue f(x,y) = 0 B Kakoii-1ubo JAeKapTOBOIl CHCTEME KOODAMHAT UMEeT BHL
(1), To HH B KakOil APYroil JeKapTOBOH CHCTeMe OHO He MoxKeT mMmeTh Buj (2) wam (3).
Ananornyno, ypasHeHue Buga (2) mpu 1epexojie K JAPYroii JeKapToBOil cHcTeMe He MOKeT
craTh ypasuenueM uja (1) mwm (3), a ypasuenne suna (3) — ypasuenneM suja (1) uium (2).
JIOKa3aTeIbCTBO CIIeIyeT, HAPUMED, U3 CPABHEHHs PACCMOTPEHHBIX HHUKE T€OMETPUICCKUX
CBOMCTB MHOXKeCTB perenuii ypasuenuii (1), (2) u (3).

19.5 Duaaurc

[IycTh B HEKOTOPOIi JeKAPTOBOil cucreMe KoopauHar ypasaerue f(x,y) = 0 umeer Bup (1),
rae A\ 1 \y — HeHyJIeBbIe YMCIa OZMHAKOBOTO 3HaKa. Y0epeM MITPUXH B PACCMOTPUM HOBYIO
CUCTEMY B Ka4eCTBE MCXO/IHOM.

He orpanmumsas oOIMHOCTH, MOXKHO cauTaTh, 970 0 < A\ < Ay (ecsm oba 4ucsia oTpu-
HATEIHLHBI, TO MOYKHO MOMEHATH 3HAK B 00EMX 9acTAX YPABHEHUs; €CIN A; > Ay, TO MOYKHO



E. E. Toiproiiinnkos 127

IIOMEHSITh UX MEeCTaMH ¢ MOMOIIBIO ToBopoTa Ha yroa 7/2). Ecau npu stom ¢ > 0, 10 u3yda-
eMoe MHOXKecTBO mycro. Ecam ¢ = 0, B Hem Toibko oxna Touka (0, 0). TIpeamonoxum, 410

¢ < 0. Torna, nomoxus a = \/—c/A1, b= +/—c/Ay, ypaBuenne (1) MOXKHO 3aIECATH B BH/IE
22 )2 /
St =L azb>o (1)

Ounpenesienne 1. MmuoxkecTBo ToUeK (z,y), YAOBIETBOPsONHX ypasuenuto (1), na3pisa-
eTCsl IANUNCOM C TTOSYOCAIME @ U b.

Touku F. = (—¢, 0) u Fy = (¢, 0), vae ¢ = va? — b > 0, HA3BIBAIOTCS, COOTBETCTBEHHO,
OTPUIATEIBHBIM U TOJOKUTETbHbIM pokycamu drtaica. Jucio e = ¢/a Ha3bIBaeTCs K-
uenmpucumemonm smunca. 3ameruM, 9o 0 < e < 1. [psimble [ : x = —a/eu l, : x = a/e
HA3BIBAIOTCsI, COTBETCTBEHHO, OTPUIATEIBLHON U TONOKUTENBHOM dupexmpucamu SJLIAIICA.

[Tycrs Touka M = (x, y) ymosaersopsier ypasuenuto (1'). Haiigem cymmy paccrosauit
ot Hee J10 (poKycoB:

MP_|+|MFy| = Ja+oP+ + V- +y

= Va2l —b2/a2) + 2vc+ 2+ 2 + /22(1 — b2 /a?) — 2xc + b2 + .

Bamernm, uto 1 — b%/a? = e? n b? + 2 = (¢/e)?* = a®. Kpowme Toro, |ex| < a. TosTomy

IMF_| +|MF.| = +/(ex)2+2(ex)(c/e) + (c/e)? + /(ex)? —2(ex)(c/e) + (c/e)?
= la+ex| + |la—ex|] = (a+ex) + (a—ex) = 2a.

Takum obpazom, cymma paccmosnut om 41060t mouky sasunca (1') do ezo goxycos nocmo-
AHHG U PAGHA 2a.

Onpenenenne 2. MHoxKecTBO T€X M TOJBKO TEX TOYEK ILJIOCKOCTHU, JJIsi KOTOPHIX CyMMa
pacCcTOAHNN A0 33JAHHBIX TOYCK IOCTOAHHA, HA3BIBACTCA 3JIJIMIICOM.

MBI y2Ke BBISICHUJIM, 9TO BCE TOUKH JLIHICA KAK MHOXKECTBA U3 ONpejeaeHns 1 TpuHa/I-
JIeZKAT MHOYKECTBY M3 OTpeJesieHus 2. PaccMOTpIM Temephb SJIIUIC KaK MHOXKECTBO, JAHHOE
onpejiesienueM 2. Boibepem JjiekapToBy cucremy, B KOTOpPO# 3ajanubie Touku F u F nosy-
qafor kKoopanuarel (—c¢, 0) u (¢, 0). TlocTosiHEyIO CyMMy paccTostHuit Gy1eM CauTaTh paBHON
2a. Torna

2

(x/(x—c)2+y2>2:<2a— (x+c)2—|—y2> = av/(z+c)2+y?=ad*+ac

Eme oano Bosseienne B Kpajapar jgaer b’z® + a’y? = a?* = (1'). CnenosaresnbHo,
ompezeeHnsd 1 U 2 SKBUBAJEHTHEI.

B caygyae e = 0 swmne ecTh OKpY:KHOCTH paguyca a = b. Ilycte e > (. Bplime MbI
MOy YU PABEHCTBA

IMF._|
MF_|=l|la+ex|=elxz+ (a/e] = ———F—=ce¢,
| | = | = elz + (a/el T+ (a/c)]

MF
IMF,|=|a—ex|=c¢e|lx—(a/e)] = |—+|:e.

|z — (a/e)|
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BosBo/st Kazk10e u3 MocIeHuX paBeHcTs B KBajapar, norydaem (1), Takum obpasom, noka-
3aHO CJIEIYIONIee

YrBepxkKaeHue. Mruoocecmeo mex u mosvko Mex Mmouer NA0OCKOCMU, 044 KOMOPHLL 0OMHO-
werue paccmoaruti 0o 3adanmnoti mouku u 3a0antoti npamot nocmoanto u pasro 0 < e < 1,
ABAACTNCSH IANUNCOM.

dcuo, uro st BeIGOpa TOUKH (DOKyca) W COOTBETCTBYIOINIEH MPAMOIl (IUPEKTPHUCHI),
ONpeJeIIONMX OJUH U TOT ¥Ke JUIAIC, HMEIOTCA B TOYHOCTH JBE BO3MOXKHOCTH.

Bagaua. Harmmcarh obmiee ypaBHeHHe MpAMOii, mpoxoasmeil depes Touky M (g, o) snmmmca x2/a? +
y?/b? = 1 u umeromel ¢ HAM eJIMHCTBEHHYIO OONIYI0 TOUKY (Takas MpsMas HA3BIBAETCA KaAcameavbhoti K
asuncy B rouke M). Jlokazarb, 4To NpsiMas, OPTOrOHAIbHAS K JAHHON NPAMOMN U IIPOXOJIsIAst YEPE3 TOUKY

M, sBnsiercs buccekrpucoit yrna AM B, rne A u B — GOKyCbl 3JLIKIICA.

3

3anauva. Jlokaxkute, 9T0 MpeoOpa3oBaHUE 2 — %(z + 2z~ 1) kKommIekcHO# TIIIOCKOCTH ? TIePEeBOAUT TOUKM

OKPYKHOCTH pajuyca 7 > 1 ¢ IeHTPpOM B Hadajie KOOPAWHAT B TOYKU HEKOTOPOTO JLIUTICA.

Bajmaua. Jlokazkure, 910 ToUKH dammnca r2/a + y? /b? = 1 J0mycKaroT mapaMeTpHYecKoe MpecTaBie-
Hue £ = acos ¢, y =bsing, 0< ¢ < 2m.

3a,11a‘-1a. ,HOK&}KI/ITQ, YTO T€OMETPUIECKOE MECTO TOUYEK IMEpeCeuYCHUsA B3aMMHO OPTOTOHAJBHBIX KacCa-

TenbHbIX K ey 22 /a? + y?/b? = 1 ectb okpyxuOCTb 72 + Y2 = a® + b,

19.6 T'mmepb6osa

[To-nipexkHeMy, MycTh B IEKAPTOBON cucTeMe KoopamHar ypasaenue f(x,y) = 0 momxydaer
BujL (1), HO A\; # Ay UMeIOT pasHble 3HAKU. Ecau npu 9TOM CBOOOIHBIN WIeH OKA3aJICs PABeH
HYJIIO, TO MOJIyYaeM Hapy HPsSMBIX, IPOXOISIINX depe3 HAYaJI0 KOoopamHatT. [Ipemmosoxmm,
qT0 CBO6O,ZLHbIIU/I YJIEH OTJIMYCH OT HYJId. ;[CHO7 9TO B 9TOM CJIy4da€ YpaBHCHUE MO2KHO 3alluCaTb
B BHUE
S (1")
a b
rae a, b — HeKOTOphIe MOMOKHUTEIbHbIe YHCTa (BO3SMOKHO, JJIsi TOTO TTOTPEOYeTCst JOTOTHNI-
TeJIbHO MOBEPHYTH CHCTEMY KOODJUHAT Ha Yroa 7/2).

Onpenenenne 1. MuoxkecTBo Touexk (z, y), yAoBIeTBOpsAOMUX ypasuenuto (1”), Ha3pia-
ercst 2unepboaoti ¢ momyocsMu a u b.

Jlerko Bumersb, ato Touku (z, y) rumepbossl (1”) Haxogarca B 0ObeTHHEHHA IBYX Hele-
peceKaromuxcs obaacTell MI0CKOCTH (KAK TOBOPAT, PACIAIAIOTC HA d6e 6emeu)

Dy = {(xy): z=a, [yl < @O/a)lel}, Do = {(z,y): v <—a, |y| < (b/a)lz]}.

[Ipsameie hy 1y = (b/a)x u h_ : y = —(b/a)xr HA3BIBAIOTCS ACUMNMOMAMY TATEPOOITDI.

[Iyctb x > 0 m y = y(x) — eAMHCTBEHHOE 3HAYEHHE JIJIs Y Takoe, 9T0 y > 0 u Touka (T, )
yaossersopser ypasuenuio (1”). Ouesnano, paccrogune or Touku (z, y((z)) g0 acuMurorst
h. He TmpeBBIITaET

b2
|(b/a)x + y(z)]

3 1 -1 "
Oynxuusa z — 5(z + 27 ") nasbiBaerca pynxyueti XKyko6ckoz0 1 IMUPOKO IPUMEHSACTCS IIPU PEIICHUH
33189 TUIPO- W a3POIUHAMUKH.

|(b/a)z —y(z)| =

0 mpu z= — +o0.
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[Tpu x > 0 u y < 0 coorBercrByiomnue T09Ku (=, y(x)) runepbosbl MPUOIHKAIOTCS K ACHMII-
tore h_. AHajorndHbIe HAOTIOAEHNS CIIPABE/JINBBI TAKKe I TOUYeK rurepbosnl npu x < 0.

Touku F_ = (—¢, 0) u F'y = (¢, 0), tme ¢ = va?+b?> > 0, Ha3bIBAIOTCSH, COOTBETCT-
BEHHO, OTDHIATEJBbHBIM W TOJOKUTEIBHBIM Bokycamy runepboasl. Uncao e = ¢/a Has3biBa-
eTCA IKCUEHMPUCUMEMOoM THIIEPOOIbI. 3aMeTHM, 9TO B cJydae rumepoossr € > 1. [Ipsmbie
.1 :x=—ajeunly:x = a/e HABBIBAIOTCS, COOTBETCTBEHHO, OTPUIATENHLHON U MOJOKHI-
TeIbHON dupexmpucamu TAIEPOOIHL.

Haiinem paccrognust or pou3BosibHON Touku M = (z,y), yaosaersopsiomieit (17), mo
(bOoKyCOB (BBHIKIAJIKA TPOBOJATCS B TIOJTHON AHATIOTHE CO CJIYYAEM SJUTHICA):

IMF_| = v/(z+¢)* +y* = |a+ ex], (4)
MF,| = /o — P+ 5 = [a — exl. (B)
[TockoabKy || > a u e > 1, moayvaem
o (ex +a)— (ex —a) = 2a, x>0,
o+ ex] —a— ez = —(ex+a)+ (ex —a) = —2a, x<0.

Takum obpazomM, abCoOAOMHAL BEAUNUHA PAZHOCTNU PACCMOAHULT 0m 410000 Mmouky 2unepbo-
av, (1) do ee dorycoe nocmosanna u pasra 2a.

Omnpenenenune 2. MHOXKeCTBO T€X W TOJBKO T€X TOYEK IJIOCKOCTH, JIJIsI KOTOPHIX abCco-
JIIOTHASA BEJIUYMHA PA3HOCTH PACCTOAHUI 10 JBYX 3a/IAHHBIX TOYEK HOCTOsHHA, HA3bIBAETCH
rurnepboIoii.

[Tyctb TouKa (z,y) TPHHAIEKAT MHOXKECTBY W3 OlpejeleHds 2. BBegeM JeKapTOBbI
KOOPJMHATHI TAKAM 06Pa30M, UTO 3aJaHHbIe TOUKH TOJyIaloT Koopanaatsl (—c, 0) u (¢, 0).
[TocTosinny1o abCOMIOTHYIO BEJIMYMHY Pa3HOCTU paccrosdHuii oboznadnMm uvepesd 2a. Toraa

Va+P - ve-+y

ety = (20— Va—oP ) = (1)

Takum obpasom, onpenesenus 1 U 2 IKBUBAJIEHTHHL.

=2a =

Dopmyiiel (A) u (B) 7e1a0T 09eBHIHBIM TaKkKe CJIeLY0IIee

YrBepxkaeuue. Muoocecmao mex u mosbko MeT Movekr NAOCKOCMU, OAL KOMOPHLL 0M-
HoweHue paccmosnutl o 3adanroti mouku u 3a0aHHoTl NPAMOT NOCMOANHO U pasho e > 1,
ABAAEMCA 2UNEPOONOT.

V3 Hammx mocTpoeHuii CIeIyeT, 9To UMEIOTCS POBHO JIBE BO3MOYKHOCTH JIJIsl BHIOOPA TOY-
Ku (oxyca) m cOOTBETCTBYIOWEH NPsIMOl (JUPEKTPHCHI), ONPEESIONIUX ONHY H Ty ¥Ke
runepoosty.

Banaua. Hanmcath obmiee ypaBHeHUe MPAMOil, Tpoxosmeit yepes Touky M (xq, yo) ramepbonst 22 /a? —
y?/b* = 1 u umeromeit ¢ Hefl eMHCTBEHHYIO OOIILYI0 TOUKY B 06/1aCTH TOUeK (¥,%) ¢ KOOPJAMHATO T TOTO
JKe 3HaKa, uTO U To (Takas mpsiMas HA3BIBAETCA Kacameabhol K runepbone). Joka3aTh, 9To JaHHAs TPAMAst

sABJserca ouccekrpucoii yria AMB, rne A u B — $okycsl runepooJibl.

3agauva. JlokaykuTe, YTO HUKAKAs MPsIMast HE MOXKET UMETH POBHO OJIHY OOIIYIO TOUKY C KAXKJIOH BETBHIO

rUATIepOOITBL.

Banaua. JlokazkuTe, 9To TOuKH BeTBU runepbonsr z2/a? — y?/b?> = 1 npu z > 0 gomycKalOT mapamer-
puueckoe npejcrasienue © = ach(¢), y = bsh(¢), —oo < ¢ < +o0. ITo oupenenenuto,

h(6) = 3 +e), sh(6) = 5(—e)
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19.7 IlapaboJsa

[Iycts ypasuenue f(x,y) umeer Bug (2). MoxuO cuntars, 9to Ay > 0 u b < 0 (sTOTO

BCEeTJIa MOXKHO JIOOUTHCS YMHOMKEHHEM ypaBHeHus Ha (—1) W JIOMOJHUTESHHBIM TTOBOPOTOM

CHCTeMbI KOODJIMHAT HA YTOJI 7). Y6epeM MTPUXH, pACCMATPHBAsi HOBYIO CUCTEMY B KAUeCTBe
ucxonHoii. [Tonoxus p = —b/ g, nosydaem ypaBHeHHe

2 _ /

y* = 2px, p>0. (2')

Onpenesienne 1. MmuoxkecTBo ToUeK (z,Y), VAOBIETBOPSIONNX ypaBHenuo (2'), Ha3bBa-
ercst napaboaoti ¢ PoKANLHULM NAPEMEMPOM D.

Touka F' = (p/2, 0) nazsiBaercs gokycom napabosst (2'). Ilpamas | : x = —p/2 Ha3piBa-
ercst dupexmpucoti napadbosbt (2').

[Ilycts M = (x,y) — mpomsBosbHast Touka mapabosbl. Paccrosume ot mee 110 dokyca
umeer BU/L

IMF| = \/(x—p/22+y> = +/2%—pr+ (p/2)? + 2pz
= VP22 02 = le /2l

Urak, paccmoanue om 060G mouku napabosv, do dokyca |F| paero pacecmosruio om wee do
dupexmpucwi [.

Onpenenenne 2. MHOXKeCTBO TeX W TOJBKO TE€X TOYEK, JIJIsi KOTOPHIX PAaCCTOAHHUE 10 3a-
JIAHHOM TOYKH F' paBHO PACCTOSHHUIO 10 3aJaHHON IpsMOii [, Ha3bIBaeTCd MapaboJIoii.

[TyTh paccrosiHue oT 3aAaHHOI TOYKH 70 3aJaHHOI NMpsiMoii paBHO p. Bribepem cucremy
KOODJMHAT TakKuM obpasom, uro F' = (p/2, 0) u |l : x = —p/2. Ecm |[MF| = |z + p/2|,
TO, BO3BOJISI 9TO PABEHCTBO B KBajpart, nomydaeMm (2'). Takum obpasom, omnpenesenus 1 u 2
JeHCTBUTENLHO SKBABAICHTHBI.

Bajaua. Hammcars obmee ypaBHeRHe IpaMOoil, mpoxoameit gepes Touky M (o, yo) mapabomnst 42 = 2px
U uMeuIeil ¢ Heil eJIMHCTBEHHYIO OOIIyI0 TOYKY (Takas mpsMas HA3bIBAETCA KacameavbHol K napabose).
Jlokazarh, UTO mpaMasd, OPTOTOHAIbHAA JAHHONU TPAMOIN W MPOXOAAIIasd depe3 TOUKy M, meauT momosam
yroa mexkay npsamoit F'M, roe Ttouka F' — dokyc napabosibl, u mpsiMoil, mapasiieIbHON OCH & U MPOXOISIIei

qepe3 Touky M.

3a,/1aqa. ,HOK&}KI/ITG, YTO T€OMETPUIECKOE MECTO TOYEK IEpeCeuYCHUsA B3aMMHO OPTOTOHaJBHBIX KacCa-

TeJIbHBIX K 11apadosie COBIAJAET C €€ IUPEKTPUCOI.

3amaua. OTpe30K, COCAMHSIONINN IBE TOYKH KPHUBOIl, Ha3bIBaeTcs ee ropdoti. Jokaxkure, 4TO st
SJLIMIICA, TUIepOosIbl uiiu 1apaboJibl CepeauHbl BCEX XOPJl, lapaJlie/ibHbIX IIPOU3BOJILHON 3aJaHHON XOpe,

PacCHoIOzKEHbI HA OAHON MPAMOMN.

Bagaya. Kpupas S — 310 ssummic, oaHa u3 perBeil runepbosibl uiu napabosia, £ — npousBosibHAsA
durcuposannas rouka ua S. Jdus upoussonbubix Touek A u B na S npamas [(A, B) oupenensiercs Kak
npsavas AB B ciydae A # B u kak kKacarenbhas B Touke A B ciyuae A = B. Jlokaxkure, 9TO mpsMas,
npoBejenHas depe3 Touky E napasiensuo [(A, B), umeer ¢ S He Gosee omHoil obmeii Touku C, mOMUMO
E. Ilycts C = E, ecu o0mas TOYKa TONHKO OfHA. Takum obpasom, j0boit mape Todek A, B craBuTcs B
coorpercrBue Touka C' — HaszoBeM ee cymmoti touek A u B. Jlokaxkure, 4T0 MHOKECTBO S OTHOCHTE/IbHO

9TOH OMepalNy ABJIAETCS aDeIeBOil IPYyIIIOil.
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20.1 KBsaagparuyHbie MHOTOYJIEHBI OT TPEX MEPEMEHHBIX

PaccMOTpUM BeIIeCTBEHHBIH KBaAPATHIHbI MHOTOYICH
2 2 2
f(x,y,2) = anx” + 2a1020y + 241302 + any” + 2a23y2 + a332” + 20142 + 2024y + 20342 + a4y

OT JeKApPTOBBIX KOOPAMHAT X, Y, 2 B T€OMETPUUECKOM MPOCTPAHCTBE U UCCIEIYEM MHOXKECT-
BO pertennii ypasuenusi f(x,y,z) = 0 — ero nNpuHATO HA3BIBATH NOBEPTHOCINBIO BMOPO20
nopadka.

JIerko MpoBepUTh, ITO

11 aiz2 Aaiz aiq

Q12 Ag22 A23 A24
fleyz)=[z y = 1]

@13 Ag3 (33 AdA34

Q14 Q24 Q34 A44

N e 8

a KBaJpaTHYHAs 9acTh MHOTOWIeHa f(x,y, z) mMeeT Bu

ailz a2 Aas X
fo(w,y,2) = [ Ty 2’} Q12 Gz 0423 Y
a13 ag3 A33 z

Kak u B ciriydae JIBYyX nmepeMeHHBIX, MONpobyeM mepeiTu K Oojee yI00HOM JIeKapTOBOM CHC-
TeMe KOOD/IUHAT.

20.2 JlekapToBbI CUCTEMbI I OPTOTOHAJIbHBIE MATPUITHI

[Iycte €1, €3, e3 U €1, €3, €3 — DA3UCHBIE BEKTOPHI ABYX JIEKAPTOBBIX CHCTEM KOODIH-
HAT ¢ OOIIMM HAa4YaJIOM. BBIpa3uM BEeKTOPHI BTOPOI CHCTEMbI B BUAE JTUHEHHBIX KOMOMHAIIMM
BEKTOPOB IIePBOY CHCTEeMbL

€1 = pneir + pae2 + psies,

€y = Pi2€1 + P22és + pP32es,
€3 = pise1 + Pazes + Pazes
" Ba,MeTI/IM, 9gTo
P11 P21 P31 P11 P12 P13 (51751) (51,52) (51753) 100
P12 D22 D32 P21 P22 P23 = (62761) (62762) (62763) = 010
P13 P23 P33 P31 P32 D33 (63761) (63762) (63763) 00 1

131
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Takum obpazom, marpuiia nepexoja P jyis 0a3ucoB JBYX JEKAPTOBBIX CUCTEM KOODJIUHAT
YJIOBJIETBOPSIET MATPUUYHOMY PaBEHCTBY

P'P=1 (%)

gdcHo u ToO, UTO ecam MaTpHIA mepexona 00JagaerT CBOHCTBOM (%), TO JAEKAPTOBA CHCTEMA
TIepeXOIUT B J€KapTOBY.

Ounpenesienne. KpagparHas BelecTBeHHASI MATPHUIA P, yI0BIETBOPSIONIAS PABEHCTBY (%),
Ha3BIBACTCS 0PMO20HANDHOU.

OpToroHaibHble MATPHIBI MOPIIKA 2 OCYIIECTBIIAIOT MEePEXO MeXkKIy Oa3ucaMu JeKap-
TOBBIX CHCTEM Ha ILIOCKOCTH. TaKOBbI, B 4ACTHOCTH, MATPHIIBI TIEPEXOJIA, PEATU3YIONINe M0-
BOPOT (CM. Jiekmumio 18).

JlaHHOE HAMHU ONpejesieHne TMPUMEHHMO W IS MATPHIl, MOPsIOK KOTOPBIX Gosbine 3.
CorytacHo (%), 1 OPTOrOHAIBHBIX MATPUL, IPOU3BOJIBHOIO MOPsIKA OOPAIIEHUE CBOJAUTCS
K TPaHCIOHUPOBAHUIO:

pt=P".

Kpome Toro, mpoussenenne JByX OPpTOrOHAJIBHBIX MATPUI, OCTAETCA OPTOrOHAJBLHON MaTpH-
ueit: ectu PTP =Q'Q =1, o (PQ)T(PQ)=Q"(PTPQ=Q"TT1Q=Q'Q = 1.
O4eBuaHO, eIMHUYHAA MATPHUNA | ABIACTCA OPTOrOHAILHON MaTPHIEH.

C1e10BaTEILHO, MHONCECTNBO BCET 0OPMOLOHANDHUL MAMPUY, PUKCUPOBAHHO20 NOPAOKA
OMHOCUMENDHO ONEPAUUL YMHONCEHUL MAPUY, 06PA3YEM. 2DYNNY.

YrBepxkaenue. [lycmov y = Px, 2de P — npou3gosbHas 0pmo20HasvHaA Mampuys nopad-
kan ux € R, Tozda cymma K6a0pamos saeMeHMOE MAMPUUDL-CIOAOUA Y PAGHE CYMME
K6aodpamos AeMEHMO8 MAMPULbL-CMONOUA T.

JlokazaTenanCcTBO.

V. 4y =y'y = (Pr)"(Pr) = 2" (PTP)z = o' = 29 +... +22. O
CaencrBue. IIyemv B = PAQ, 2de P,(Q — npouseosvHvie 0pmo2oHaAIbHE MAMPULDL

nopadka n u A — NPou3BOALHAA BEUECTNEBEHHAA MAMPULA nopadka n. Tozda cymma xeao-
PATNOB IAEMEHMOE MAMPUULL, B pasha cymme K6adpamos 34emMeRMO6 Mampuib, A.

20.3 MeToa BpalieHnii

[Tonpo6yM ympoCTUTh KBAJAPATUIHYIO YaCTh fo(Z,y), HCHOAB3YS TY 2Ke U0 MOBOPOTA CHC-
TeMBI KOOP/IMHAT, KaK U B CJIydae IJI0CKOCTH. Temeph, 0HAKO, Y HAC €CTh TPH KOOPIUHATHBIX
TJIOCKOCTH, TIOPOZKJaeMble TpeMs MapaMyu KOOPANHATHBIX ocefl. [leh Bparenus — moayduTh
Hy/Ib BMECTO KaKOI-HHOYIb OIHOII Iaphbl 37IeMEHTOB a;; = aj UpH ¢ # j. Paccmorpum Tpm
BO3MOZKHOCTH:

cos¢ sing 0 a;1 Az Q13 cos¢p —sing 0 ar 0 as
—sin g25 COS ¢ 0 12 Q922 Q923 sin g25 COS @ 0 = 0 522 623 s (1)
0 0 1 a13 Q23 a33 0 0 1 ay3 Go3 33
cos¢p 0 sing ay1 Q2 Qi3 cosp 0 —sing a1 a0
0 1 0 a12 Gz Q23 0 1 0 = | @12 a2 a |, (2)

—sing 0 cos¢ 13 Qo3 A33 sing 0 cos¢ 0 Qg3 ass
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1 O 0 ajp Qi1 Qi3 1 0 O 611 512 513
0 cos¢g sing 12 Aoy G93 0 cos¢p —sing | = | a2 a 0 |. (3)
0 —sing cos¢ 13 Q93 A33 0 sin¢g cos¢ a3 0  ass

Oboszunauum vepes dg, hg u dy, hy cyMMbI KBaIPaTOB AUArOHAJIBLHBIX U BHEANATOHAIBHBIX
97€MEHTOB MCXOIHOI ¥ HOBOl MaTPHIl B KayKIOM W3 TPEX CIydaeB:

_ 2 2 2 _ 2 2 2
_~2 ~2 ~2 _ 972 ~2 2

COI‘JI&CHO OTMeYeHHBIM BBIIIIE CBOMCTBAM OpPTOTI'OHaJIBbHBIX MaTPHII,
d1+h1:d0+ho = hlzho—(dl—do).

ITo Toii >ke mpuanne B cayuae (1) umeem a?; + a3, +2a2, = a2, + a3, W, HOCKOIBKY 33 = U3,
dy — do = 2a3,. B cayuae (2) dy — dy = 2a%;, a B cayqae (3) dy — dy = 2a’s.

ITycTb mHJIEKCHI @, J OLPE/IeNIOT KOOPAUHATHYIO IIJIOCKOCTh, B KOTOPO# IPOBOJAUTCS BPa-
menne (M yKa3blBalOT Ha TO, Kakoe u3 coornomenuii (1), (2) min (3) mmeer mecto). Boibepenm
UX TaKUM 00pa30M, 9TOOBI HCKJII0YAEMBIH 3/IEeMEHT @;; ObLI MaKCUMaJbHLIM 10 MOyJ10. Tor-
Jla, OYeBUJIHO,

2
di —dy = 2a; > 2(ho/6) = ho/3 = hy < gho.
Ilycts Ay = [aij] m Ay = [a;;]. PaccmarpuBas A; B KadecTBe HOBON HCXOTHOII MaTPUIIBL,
BbIOEpPEM B Hell MAKCHMAaJIbHBIA [0 MOJIYJII0O BHEIHATNOHAJIBHBINA SJIEMEHT U, 3aHYJIHB €ro ¢
IOMOIIBIO BPAIIeHUs, TOIYUUM MaTpuiy A,. IIpomomKas neiicTBoBaTh TAKUM YK€ 00Pa3OM
k
U jlajiee, MOCTPOUM MOCIEJ0BATEILHOCTL Marpul, Ay = [agj)], k=0,1,....
[Tycth hy, obo3HATaET CyMMY KBaPaToOB BHEIHATOHAJBHBIX 31eMeHTOB MaTpuiibl Ay. Tor-
Ja

2\ ¥
h, < (5) ho — 0 mpu k — oo.

CaieroBare/ibHO, pU JIIOObIX (DUKCUPOBAHHBIX © 7 ] HOCJIEJ0BATEIbHOCTH BHEMAIOHAJBHBIX
JIEMEHTOB @,;;" CXOAWTCS K HYJIO 1pH k — 00.

20.4 BuioxxeHHBbIE MOIIIOCJIEI0BATEIbHOCTI

JIlemma 00 OI'PaHUYE€HHBIX ITIOC/JI€J0BATE€JIBHOCTAX. Hycmb umeemca KOHeYHoe YUucAo

. k k
02PAHUNEHHDLT NOoCAed06aMeAbHOCTET {3(1 )}, . {sgn)}, k=1, 2, .... Toeda moocro
suLOpamb nocaedosamesvbHocmsd nomepos k1 < ko < ... marxum obpadom, wmo Kaxrcoasn
Inocaed i {5\ By =1, 2 6y0 daueti
u3 nodnocaedosamenvrocmed {s; '}, ..., {sm'}, =1, 2, ..., 6ydem cxodaweiica.

HoxkazareascTBo. 3 orpanmvennoit nociegoBareabHoctu {S;} BbIOUPAEM CXOJSILYIOCS
IO/IOCIEJOBATEILHOCTD Sk, M BMECTO HCXOJHBIX MOC/Ie10BaTeIbHOCTE paccMaTpHBaeM 10/1-
IOCJIEI0BATEIbHOCTH {sgkl)} ce {55,’?’}, [ =1, 2, .... OHu ocraoorcsi, KOHEYHO, Orpa-
HUYEHHBIMHU W IIPU 3TOM IepBasg U3 HUX OyJer cxonsdmieiicd. Tenepb yke U3 orpaHudeHHONR
NOC/Ie10BATELHOCTH {55} BhIGepeM CXOSILYIOCs TOAIOCIeI0BATENLHOCTE (ITOAIOCIEI0BA-
TEJILHOCTH MOJANOCIEI0BATENLHOCTH — 110 OTHOUIEHUIO K UCXOJHOM MOCIENI0BATELHOCTH) 1

(k1;) (K1;) -
epeXouM K mojnociaenoparesbuoctsam {s; '}, ..., {sm''}, i =1, 2, .... [lony4ennsie
BJIOJKCHHBIE ITOAIOCICIOBATCIBHOCTH OYIyT, IO-IIPEKHEMY, OTPDAHMYCHHBIMH, HO CXOIAIIN-
MUCA ABJISAIOTCA yKe nepsoie ase. 11 tak manee. O
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20.5 /Iuarounajausaliud B mpejeJie

Bepnemcst k mMerojy BpaleHuil. ByjyT Jin CXOAUThCd K KOHEYHBIM IIpeJiejiaM IIOCIe0Ba-
TeJbHOCTH AMATOHAJbHBIX 3JIEMEHTOB @,;; — JJIs Halleil OymKaiiieit mean He 0O9eHb BayKHO.
Kaknasg u3 HUX gBjgeTcs OTpaHUYEHHON M MO3TOMY O0JIafaeT CXOJLAIIelcs MOAnoCae 0-
BaTeJbHOCTHIO. Bosee Toro, mo jgemMe 00 OrpaHUYEHHBIX ITTOCIEIOBATETBHOCTIX, WMeeTcsd
MO/IIOCIEIOBATEIBHOCTE MATPUIL A, B KOTOPOH KaxKjIas U3 MOCTAeI0BATEIHHOCTEH 1uaro-
HaJIbHBIX JIEMEHTOB CXOJUTCH K KAKOMY-TO IIPeJeJIy.

Yro0s! HE 3arpOMOKIaTh 0003HAUEHHs, Oy IeM CIUTATh, 9TO Ay U €CTb Ta caMast OAIoC-
JIeJIOBATETLHOCTD, JJIS KOTOPOH BCE MOCIeJ0BATETHFHOCTH ag?) SIBJISTIOTCST CXOIATIUMUCS (KaK
MBI 3HAeM, IpH © # j K Hys10). [TycTsh

]}Lriloagf) = N, i=1,2, 3.
[TousitHO, uTO
Ay =P AP, k=1,2, ..., (#)

k
riae MaTpuibl Pk = [p’fj)] ABJIAIOTCA IIPOU3BCACHUAMU HCIIOJIb30BAHHDBIX MaTPUIl BPpalll€HHUA

(m3 coornomennii (1), (2) unu (3)). Iosromy upu aobom k Marpuia Py sSBIseTCs OPTOro-
HaJIbHOI (KakK MPOM3BejIeHNne OPTOrOHAJBHBIX MaTpull). CiemnoBareabHO, CyMMa KBAJIPATOB
BCEX JIEMEHTOB MaTpulibl Py, npu j060M k oinHakoBa (1 paBHA 3). 3HAUUT, KAZKIasl TTOCTE-
JIOBATETbHOCTD pz(f) ABJIAETCS OIPAHUYEHHOH npu k — 00 U MO3TOMY 0obJIafiaeT cxomdiieiica
MO/IOCIETOBATETHHOCTBIO.

[To temMmMe 00 OTpaHUYEHHBIX TTOCTEI0BATETLHOCTSX, CYIIECTBYET MOAIOCTET0BATEILHOCTD
marpur, Py, B KOTOPOi KazK sl HOC/IeI0BATeNbHOCTD P, ;- Oy et cxoagmeiics. s ynpouenust
obozHavenunii OyjemM cUuTaTh, 9T0 P, ¥ ecTh MMEHHO TaKasi MOJIIO0C/Ie10BaTe/hbHOCTh. [IycTh
(k)

lim p;;

k—o0

= Dij, iaj:]-v 2a 3.

[Tpu kaxkgom k BeinOnHSIETCs: paBeHCTBO (F#). Ilepexomst K npesesy B COOTBETCTBYOMIUX
MOJIEMEHTHBIX PABEHCTBAX, MOJIYYaeM

M 0 0
A= |0 X 0| = PTAP.
0 0 M\

Kpowme Toro, ais kaxkaoro k umeem P P, =1 = PP = [. B utore fokasana cieayomas
BasKHAs

Teopema. /Jas 410601 cewecmeennoti cummempuunoti mampunys, A nopadka 3 cywecmsy-
1om opmozonarvras mampuya P u duazonasvras mampuuya A maxue, wmo

A = PTAP.

Caencteue. Cywecmsyem dekapmosa cucmema koopouram, 6 komopot YpasHeHUE noeepT-
HOCMU 6MOP020 NOPAJKA umeem 6ud

f(%, g, g) = )\1%/2 + )\2?72 + /\3?2 + lef + 2b2g+ 2b327+ a = 0

Bameuanne. B cuiy opTOroHatbHOCTH MaTpunsl P, pasenctso A = P AP semonnsercs
B TOM W TOJLKO TOM ciaydvae, korga AP = PA. Tlocnennee osmauaer, 4to j-it cronber p;
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marpuisl P ygosrersopser ypasuenuio Ap; = \;p; < (A — A\I)p; = 0. YuursiBasg,
aro p; # 0, naxomum det(A — ;1) = 0. Takmm obpasom, 4mciaa Aj, Az, A3 — 9TO KOpPHH
Kyoudeckoro muorodnena f(A) = det(A — AI). Eciau onu yke HafigeHsl, T0 cTOI0€I p;
MOYKHO NOJIYYUTh KaK PEIleHne 0JHOPOIHOM CHCTEMBI TUHEHHBIX are0pandecKux ypaBHeHIH

(A=A 1)p; = 0.

20.6 /IuaronaJjamusaliud BellleCTBEHHBIX CUMMETPUYHbIX MaTPHUIL

B neiicTBUTEIBHOCTH TOT Ke METOJ BPAIleHUH ITO3BOJISIET MOJIYUUTh 0oJIee ODIIYI0 TeopeMy.

Teopema 0 AmaroHaJanM3aIiu BENIECTBEHHBIX CUMMETPUYHBIX MaTpul. Bewecmeen-
HAA CUMMEMPUYHAL MAMPULG A NPoussosvHozo nopadka n npusodumcs x JuazoHasbHol
mampuye N ¢ nomoubro Hexomopoti opmoz2onasvhot mampuis, P:

A = PTAP.

k
HoxkazarenbcTBo. Hauunas ¢ Ay = A, mocrpoum nocjieoBarebHOCTh MaTpul, A, = [az(-j)},

k=0, 1, ..., B kKoTopoit Ay mosydaercs u3 Aj_i MyTeM YMHOZKEHHUs CJIeBa U CIIpaBa Ha
MaTPHIIbl BpallleHNUsI:

Ak = R;Ak_le, (*)

rae Ry, ornndaercd OT eIWHWIHON MaTpuibl [ JIMIIb YeTHIPbMS 3JeMeHTaMH 2 X 2-
HOAMATPHUIIBI, PAIIOJIOKEHHOH Ha IepecedeHnr CTPOK M CTOJAOIOB ¢ HOMepaMu i < jJ U
paBHON
cos¢ —sing
[ sing  cos¢ } '
Marpuna Rj oCyIIecTBIsSeT IMOBOPOT HA YTOI ¢ B KOOPAMHATHON IIOCKOCTH, OIIPEIe/IsIeMOi
HOMepaMmu 1 7 j. Jlobast MaTpuIia BpalleHust TAKOTO BUA sIBJISIETCS, OU€BUIHO, OPTOIOHAJ b~
HOM.
flcro, 9To cumMerpuIHOCTH MaTpunbl Ay = A Haciemyercsa Bcemu Marpunamu Ag. 13

OpeIblIYIIUX HCCAeIOBAHUI MBI VK€ 3HaeM, 9TO ¢ MOXKHO BBIOpATh TaKHM OOpPa30M, UTO
Ef) = 51:) = 0. Oboznauum 4depes dj u hj CYMMBbI KBaJIPATOB JMArOHAJbHBIX U BHEIHATO-
HAJIBHBIX 3jieMeHTOB MaTpuipl Ay. Torma

2 2 2 2 2 2
() () = () () w2 () = =2 ()’

Jnst kaxaoro k Gygem BoIOUpaTh MJIOCKOCTH BpalleHus (HoMepa ¢ < j) Takmu 00pa3oMm,
(k—1)
i ObLJI MAKCUMAJbHBIM 110 MOJIYJIIO CPEJU BCEX BHEHa-

TOHAJIBHBIX 37eMeHTOB MaTpunbl Aj_1. OOInee 4mcio BHEIANATOHAIBHBIX 3J€MEHTOB PABHO

n? — n. IMostomy
2
(a(,l?_l)> > h

v - n2_n‘

qT00BI UCKJAIOYAEMBII 3JIEMEHT @

Otciofa, yuuTbiBasg paBeHCTBO dy + hy = di_1 + hj_1, oaydaeM

2 2 \"
he < hp_1 — Q—hk—l < (1—2—) hg — 0 mpu k — oo.
n?—n n?—n

U3 coornomenuit (%) BBITEKAET, ITO

A, = PJAP, k=1,2, ...,
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rje jjis Beex k marpuipl P = [pg?)

TOHAJIBHBIX MATPHII).

] ABJIAIOTCA OPTOrOHAJIbHBIMHA (KaK IIpou3Be/eHusd OpTo-

. k k
Jliist mo0bIX (DUKCHPOBAHHBIX 2, ] MOCAEI0BATEIbHOCTH az(»j), pgj) SBJISIIOTCI OTPDAHUYEH-

ueiMu. 1o semme 00 OT'paHUYE€HHBIX TTOCJIEI0BATEJIBHOCTAX, CYIIIECTBYET MOCJI€10BaTC/IbHOCTD

ki < ko < o (k) (k1) 6
HomepoB ki o < ... Takag, ITO KazJasg W3 MOINOCJIeJ0BaTebHOCTeR a;;"", p;;" Oyaer
o ) : .
cxopgamedica. 3amernm, uTo a;;° — 0 npn @ # j. Ilycrs
(k) L (k) P
lhmaii =N, 1=1, ..., n, lhmpij =pij, &J=1, ..., n.
— 0 —
Beenem mMaTpuiibl
A1
An
Hna Beex | = 1, 2, ... umeeM Ay, = P,IZAP;W. [Iepexonas K mpeaesy B MO3JEMEHTHBIX
PaBEHCTBAX, MOJIyYaeM
A = PTAP.
N3 ycnoBmit oproroHaJibHOCTH Psz Py, = I Bwitekaer, uto B npejgere PP = I. 3uaunr,

MaTpuna P sapiasieTcs oproroHaabHoit. O

Mbl TOJIBKO 9TO TOJYYUIN OJIMH U3 BaXKHEHIUX Pe3yJIbTATOB — KaK JIjIsg caMoil Teopun
MaTpHIl, TaK W JIJId €e MHOTOYNCIeHHBIX MPUJIOXKeHni. B Hamrem Kypce MBI ellle BepHEMCS K
ero 0OCYZKJIEHUIO B CBA3U € PsIOM (DYHIAMEHTAJbHBIX MOHATUN JuHeiiHOM anrebpwl. Hatre
JIOKa3aTeJIbCTBO 3aMevaTesIbHO CBOeH KOHCTPYKTUBHOCTBIO: OHO JIaeT OJHOBPEMEHHO U METO/1
NPUOJTMKEHHOTO BhIYuCgAeHnst MATpuil A u P. DTo onuH U3 PaHHUX MPAKTHIECKUX METOI0B
BLIYHCAATENLHON aarebpsl, mpepaoxkennbrit K. SIkobn B 1846 romy. !

Bagava. /lana cummerpuanas Mmarpuna A € R™*"™ ¢ HeHy1eBoit CyMMOI 3;IeMEHTOR IIABHOW JUATOHAJIH.
JloKa3aTh CyIIeCTBOBAHNE OPTOTOHATLHON MaTpHILI () € R™*™ Taxoit, uto B Marpuie Q' AQ Bce smeMenTh!

IJIABHOM JHArOHAJHA OJWHAKOBBI.

Tlocnemane pesynbTATEL IO H3YyYEHHIO METOa BpAITeHHH IPHHAIIEXKAT COBCeM HeJABHEMY IIPOMLIOMY:
B 1990-x romax Opuin OOHAPY?KEHBI €ro 0COObIe BO3MOXKHOCTH, CBA3AHHBIE C BHICOKOTOYHBIM BbIYUCICHHEM
MaJIbIX IO MOJYJII0 3JIEMEHTOB MATPHUIIHI A.
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21.1 IIpuBeneHHbIe ypaBHEHHNs MOBEPXHOCTH BTOPOTO IMOPSAKA

[Ipy M3y4eHUN JMUHUI BTOPOTO MOPSAIKA MBI YCTAHOBWIN, UTO JI00Ad N3 HUX B KaKOH-TH60
,ZLeKapTOBOfI cucreMe KOOpJAuHaT OIMHUCbIBaeTCA OJHHM H3 OCHOBHBLIX (KaK HHOT Aa T'OBOPAT,
npusederHbir) ypaBHEHM

(1) Ma® + Xy> +c¢=0, (2)  Aay? + 2bx =0, (3) Xy?+c=0,

B KOTOPbIX BCe KO3 PUIMEHTHl HEHyJIeBble, 338 UCKJIIOYeHueM, OblThb Moxker, c. B ciyuvae
HOBEPXHOCTH BTOPOTO TOPSJIKA NCXOAHONR TOYKOI JIJIsi BBIBO/IA MPUBEJICHHBIX YPABHEHUN SB-
JIIeTCS BO3HUKAIOIIEEe B HEKOTOPOIi JIEKAPTOBOM cHCTEMe YpaBHEHUE BUJIa

)\11’2 + )\2y2 —+ )\322 + 2[)11’ + 2b2y + 2b32 + a = 0.

Eciau A1, Az, A3 # 0, TO ¢ MOMOIIBIO MepeHoca Hada a KOOPAMHAT (CABUTA) MOZKHO MOJTY-
YUTh ypaBHEHUE BHIA
M2+ Xy + X322 +¢c=0.
[Iycts A3 # 0. Torma B simHEHHO# YacTH C NOMOIILIO CABHUTA MOYKHO yOpaTh Y/IEHBI,
cofepsKanye r u y. B pesyabTaTe mogBuTCa ypasHenune Buga A2 + \oy? +2bz +c¢ = 0. Ecam

b # 0, TO CABUT TO3BOJACT MepelTH Gostee IIPOCTOMY YpaBHEHHIO A\ 22 4+ \oy? 4 2bz = 0. Ecim
ke b =0, To mosyuaercd ypapHeHHe BUAa A\ T2 + Aoy? + ¢ = 0.

Tenepp mpemgnonozkuM, 910 Ao = A3 = 0. Ilocie uckmoyenus 4jeHa ¢ x B JIMHEHOM
qacTu (IyTeM ¢IBUTA) MOAYIHM ypasHeHue \;x? + 2boy + 2032 + ¢ = 0. dasee, ¢ oMompio
MOBOPOTA B IJIOCKOCTU KOOPJAWHAT Y W Z B JUHEHHONU YacTH MOYKHO M30ABUTHCS OT UJeHA,

COJIEPIKAIIETO 2:
cos¢ —sing|
(b2 bs] [sin¢ COSQb} =[b 0].

B camom mene, BeiOepeM ¢ Tak, 4ToObI —by sin¢ + bg cos¢ = 0. Takum obpazowm,
UMEEeTCs JeKapPTOBA CHCTEMa KOOPJIMHAT, B KOTOPOI 3a/[aHHasi MOBEPXHOCTH OMUCHIBAETCS
ypasrenuneM \x2 + 2by + ¢ = 0. Ecmm b # 0, To ¢ HOMOMBIO CIBATA JIETKO HepeiiTn K
ypasaenuto A\ 22 + 2by = 0. Eciu b = 0, To nmonyuaercsa ypasaenue \z2 + ¢ = 0. B urore
JIOKA3aHO CJIEIyTOTIee

YrBepKAEHUE. /i npouseosoHoti noGeprHocmy mopoz2o nopadka 6 Hexomopoti dexap-
mosoti cucmeme KoopOuHGIM NOAYUAEMCA NPUCELIEHHOE YPABGHEHUE 00H020 U3 NAMU TUNOG:

(1) Mz®+ Xy’ +A32° +c =0, (2) Ar?+Agy® +2bz = 0, (3) Mz’ + Xy’ +c=0,
(4)  Ma® +2by =0, (5) Ma®+c=0.

Bee kospppuryuenmo, nenyaesvie, Kpome, 803MONHCHO, c80000H020 UAEHG C.
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21.2 Daaumncounn

[Iycts B mpuBesennom ypapaerun tuma (1) KosddunuenTsr \;, Ay, A3 HMEIOT OJMHAKOBBIi
3HAK, MPOTHUBOMOJOXKHBIN 3HAKY cBOOOMHOTrO UieHa c. Torma ypaBHeHne NPpUBOINTCS K BUILY

x—+—+z—:1, a, b, ¢> 0.

MHuozkecTBO TOU€EK (X, Y, 2), YAOBAETBOPSIONIHX STOMY yPABHEHHIO, HA3BIBAETCS IAAUNCOUIOM
¢ nojyocamu a, b, c.
3aMeTuM, YTO JLIUIICOU/T TeJUKOM CONEPKUTC B Mapasie/enure e

2] <, Jyl <b, z[<e

¢lcHO, YTO B CeYeHHN TOBEPXHOCTH BTOPOTO IMOPSJIKA IVIOCKOCTBIO MOMYYAETCsT HEKOTO-
past JIMHUSI BTOPOrO HOPs/IKa. JIerko mposepsiercsi, 9T0 JJIsd 3/LUIHICOUAA B JIOOOM CEUCHUH
IJIOCKOCTBIO BO3HUKAET 3JIINIC (BBIPOKIAIOMIUNCS B TOUKY, KOIAA IJIOCKOCTh KACAETCS dJI-
JTHTICONIA).

Basaua. Hamucarsb obiiiee ypasHeHUe MJI0CKOCTH, TPOXOIsieil uepes Touky siuncouaa v /a?+y2 /b* +
22/c?* = 1 u umeromedi ¢ HAIM POBHO OJIHY OOIIYIO TOUKY (Takas MIOCKOCTh HA3LIBACTCS KACAMEAbHOT NAOC-
KOCTMI0).

Ba;[aqa. ,HOKaSaTb, 9TO reoMeTpuvecoe MeCTO TOYEK IepecedeHrud B3auMHO OPTOrOHAJIbBHBIX KaCaTe/Ib-

HBIX TIOCKOCTell K amumncouny x2/a? + y?/b? + 22 /c®> = 1 ectb chepa 22 + 2 + 22 = a? + b? + 2.

21.3 OagHOMIOJIOCTHBI TUIIEPOOJION I

[Iycts mpuBenenHoe ypaBHenne mmeeT TN (1) ¢ OTJIMYHBIM OT HYJIS CBOOOJHBIM TIECHOM.
[IpemonoxKuM, 4TO 3HAK OJHOTO M3 KOI(MDMUIMEHTOB MPH KBaJApaTax paBeH 3HAKY CBODOJ-
HOTO YJIeHA W MPOTHUBOIIOJIOXKEH 3HAKY JABYX JApyrux ko3dddumnuenros. Torma B HeKOTOPOIt
JIeKapTOBOIl cucTeMe KOODJIMHAT TOTydaeTcs ypaBHeHNe BHIA:

x—+——z—:1, a, b, ¢ > 0.

MHOZKeCTBO YIOBJIETBOPSIIONIAX €My TOYeK (,Y, 2) HASBIBAETCS 00HONOAOCTIHLM 2Unepbo-
Aoudom.

B 11060M cedeHun 0gHOMOIOCTHOTO TUIIEPOOIOUIA IOCKOCThI0 T+ D = 0w y+ D = 0
BO3HUKAaeT runepodoJia.

[To oTHOMIIEHNIO K OTHOMOJOCTHOMY TUTIEPOOIONTY MHOYKECTBO BCEX TOUEK ITPOCTPAHCTBA
pa3buBaercs Ha TPU YACTU:

N
[
N

L+ L -5=1 (TOYKH TTOBEPXHOCTH),
2 y2 22
S+t e -2 <1 (BHYTpeHHUE TOYKH ),
2 2 2
S+ E -5 >1 (BHeITHIE TOYKM).

MHO>XKeCTBO BHYTPEHHUX TOUYEK SIBJISETCS CEA3MHBILM: BMECTE C JIIOOBIMU JIBYMSI TOYKAMU OHO
MEeJUKOM COIEPZKHUT BCE TOYKH HEKOTOPOI COCJIUHAIONMEN X JIOMAHOR (COCTOHmeﬁ n3 KOHEeY-
HOTO uncaa oTpe3koB) Juann. OTCI0Na 1 Ha3BaHWe — “OJHOMONOCTHBIH .



E. E. Toiproiiinnkos 139

21.4 JluneituaTasi MTOBEPXHOCTh

NurepecHo orMeTuTh, 9TO OJHOIOJIOCTHBINA I'UIIEPOOION] ABJIACTCA IPUMEPOM AUHEUYamoT
MOBEPXHOCTHU. TaK HA3BIBAIOTCS MOBEPXHOCTHU, COCTOSIIINE U3 BCEX TOYEK HEKOTOPOro Hecko-
HETHOI'O MHOXKECTBA MPSIMbIX.

YrBepxkaeuue. Uepes kascdyio mouky 00HONOAOCTHO20 2unepbosouda S Npoxrodam 6 moy-
HOCTNU 08€ DA3AUYHDBIE TIPAMbIE, BCE TMOYKY KOMOPLLT npuHadsescam S.

HokazarenabscTBo. l3Menus maciirad, nepeiizem k adpduunoit cucreme KOOpAUHAT, B KO-
TOpOil ypapHeHme nosepxaocTu S Gyaer umerb Bug z2 + y? — 2?2 = 1. Ilycts npamas |
OIUCBHIBAETCS TAPAMETPUUCCKUMH YPABHEHUSIMU

r=x9+pit, y=yo+pt, 2= 20+ pst,

a HalpaB/IAOIMA BeKTOD (D1, P2, P3) BHIOUPAETCS TaK, YTOObI BCE €€ TOUKHU IIPUHAJIIEKAIN
MOBEPXHOCTH S

p o+ m - p =0,
(zo+pit)*+(yo+pat)® —(20+pst)’ =1 ViER & PiTo + P20 — p3zo = O,

2 2 - 2 _

x5 T Y g = 1

Jlerko Bujernb, uTo p3 # 0. IlosToMy HampaBagOmuil BEKTOP MOYKHO HOPMHPOBATH, B3sB
p3 = 1. Torma  p} +p2 = 1, pirg + payo = 2o. llpeanonokmm, uro yo # 0 =
p2 = (20 — p170)/y0 = P+ (20 — p170)?/y2 = 1. Takum obpazom,

(z3 +yo)pi — 2(zoz0)p1 + (25 —yg) = 0.

Boruuciasem auckpuvunant: D = 1322 — (224y2) (22 —y2) = v2(x2+y2 —22) = y2. Tockonbky
Yo # 0, /1 p; MOTYIaeM B TOYHOCTH JIBA PA3JIMYHBIX 3HAYCHUS. [[0CKOIbKY p3 = 1, cooTBeT-
CTBYIONIAE HAIPABJIAONINE BEKTOPBI, OIEBU/HO, HEKOLIMHEAPHB. OHU JAIOT JIBE PA3JIHIHbIE
npsAMbIe, MEeJTUKOM TPAHAIesKaIme S 1 MPOXOAITIe depes TOUKY (Zo, Yo, 20). Caydait o # 0
paszbupaercss aHaJOru4HO. [J

3ameuanue. s 0uCKa TEX 2KE CAMBIX IPAMbBIX HA IOBEPXHOCTH S MOXKHO 3allMCATH €€ YPABHEHUE B BUJE

T 2\ /[T Z Y Y
DI R
(a c)(a+c) ( b +b
U PACCMOTPETh JBa CeMeiCTBa map MiIOCKOCTel
((-D)=00-1) 2D =ale]),
a c b a c b

(5D 5108). 6D 20-),

OIIPEJIEJISIEMBIX [IAPAMHU HE PABHDLIX OJHOBPEMEHHO HYJIIO [ApaMerpoB «, (3 u 7y, 6. MOXKHO JI0KAa3aTh, 9TO

JUTsT KaXKJIOM Tapbl MJIOCKOCTEH B MEPECeYEHNH IOy YaeTCs IpsiMast, TMeJUKOM IIPUHAJIeXKAIIAst S.

21.5 JIBymoJsiocTHBINI TUIepooIOM g

[Iycts B mpuBesennoM ypaBuenun Tuia (1) 3HaK OIHOTO U3 KOIMDOUINEHTOB MPH KBAIPATAX
IPOTUBOIOIOKEH 3HAKY CBOOOJHOIO WIeHA W 3HAKY ABYX JAPYTruX Koddduimenton. Torma
OHO TIPUBOJIUTCS K BHLY
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MuoxkecTBO TOUEK (,Y, 2), YAOBAETBOPSIONMX JAHHOMY YPABHEHWUIO, HA3BIBAETCS 06YNO-
AOCMHBIM 2UNEPOOAOUIOM.

JIerko BHJIETH,YTO JBYIOJOCTHBIN MHIEPOOION] He UMeeT ToYeK B mosioce |z| < ¢. MHo-
JKEeCTBO €r0 BHYTPEHHUX TOYEK, OIPEJIe/Is1eMOe HEPABEHCTBOM 2—2 + & - i—z < —1, pa3du-
BAETCs Ha JIBa CBA3HBIX MHOXKecTBa. OTCIONA M HAa3BaHWEe — “IBYIIOJOCTHBI .

21.6 DaAAUOTUYECKUil KOHYC

Ecnu B mpusegentnom ypasaernu tuma (1) 3HaK 0aHOTO U3 KOI(DMOUINEHTOB IPU KBAIpaTax
MPOTUBOIIOIOKEH 3HAKY JABYX JAPYTHUX KO3 DUIUEHTOB, a CBOOOIHBIN WIeH paBeH HYJIIO, TO
ypaBHEHUE MOXKHO 3allUCaTh B BUJIE

MHuozKkecTBO VAOBJIETBOPAIOINUX €My TOYEK (l‘, Yy, Z) HA3BIBACTCA 3AAUNTNUYECKUM KOHYCOM.

Bamaua. [dana miockocrs Az + By+Cz+D = 0 npu yeaosun D # 0 u kpyrosoii konyc 22 +y% — 2% = 0.
Joraxkure, 9TO B CEUEHNN KOHYCA JAHHON MJIOCKOCTBHIO TOMYYaeTCs IIIUIC, THIepbosa, mapaboia B TOM H
TOBKO TOM CIIydae, Koraa, cooTseTcTienno, A2 + B2 < C?, A2 + B? > C?, A + B? = C2%

21.7 DaaunTudecKwuii mapadosionmd

Terneps pacemoTpuM npuBegennoe ypapaenne tuna (2). [Ipeanomoxum, aro A; u Ag umeor
OJMHAKOBLIE 3HAKH. Torma B HEKOTOPOHl JeKAPTOBOU cHCTeMe JAHHAA MOBEPXHOCTH OIMMCHI-

BaeTCs ypaBHEHUEM
2 2
x Yy
) + ) =z, a, b > 0.
a b
MHOKECTBO yI0BJIETBOPIONIUX My TOYeK HA3BIBACTCA IAAUNMUYECKUM NapabosoudoM.
Haszsanue naBesiHO paccMOTpeHueM cedenuii B miockoctax z + D = 0 (sumncs) u B

wiockocTsaX © + D = 0 uwn y + D = 0 (mapaboiisr).

21.8 T'umnepbosmmyeckuii mapaboon

Ecau B npuBeeHHOM ypaBHeHuH Tuma (2) KOI(DMDUIMEHTH IPH KBAJIpaTaX UMEIOT pa3Hbie
3HAKH, TO IOJIYYaeTcsl ypaBHEHHE
2 2
x_2 — y_2 =z, a, b>0,
a b
KOTOpOe OIpedensgeT 2unepbosudeckut napabosoud.

Haszpanne 00bsCHIETCS BUIOM KPUBBIX, IOJIYYAeMbIX B CEYEHUSX MIOCKOCTAME 2+ D = 0
(runep6ostbr) u mtockoctsivi © + D = 0 nam y + D = 0 (mapabosibr).

DTo ele OJUH IPUMEP JUHEHIATONR TOBEPXHOCTH: Kastcdad mouka 2unepbosudeckoz0 na-
Pab0A0UIG NPUHAOAEHCU, 08YM DPASAUMHBLM NPAMBM, UEAUKOM NPUHAOAEHCAULUM JaHHOT
noseprrocmu. JI0Ka3aTesbCTBO MPOBOJUTCSA 110 AHAJIOIHE CO CAYYaeM OJIHOIOJOCTHOIO I'H-
nepbosonia.
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21.9 HunuHapudecKue MOBEPXHOCTHU

[Tpusenennbie ypasaenus Tunos (3)—(5) ne 3aBucst or z. [loaromy KpuBbie BTOPOIo MOPSIIKA
B CeUeHUSX JII000ii MI0CKOCTHIO Buja 2+ D = 0 onnrakossl COOTBETCTBYIOIINE MOBEPXHOCTH
HA3BIBAIOTCH YUAUHOPUYECKUMU.
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22.1 HopmupoBaHHOE IPOCTPAHCTBO

B nmanbueiitem J1o0ble JTHHEHHbIE MPOCTPAHCTBA OYAYT MPEANOIATaTbCS BEIeCTBEHHBIMI
I KOMILTeKCHbIME. Harra Osmekaiinmas melb — BBECTH BaXKHOE 0000IIeHNE TOHATHS JJINHbBI
reoMeTPHUYIEeCKOr0 BEKTOPa W MOJIYJIsl KOMILIEKCHOTO YUCIA.

[Iycts V' — snmmueitnoe mpocrpancTBo Hajg moaem P, e P = R wmm P = C. Kaxmomy
BEKTOPY € V NpHUIHUIIeM BelecTBEHHOe THCIO ||x|| Tak, 4ToObl BBHINOIHSINCH CJIEIyIIHe
CBoOlicTBA:

M) llzllz0 ¥V zeV, [z|=0 & z=0;
(2) |laz||=la|l|lz]| ¥V €V, V a€ P (mogokuresabHasi OJHOPOIHOCTD);

3) llz+yll <llz|| +1lyl] V z,y €V (uepaBencTBO TPEYrOAHHUKA).

Yucno ||z|| masbiBaeTcs nopmot BekTopa . Jlumeitnoe mpoctpanctBo V', cHabKeHHOE HOP-
MOM, HAZBIBACTCH HOPMUPOSAHHHIM NPOCTPAHCINEOM.

B oxHOM M TOM 2Ke JIMHEAHOM HPOCTPAHCTBE HOPMY MOXKHO BBECTH OY€Hb MHOIMMH CIIO-
cobamu. Hanpumep, nycts V = C" u A\, ..., \,, — OPOU3BOJIbHBIE MMOJOKHUTEIbHBIE YUCIIA.
Ecm x = [24, ..., x,]", To mycTn

n
] =D Adlil.
i=1

JIerko mpoBEpHUTDL, 9TO COOTBETCTBHE ¥ — ||x|| obragaer coiicrBamu (1), (2), (3).
Yro0B! HOCTPOUTH ApyTrHUe, Haubo/1ee Moy asapHbie npuMepbl HopMm B C", HaM moHA 100 TCS
HEKOTOPbIe HEPABEHCTBA, OMMPAIOIIHECs Ha CBOWCTBA BBINYKJ/BIX (DYHKIIHIA.

Bajava. MoxHO jiu BBecTH HOPMY Ha R? Tak, 4T00bI MHOZKECTBO BCEX BEKTOPOB 2 ¢ HOpMOI ||x|| < 1

uMeJio Obl pOpMy TPEYroJbHUKA?

22.2 Beinykable QYHKIINU 1 HEPABEHCTBA

Bemecrrennas dynkuns f(z) wHassiBaercs ewnykaol va wateppane I = (a, b), ecim ajist
M00bIX x,y € I u moboro yncaa 0 < t < 1 BBINOJHSETCA HEPABEHCTBO

[z + (1 —t)y) <tf(x) + (1 —1)f(y). ()
Dynkuns g(x) vazsiBaercs soenymot ua I, ecim f(x) = —g(x) Beinykia ua I.

Teopema. [Tycmv Pynxuyusa f(x) dsascdw duppepenyupyema na I u f"(x) — ee emopas
npouseodnas. Ecau f"(x) > 0 npu scex x € I, mo f(x) ewnykia na I.

JoxkazareascTBo. [Ipu o = y HepaBeHCTBO (%) peBpaimaercs B paeHcTBo. [Ipu ¢ = 0 win
t = 1 paBeHCTBO noJiydaeTcst npu Jiiodbix x,y. [losromy npeanonoxum, aro a < x < y < b
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nu0<t<1 Torma st z = te + (1 — t)y umeem & < z < y. [lo reopeme Jlarpanxka u3s
MaTeMaTHYeCKOTO aHAIH3a, CYMIeCTBYIOT TOYKA & U 1) TAKHe, 9TO

—f(zz:i(x) = (), v<&<z, —f(y;:ic(z) = f'(n), z<n<y.

[Io Toit ke TeopeMe, /i HEKOTOPO TOYKHU ( MOTydaeM

fy) = f(z) _ flz) = fz)

y—z z—x

= f"(QO)n—¢& >0, £<C<n.

Ocraercsa yuectb, uto t = (y — 2)/(y — =) ¥ 3aMeTUTh, YTO JeBas YaCTh UMEeT BHT

f@)y—2)+ e —2) - [y —2)  tflx)+ A -0)f(y) - f(2) (y—z). O
(y —2)(z — ) (y —2)(z — ) '

CnencrBue. Pynrxuus Inx asaisemcea soenymot.
HokazareabcrBo. (Inx)”" = -1/ <0. O

Orciona, HAIPUMEDP, MOXKHO CPA3y YKe BBIBECTH HEPABEHCMEO MENHCIY CPEOHUM APUPMEMUYECKUM U CPEd-
HUM 2E0MEMPUMECKUM YUCEA L1, ..., Ty > 0:

1+ ... +x,
Ve, ..., < —m8.

B camowm este, ncrnonb3yst BOTHYTOCTD JIOTapudMa, HAXOTUM

(x1+...+mn> Inz;+...+1nz,
In > >
n n

22.3 HepaBencrBa l'eibaepa 1 MUHKOBCKOTO
1

Jlemma. Iycms nosostcumenvrhvie wucaa p, ¢ maxosv, wmo — + — = 1. Toada
P q
a? b
ab < —+ — vV a,b>0.
p q

HokazarensctBo. B cmiy Bornyroctu Jjiorapudma,

In a? In b P q
In (ab) = T nb §ln<a——|—b—). O

p q p q
HepasenctBo I'enbaepa. B ycio8usx semmvl Oaa MOOBT KOMNAEKCHBIL YUCEA T1, . . ., Ty
UYL, -y Yp CNPABECAUBO HEPABEHCINEO

n
E XiYi
i=1

n 1/p n 1/(1
< (Sr) ()
i=1 i=1
dokazareabcTBo. IlycTh

n 1/p n 1/q
o) ()
i=1

=1
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B ciyaae a = 0 wam b = 0 HepaBencrBo (%) oueBugno. Eciu a # 0 u b # 0, 10, HCHOAB3YsT
JAeMMy JIs qucen |x;|/a u |y;|/b, Haxomum

|z4|P / aP + |y;|9/b

(lzil/a) (lyil /b) < ) ;

, 1=1,...,n.

CkJIa/IbIBasi 9TH HEPABEHCTBA, TTOTYIaeM
- 11
Z|xzyz| /(ab) < — + - = 1. O
i=1 p q

HepaBenctBo MunakoBckoro. [Iycmo p > 1, 1, ..., Ty U Y1, -, Yo — NPOU3BONDHDIE
Komnaexcroe wucaa. Tozda

n 1/p n 1/p n 1/p
(Sienr) < (Smr) o (Swr) -
i=1 i=1 i=1

JokazareascTBo. Ilpu p = 1 HepaBeHCcTBO npoBepsiercs OYeBHIHLIM 0bpa3oM. B cirydae
p > 1 mMeem, O9EBHUIHO,

D olwityilP <> Ayl w4l <Dl lm P+ D il P

i=1 i=1 i=1 =1

Jlns kaxknoit W3 cymMM crpaBa pUMeHHM HepaseHcTBO [enbaepa, B3sB ¢ = p/(p — 1) =

1 1
— 4+ —=1. lloxygaem
P q

n n 1/p n 1/p n 1/q
Stacnr (o) (X)) (Shaeuiet)
i=1 i=1 i=1 i=1

Ocraercst 3ametutb, uro (p—1)g=p u 1 —1/g=1/p. O

22.4 Hopwmb I'eabaepa

Mycts © = |24, ..., x,]" € C" Tlpu p > 1 nomowxum

n 1/p
|zll, = (Z Iwilp) :
i=1

3aMeTnM TakxKe, 9TO NpH (PUKCHPOBAHHOM T BeJHYHHA ||z||, Ipm p — 00 mMeer mpeser,
paBHBIH max |z;|. [TosTOMy pasyMHO NPUHATH 0GO3HAUEHUE
1<i<n

|2lloe = max ||,
1<i<n
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Bemauuunst ||z||, nazsiBaorcs p-nopmamu win wopmamu Ieavdepa.

Hepasercmea Teavdepa v Munkosckozo corpansom cury npu p = oo (B 3TOM cJydae
q =1). JIng nokazaTeqbeTBa JOCTATOYHO NEPEHTH K OPEIeTy Ipu p — 0.

Teopema. IIpu mobom p > 1, exaouan p = 0o, eeaununa ||x||, asarsemes nopmot na C".

HoxazareascTBo. Cpoiicrsa (1) u (2) Hopmbl oueBuHbl. HepaBeHCTBO TpeyrobHIKA €CTh
HE 9TO MHOEe, KaK HepapeHcTBO Muukosckoro. O

Bagaua. Muorue HOpMbI Ha R™ Kak DYyHKIMH KOOPANHAT BEKTOPA T = [Z1, - . ., a:n]T 00J131aI0T CBOMCT-

BoM f(z1, ..., zn) = f(lz1], - .-, |Zn|). IIpuBeanTe MpuMep HOPMBI, KOTOPAs STHM CBOMCTBOM HE 00JIaAeT.

22.5 3a4deM HY2KHBI HOPMBI?

[Ipezxk e Bcero, 3To ya0OHBI HHCTPYMEHT JIj1s U3y YeHUs [IPEJIeJIOB B TUHEHHOM HPOCTPAHCT-
BE.

ITocegoBaTeIBHOCTD BeKTOPOB o € V maspiBaerca crodawietica k eexmopy x € V, ecan
4HCI0Basd IoCIe10BaTeIbHOCTD | |27 —z|| cxoauTea K mymio npu k — co. BekTop z Ha3biBaeTcs

npedenom mocrenopaTeaprocTn =¥, Oboznavenna: z = lim 2 wm 2% — o npu v — oo.

k—o00
HOCHQ,HOB&T@JH)HOCTI)7 CXoddmadacd K KaKOMy—HI/I6y,ILb BEKTOPY, Ha3bIBa€TCA IIPOCTO CIO-
dawedica. DTO ONpaBAAHO, MOCKOABKY JABYX Pa3JUYHBIX INPeJejoB OBITh Te MoxKeT. Ecim

¥ — 2z ua® -y, o

le—yll =ll(@—2") - (-2 <fla =2 +|ly—2*|| =0 = 2=y D

B komeunomeprOoM mpocTpancrBe V NnpuW M3yYEeHUU CXOAMMOCTH MOXKHO, B TIPUHITUIIE,
oboiituch u 6e3 HopMm. PUKCUpPOBAB KaKOW-HUOY/IH Oasuc ey, ..., e, € V., Mbl MOrH OBl
PACCMOTPETh PA3JIOKEHUS

n
k k
¥ = E x; €
i=1

1 Ha3bIBaTb IIOCJIEJOBATEJIHLHOCTL BEKTOPOB Ik CXO,H‘HHJ;GIL/'ICH, €CJIN CXOOATCAd KOOpAUMHATHBIC

1oc/IeI0BaTeIbHOCTH ¥ Ipu Beex 4. Takoe IOHATHE CXOAUMOCTH He GYJIeT 3aBHCeTh OT Bbi-
Gopa Gaszuca (mokaxkure!). JIerko BUIETH TakkKe, UTO U3 NOKOOPIUHAMHOT CTOOUMOCTU 6
KOHEUHOMEPHOM NPOCTPAHCNEE BLIMEKAEM CLOOUMOCTIL N0 M0001 Hopme. JleficTBuTeIHHO,

nycts ¥ — x;. Torma, B3sB © = Y 7, €;, MOMyIaeM

(3

n
lo* — 2|l < ) |of —aillled]. O
1=1

Bonee toro, nmeer MecTo m MeHee OYeBUAHBIN (PAKT: B KOHETHOMEPHOM MPOCTPAHCTRE U3
CXOIMMOCTH TIO JTIO00M HOPME BBITEKAET MOKOOPAMHATHAS CXOJAUMOCTb. MBI CKOPO 3TO J0Ka-
KEM.

Tem HE MeHee, Jazke B KOHEYHOMEPHOM HPOCTPAHCTBE HMCCJIEA0BATH CXOAMMOCTH C 110~
MOIIBIO HOPM OY€Hb YJ00HO: BCE CBOJIMTCS K M3YYEHHUIO JIMIIb OJHON YMCI0BOI MOCTIEn0Ba~
tesbrOCTH ||2F — 2||. DTO Tem Gotee BasKHO, KOT/Ia MPOCTPAHCTEO GECKOHETHOMEPHO!
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22.6 Hopwmbl B 66CKOHEYHOMEPHOM IPOCTPAHCTBE

[TPUMEP 1. Mycrs C[a, b] — nuneitnoe npocTpancTBo BDyHKIMIA, HEIPEPHIBHBIX HA OTPE3Ke
la,b]. s dyuakuuu f € Cla, b] Hanbosee 4acTO UCHOIB3YETCSI HOPMA

Iflle = max |f(z)],

a<z<b

HazbiBaemasa C-Hopmot (HHOTIA TaKIKe Pa8HOMEPHOT I 4ebbiuesckol 1).

[IPUMEP 2. Ilycts C'la, b] — nuneiinoe mpocTpancTBo (byHKIMIM, HeIIPePHIBHBIX Ha OTPe3-
ke [a, b] BMecTe ¢ IepBoii mpon3BoaHoi 2. B 1aHHOM Clydae HOPMY MOKHO BBECTH, HAITPUMED,
TaK:

Ifller = mas (7@ + 1 @),

BaMeTHM, 4TO CXOJAUMOCTH IocIeaoBaTebHocT Gyukuuit u3 Clla, b] no mopme C! Bie-
geT 3a coboil cxomumocTh 1o HOopMe C'. OOpaTHOe, OJIHAKO, He BepHO: IMOCIeJ0BATEILHOCTD

dyukImit
sin kx

vk

npunaexkut Clla, b] n cxomurea no mopme C' K Hy/0, HO He cxoauTed 10 HopMe O, Tak
KaK He dBJIETCA OTPAHAYEHHON MO 9TOU HOPME.

Taxum obpa3zoM, B 6€6CKOHEYHOMEPHBIX MMPOCTPAHCTBAX Pa3HbIE HOPMBI OMPEEISIOT, BO-
00I1Ie TOBOps, pa3HbIe THIIBI CXOIUMOCTH. B 9TOM OTHOIIEHIMN KOHEYHOMEPHbBIE ITPOCTPAHCTBA
OTJIMYAIOTCS NMPUHIUIHAAIBHO: B HUX CXOJUMOCTD M0 KaKOii-11b0 HOpMe paBHOCHJIBHA CXOIH-
MOCTH TIO JIIOOOH Apyroit HopMe — 3T0 PYHIAMEHTAJBHBIN (aKT, KOTOPBIil CKOpO OyaeT 10-
kazan. O Bpose Obl 03HAYAET, UTO B KOHEYHOMEPHBIX TPOCTPAHCTBAX MOZKHO OTDAHHIHTHCSI
n3ydeHneM Kakoi-HuOy b OAHONH HOpMBL. Tem He Mmenee, 3T0 He Tak! B orpomHoM [wncie Bo-

) =

IPOCOB KOHEYHOMEPHBIE POCTPAHCTBA BOZHUKAIOT KaK MOAINPOCTPAHCTBA OECKOHEYHOMEPHO-
ro HOPMHPOBAHHOTO MPOCTpaHCTBa. [[09TOMY HOPMBI B HUX JOJIZKHBI MTOPOKIATHCSI HOPMOM
COOTBETCTBYIOIIETO OECKOHETHOMEPHOTO MPOCTPAHCTBA. A MBI TOJBKO YTO BBISCHUIN, UTO
Jijist 6€CKOHEYHOMEPHBIX ITPOCTPAHCTB Pa3Hble HOPMbI MOT'YT OTJIMYATHCS CYIIECTBEHHBIM 00-
pa3oM.

Bamaua. [loxaxutre, uro nocienosaresuocts byukuuit f¥(z) = sin kz/k ne sasjsercs cxogsiefics 1o

nopme C1.

22.7 MeTpuieckoe IIpoOCTPAHCTBO

B nmongaTtum npejsesia akcrnoMbl JTUHEHHOTO TPOCTPAHCTBA UCIOJIB3YIOTCS, HA CAaMOM JieJie, He
O4YeHb CYIIECTBEHHBIM 0DPA30M — HOPMa PA3HOCTHU JABYX BEKTOPOB JIETKO 3aMeHseTcs Oosee
OOIIUM MOHATUEM PACCTOSHUS MEXKJLY JIByMsl BEKTOPAMHU.

[Iyctb M — Hemycroe MHOXKeCTBO U p(x,y) — BelecTBeHHas (DYHKIHs OT J€MEHTOB
x,y € M, obranaromas ciaeayonIMA CBOCTBAMU:

(1) p(z,y) >0 V z,ye M, ple,y) =0 & z=y;

(2) p(z,y) =ply,x) V z,y€ M;

!B gecTs 3HAMEHHTOrO pycckoro MaTemaruka Iladguyrus Jibpopuda YeOnimesa.
2Yr06b1 paccmarpusarh f/(x) B TOuKax a u b, MOxkHO cuntath dbynkuuio f(z) onpenenentoi u audde-
peHIMpyeMoit Ha Gosiee TMMPOKOM WHTepBaJie, HAKPHIBAONIEM [a, ).
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(3) plx,y) < plx,2) + p(z,y) V z,y,z € M.

B rakux ciaygasx M Ha3BIBAETCS MEMPUECKUM NPOCTPAHcmeom, a p(x,y) — paccmosnuem
MeZK/1y JJ1eMEeHTaMu T U Y.

JI1060e HOpMHUPOBAHHOE TTPOCTPAHCTBO ABJALIETCH METPUIECKUM ITPOCTPAHCTBOM € PACCTO-
SHUEM

plr,y) = [z —yl|

OHaKO, METPUYECKOE ITPOCTPAHCTBO B ODIIEM CJIydae He MpeANogaraeT HAJTUIusd KaKuX-
Jmbo omepanuit HaI ero ’nreMeHTamu. Hampumep, mpou3BoIbHOE HEmycToe MHOXKecTBO M
Oy/1eT MeTpUYIeCKUM MPOCTpaHcTBOM, ecin p(x,y) =0npu z =y u p(z,y) = 1 upu x # y.

22.8 Ilpenenbl 1 NOJHOTA

[Iycts M — MeTpmYecKoe IpocTpaHcTBo. [locienoBaTeIbHOCTD 31eMenToB o° € M nas3bBa-
ercst crodswetica B M, ecin cymecTByer sjieMeHT © € M Takoil, 4To 4HMCIOBas MOCIEI0Ba~
TeJbHOCTh p(xk, x) CXOMUTCS K HYJIIO0 Ipu k — 00. Kak u B HOPMUPOBAHHOM TIPOCTPAHCTBE,

JIBYX Pa3HEIX MPEJEJIoB OBITH He MOKeT: ecan ¥ — x m 2% — y, To

plx,y) < plz, %) + pa*y) — 0 = z=y.

[MocenoBarenbhocTs ¥ € M nHaszbBaercs @GyuHIGMEHMaIbHOT WIN Nocaedosament-

nocmuvio Kowu, 3 ecm pnaga moboro € > 0 cymecrByer nomep N = N(g) Taxoil, 4To npu
k,1 > N poimonnserca Hepasenctso p(z¥, z!) < e.

U3 nepasencrsa p(a® x') < p(z*,x) + p(z,2') ouesuano, aro arbas crodawascs no-
cAedosamenvrocmo asaaemcs nocaedosamenvhocmovro Kowu. Obparnoe B 00mem Caydae
He BepHo. Hampuwmep, mro6oit uarepaa M = (a,b) BelecTBeHHOI OCH MOYKHO pacCMaTpu-
BaTh KAK METPHUYECKOE TIPOCTPAHCTBO ¢ paccrosaueM p(x,y) = |x —y|. [locaeqoBaTebHOCTD
2 = a + (b — a)/k aBagerca dbyHIaMeHTAIbHOM, HO He MOXKeT CXONUTbCA HU K KAaKOMY
sneMenty u3 M (ee npenesiom JOZKHO Obl ObITH YUCI0 a, HO a ¢ M).

Merpudeckoe mpocTpaHCTBO HA3BIBAETCS NOAHbLM, €CJIH B HeM Jitobast hyH1aMeHTaIbHas
MOCJIEOBATEIBHOCTD SIBISETCSA CXOASIIEHCS.

B HauagbpHBIX Kypcax MaTeMaTHIecKOro aHAJIN3a O0OBIYHO JIOKA3BIBAETCS, YTO (hyHIaMEH-
TaJbHBIE MOCAEIOBATEIBHOCTH YHCE] U3 R ABAAIOTCS cXOAdIIUMUcA B R — Takum o6paszoM,
METPUIECKOe MPOCTPAHCTBO R ¢ paccrosiaueM p(z,y) = |r — y| aBagercs moaHbIM.

Bce IIOHATUA U CbaKTbI, IMOJIYy4YeHHbIC JJId METPpHUYCCKHUX IPOCTPAHCTB, IIEPEHOCATCA Ha
NPOU3BOIBbHBIE HOPMUPOBAHHBIE MPOCTPAHCTBA. [Ipn 3TOM BCerga mpeanosiaraeTcs, 4To pac-
CTOSIHHE B HHUX BBOJIUTCA ¢ HOMOIIBI0 HOpMBL: p(z,y) = ||z — y||. TloaHOE HOpMUpPOBaHHOE
IPOCTPAHCTBO HA3BIBACTCA TaKkKe 6aHarosvim. *

Bamada. [oxaxure, uro dbynkuus p(z,y) = |z — y|/(1 + |x — y|) 3azaer paccrosgnue B BELECTBEHHOM

npocrpatcrse R. ITopoxkaaercs im OHO Kakoii-inbo HOpMOii? Byjaer jin mpocTpaHcTBO HOIHLIM?

3Eme oano (KpacuBoe, HO PeJIKO MCHOIb3yeMOe) HA3BaHUe — CTOOAUAACA 6 cebe.
4B uecTh TONTLCKOTO MaTeMaTHKa, Tpodeccopa JIbBosckoro yansepcurtera Credana Bamaxa.
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23.1 MHoxKecTBa B METPHUYIECKOM IIPOCTPAHCTBE

[Iycts M — meTpudeckoe mpocTpancTBo, a € M u r > 0. MuoxkecTBa

M(a,r) = {x € M :pla,x) <r}, M(a,r) = {z € M :pla,z) <r}.
HA3BIBAIOTCSL OMKPLIMBIM UWAPOM U 3AMEHYMBLM WAPOM DATUYCA T ¢ HEHTPOM B TOUKE d.

[Tycts S — KaKOe-TO MHOXKECTBO TOYEK B MeTpudeckKoMm npocrpancrse M. Muoxectso S
HA3bIBAETCS 02PAHUNEHHDLM, €CIN OHO NEJNKOM COJEPKUTCS B HEKOTOPOM Iape.

Touka a € S HazwBIBaeTCA sHYMpeHHed 1 S, eCaIn OHA COAEPKUTCS B S BMECTe ¢ HEKO-
TOPHIM OTKPBITHIM TrapoM. MuoxkecTBo S HazbiBaeTcs omkpuimuim B M, ecau jrobast ero

TOYKa dBJIdeTcd BHyTpeHHeﬁ. HYCTOG MHOZKEeCTBO II0 OIIpeJeJIeHUIO CINTaeTCAd OTKPbITHIM.

Ilyets * € M u cylmecTBYeT MOCTeI0BATENbHOCTL TodeK xF € S, cxomamascda K x. B

9TOM ciIyuae T HasbiBaeTcs moukoli npuxochosenus nig S. Ecim 2% # x nna seex k, To
Ha3bIBaeTCH npedesvroti mowkotd aas S. OueBugHO, J106as TOYKA NPUKOCHOBEHUSI, HE MPU-
HAJJTeZKAITAsT MHOYKECTBY S, ABJISIETCS JJisl HETO MPEeIeTbHOI.

SamoikaHUEM MHOXKECTBA S HA3bIBAETCA OHO CaMO ILUIIOC BCE ero TMpejejbHble TOYKH.
O6o3nauenne: [S]. MHOxkecTBO S Ha3bIBAeTCSI 3aMKHYTHIM, €CJIH OHO COJEPKHUT BCE CBOU
npejesbhbie To9kd: [S] = S. HecoKHO npoBepuTh, 910 S 3aMKHYTO B TOM H TOJBKO B TOM
caydae, Koraa gonoHuTensHoe B M muoKecTBo O = M\ S SBISETCS OTKPBITHIM.

3ajmaua. Bcerna i 3aMblKaHue OTKPBHITOTO IIAPa COBIAIAET C 3AMKHYTBIM IIAPOM C TEM 2K€ MEHTPOM
u paapycom?

Bagaua. Ilycte M = N, a paccTosiHme MeXKIy HATYPAJbHBIMU YHUCIAMY 171, 7 ONPEIEISIeTCs KaK
plm,n) = 1+ min{l/m,1/n} npu m # n u 0 npu m = n. Jokaxunre, uro M — mojHOE MeTpHUYec-
KOe TIpOCTPaHCTBO. JloKaxKuTe TakKe, 9TO 3aMKHYTBIE MIapbl

M(1,1+1/2) D M(2,1+1/3) D M(3,1+1/4) D ...
BJIO2KE€HBI, HO UMEIOT IIYCTOE IIepecevyeHue.

MuozkecTBO S Ha3BIBAETCS KOMNAKMHBIM, €CIH U3 000 IOCIeI0BATETbHOCTH TOYEK
2% € S MOXKHO BBLICIUTH MOIIIOCIEI0BATEIBHOCTD, CXOIAILYIOCA K HEKOTOPOii Touke = € S.

fcHo, 9TO KOMIIAKTHOE MHOYKECTBO 00s3aHO OBITH 3aMKHYTHIM. OOpaTHOE HEe BEpHO: Ha-
npumep, S = M Bcerma siBaseTCs 3aMKHYTBIM MHOXKECTBOM, HO MOYKET M He OBITH KOM-
HAKTHBIM. 3aMETHM TaKzKe, U4TO JI000e KOMIIAKTHOEe MHOXKECTBO S SIBJSIETCS OTPAaHMYCHHBIM
(HOAIOCIE10BATEIBLHOCTD HEOIPAHUIEHHON OCIEJ0BATEILHOCTH HE MOXKET ObITh CXOIsIIeli-
Csl, TAK KaK He MOYKET ObITh OPPAHHYEHHOIT).

B HavajbHBIX Kypcax aHaju3a PacCMaTpUBAaeTCd METPUUYECKOe npocTpancTso R ¢ pac-
crostaueM p(x,y) = | — y|, & KOMIAKTHBIM [IPHHSATO HA3BIBATH JI000€ 3AMKHYTOE W OrDAHNU-
YeHHOe MHOXKeCTBO Touek u3 R. B jlanHOM ciiydae 5T0 onpeje/ieHne paBHOCUIBHO HAIIEMY

149
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OIIpPE/IeJIEHUI0 KOMIIAKTHOCTH. BoJjiee TOro, Mbl CKOPO JOKaXKeM, UTO THU JBA OIPEIe/IeHHS
PABHOCHJBHBI W B CJIy4dae MPOU3BOJHBHBIX KOHEYHOMEDPHBIX HOPMHPOBAHHBIX ITPOCTPAHCTB.
Oprako, B OECKOHEYHOMEPHBIX MPOCTPAHCTBAX 3aMKHYTOCTh W OTPAHWYEHHOCTH HEIOCTa-
TOYHBI 714 BBIIEJEHUA CXOIAIIeHCS TOAIOCAe0BATEIHHOCTH.

['oBops 0 paccTosiHuM B JIMHEHHBIX MPOCTPAHCTBAX, MBI Beerja Oy1eM Mojararb, YTO OHO
BBOJIMTCSI C OMOIIBIO KAKOU-THO0 HOPMBI.

3agavya. Bepro ju, 94T0 3aMbIKAHHE BBIMTYKJIOIO MHOXKECTBA SBJISETCsS BBITYKJbIM! BepHo Jin, 4910

MHOKECTBO BHYTPEHHUX TOYEK BBITYKJIOIO MHOXKECTBA OYIET BBIMTYKJIHIM?

23.2 KoMmnakTHOCTh M HEIIPEPBIBHOCTD

Bemecreennas dyukmus f(x), onpeneneHHas st TOYEK T METPUIECKONO MPOCTPAHCTBA
M, Ha3bIBaeTCA Henpepuienoti B Touke £ € M, ecyu Jjid JTO0OH IMOCJIEIO0BATEBHOCTH ¥,

cxofgeiica K x, Hocjae 0BaTebHOCTb 3Hadenuit f(2%) cxomures k f(x).

Teopema Beiiepuurpacca. /laa 060l sewecmeennot dynryuu f(x), Henpepviehotd 6o
BCEX MOYKAT KOMNAKMHO20 MHOHCECTNGG S, CYWECMBYIOM MOYKU Tmin, Tmax € O MAKUE,
umo f(Tmin) < f(z) < f(Tmin) 044 6cex x € S.

JoxkazaTenbcTBo. Eciu npeanonoxuts, uro f(z¥) > k a1 HekoTopoil nocienopare/ib-
HOCTH To4eK o € S, To BO3HUKAET IPOTHBOPEUHe ¢ BOZMOYKHOCTBIO BBLICTCHNS CXOIATICH S
nojnocaeoBaTebHoCTH: ecin o — x, To f(x%) — f(x), mo f(x%) me moxker cxomuThCA,
Tak Kak He gBjsercs orpanndeHHoil. [Tosromy f(x) orpanmdena csepxy. IIycThb Cpax — TOY-
Has BepXHss I'paHb MHOKecTBa 3nadenuit {f(x),x € S}. Torma ans kaxmoro k Haiimercs

Touka ¥ € S Takasd, UTO Cpax — 1 JkE<f (xk) < Cpmax- BpIbepeM CXOISNIYIOCS MOIIIOCTeI0BaA-

TeJBHOCTD % — x W mepeiiieM B MOCTEIHAX HEPABEeHCTBAX K Mpeaeay = f () = Cmax-

OFpaHI/IquHOCTb CHU3Y U CyHeCTBOBaHUE€ TOYKHN MUHUMYMa JOKa3blBaCTCAd IIE€PEXOA0M K
g(x) = —f(z). O
23.3 KommakTHOCTH €IMHUIHOI cdephl

Pacemorpum eaunnanyio cepy B npoctpanctse C” OTHOCHTEIBHO 2-HOPMBI:
n
Sy = {xcC: |zl =1} = {&=[x1,...,2,]" : ZW? =1}
i=1

Jlemma 1. Fdunuunasn cgpepa Sy 6 npocmparncmee C™ womnaxkmma omuocumesvro 2-HOPMb.

JlokazaTtenbcTBO. PaccMorpum mpou3BOJIbHYIO MOCIEI0BATEIbHOCTh BEKTOPOB

b =, 2k € S,

CooTBeTcTBYIOMKE KOOPAUHATHBIE TOCIEI0BATEILHOCTH YIOBJIETBOPSIOT HEPABEHCTBAM
¥ <1, [2b| <1, ., 2f) <L

CorsacHo JieMMe 00 OrpaHHYeHHBIX MOcaenoBaTesbHoCTsX (cM. Jlekmumio 19), cyrmecrByer

MTOANMOC/Ie0BATEIHLHOCTh HOMEPOB ki < ko < ... Takasl, 9TO KarK/asi W3 KOOPJIUHATHBIX
Lk

nocsefoBaTepHocTeil ;' OyJeT CXOAUThCA U YAOBIETBOPATH PABEHCTBY

Dol =1 (+)
i=1
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.k
[Iycts x; = lhm zituwx=[vy,...,2,)". Torna

—00

n 1/2
I = alls = (ZW ‘”“'2> o
=1

[Tepexojs B (*) mpejeny, noirydaem © € Sy, O

Jlemma 2. /Jlaa npoussoavroti nopmus || - || e npocmpancmee C* dynwyua f(x) = ||z||
ABAAEMCA HENPEPLIGHOT, OMHOCUMEALHO 2-HOPMbL.

Hoxkazarenbcrso. [lycrs 2% = [zF, ... 2F]T
BEHCTBO TPEYTOJbHUKA JIJTsl HOPM, HAXOJIUM

@) = f@) = Ml = lell] <l —al] < Y Jef =il e,

1<i<n

— 1 = [z1,...,1,]". Torga, ncnonnsys nepa-

e e; = [0,...,1,.. .O]T — BEKTOp W3 HYyJel, KpoMme - KOMIIOHeHTHI, paBHoil 1. IIpaBag
4aCThb CTPEMUTCH K HYJIIO 1IPU

n 1/2
2" — 2], = (Z\xf—m?) — 0. O
=1

JIemma 3. Jas a060t nopmw || - || na C" cywecmeyrom konemanmos cq, co > 0 makue, wmo
c < |lz|] € e V oz e,

IIpu smom ¢y = ||2t]|, co = ||2?|| daa nexomopwz eexmopos x*, x* € S,.

HoxkazareasctBo. [loctarouno 3amernts, uro dbyukuus f(z) = ||z|| HenpepbiBra oTHOCH-
TEJIbHO 2-HOPMBI Ha MHOXKECTBE Sp, KOMHAKTHOM OTHOCHTEIHHO 2-HOpMbI. O

23.4 DKBUBAJIEHTHBIE HOPMBI

e Hopmsl || - ||q) 1 || - ||(») Ha OZHOM M TOM Ke JIMHEHOM HPOCTPAaHCTBe V' HA3BIBAIOTCS
IKGUBAAEHMHBLMU, €CTTH CYIIECTBYIOT KOHCTAHTHI ¢1, Co > 0 Takwme, 4TO

allzlle < llzlley < ellzlle ¥V eV

Teopema. Fcau V' koneuwHomepro, mo A00vle HOPMbL HA HEM IKEUBANEHMHDL.

HoxkazareascTBo. [Ipexkie Bcero, 3amernm, 4ro Jaobas HopMa || - || Ha C" skBuBajgenTHA
|+ |l2- Myere © € C" = a/[|z[]2 € Sh. Tlo nemmte 3, ¢ < lo/[|z[l2]] < 2 =

cllelly < Jle|] < ezl ¥V 2z eC"

OTcioga JIerKo BBIBECTH 9KBUBAJIEHTHOCTD JIIOOBIX ABYX HOpM Ha C".
B ciiydae npou3Bo/ibHOIO KOHEYHOMEPHOTO HpocTpancTsa V' ¢ Hopmoii || - ||y dukcupyem
B HEM IPOU3BOJILHBIA 6a3uc €y, ..., €, U PaCCMOTPUM B3aUMHO-OJHO3HAYHOE COOTBETCTBUE

n
.
(U S T g L v = g Ti€;.
i=1
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Ncnonb3ys ero, seejgem Hopmy Ha C" ciemyommm 0Opa3om:

n
ezl Ny = | e
=1

\%4

CroiicTBa HOPMBI TPOBEPSIIOTCS HEMOCPEICTBEHHO. BBeieM TakzKke eme OaHy HOpMY HA V:

n
dwe | = Az zal e
=1

2

Vike yCTaHOB/IEHHAs SKBHBAJIEHTHOCTH JIOOBIX aByX HOpM Ha C" g0Ka3bIBaeT, 0YEBHIHO,
SKBUBAJIEHOCTh JAHHBIX (& 3HAYUT, U JOOBIX) HOPM B TpocTpancree V. O

Caencrue. Crodumocmo no 410007 HOPME 6 KOHEUHOMEPHOM NPOCMPAHCINGE PASHOCUNALHA
nookoopIUHAMHOT CTOOUMOCTIU.

3aMeTuM, 9TO HAM yzKe BCTPEYAIUCh HOPMbI, KOTOPBIE He MOTYT ObITh SKBHBAJCHTHBIMU:
310 C-nopMa u C'-nopma B npocrpancrse C'[a, b| dpyHKImit, HENMPEPBIBHBIX Ha OTPe3Ke [a, b]
BMECTE C MEPBON MPOU3BOIHOIN]:

Iflle = max /@] [Iflles = mas (@) + | @)).

a<z<b

B camom gere, mocresoBarebrocth bynkmmit fF(x) = sinkz/VE smasercs cxomsmedics
B Hopme C, Ho pacxomurca B HopMe Cl. Otcioga, Keratu, mosydaem (He odeHb mpsMoe!)
JIOKA3aTeIbCTBO GECKOHEYHOMEPHOCTH JTUHeiHoro npocrpancrsa Ctla, b].

23.5 KoMmaKTHOCTH 3aMKHYTBHIX OTPAHUIEHHBIX MHOXKECTB

TeopeMa. B KOHEYHOMEPHOM HOPMUPOSAHHOM NPOCIMPAGHCINEBE MHONHCECTNEO ACAAECINCA KOM-
NAKMHLM M0204 U MOALKO moeda, k020G 0HO 3AMEHYMO U 02PAGHUYEHO.

HokazarenbcTBo. MbI y2Ke 3HaeM, 4TO KOMIIAKTHOE MHOYKECTBO B METPUYECKOM MPOCT-
PaHCTBE BCErja sIBJISeTCA 3aMKHYTBHIM W OI'paHHYeHHBIM. [TycTh MHOXKeCTBO S 3aMKHYTO U
OTPAHUYEHO OTHOCUTEJHbHO Kakoi-To HOpMbI B C". B cmyly 9KBHBaAJICHTHOCTH HOPM B KO-
HEYHOMEPHOM TPOCTPAHCTBE, S TaKKe 3aMKHYTO W OI'PAHHYEHO OTHOCHTEIbHO 2-HOPMHI.
[TosTomy sr0bast mocIe10BaTeIbHOCTh BEKTOPOB U3 S UMEET OrpaHHYeHHbIe KOOPAUHATHBIE
IIOCJIe10BATECJIBHOCTH. HO JeMMe 06 OFpaHI/IquHbIX HOCJIGILOB&TGJIBHOCTHX, MBI MOZKEeM BBI-
OpaTh IMOAMOCIEI0BATEILHOCTD, CXOAANIYIOCAd B 2-HOPMe K KaKOMY-TO BeKTOpy T € S. DTa
JKe MOIOC/IeI0BATETLHOCTD Oy IeT CXOMUThCS B OTHOCHTEIBHO 000 apyroit Hopmer. O
OTciona BBITEKaeT, HapUMep, KOMIAKTHOCTh €IMHUYHON cdepbl U KOMIAKTHOCTH 3a-
MKHYTOT'O 1Iapa B JI0O0OM KOHEYHOMEPHOM IIPOCTPAHCTBE OTHOCUTE/IBHO JIIOOOI HOPMBI.

23.6 Hannyuimmmne npubankeHust

[Iycte x € V u L — HemycTOoe MHOYXKeCTBO BeKTOpOB u3 V. Bennauny
= inf||lx — 2
v = inf |z — 2]

Ha3BIBAIOT PACCMoAruem Mexay x n L. BekTop zg € L HA3bIBAETCSI 9AEMEHMOM HAUAYHULELO
npubauscerus 1t x Ha L, ecam v = ||z — 2ol].

Jlemma o Hamayuriiem npubanxxkeuuu. [fycmv L — xoHeuHnomepHoe noonpocmparcmeo
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6 nopmuposarrom npocmparcmse V. Tozda das aobozo v € V' cywecmeyem eexmop 2o € L
makot, wmo ||x — z|| < ||z —z|]| V z € L.

HoxkazareasctBo. Pukcupyem € > 0 u paccMoTpuM 060§ BEKTOD 2 Takoii, uro ||z —z|| <
v +e. Orcooma ||z|| < R =7+ ¢+ ||z||. [losromy oueBunnoO, 9T0

= inf ||z — 2|
z€L, ||2||<R
Oyukrus f(z) = ||z — z|| menpepsiBra Ha 3amkmyTom mape ||z|| < R KoHEYHOMEPHOTO

npocrpancrea L. ITo reopeme Beitepirpacca, v = ||x — zo|| anst HekoToporo zg € L. O
3aMeTHM, 9TO CYIIECTBOBAHHE 3JIEMEHTA HAWIYUINEro MpHOJUKEHHsT OYEeBUIHO TAKIKe
JIST KOMIAKTHBIX MHOXKECTB L.
13 eMMbl 0 HaRIydNIeM NpHOJNKEeHHU BBITEKAET, B 4aCTHOCTH, 9TO JJIs BCIKOM Herpe-
poiBHOIT dyHKIMK f(2) HAa orTpeske [a,b| cymiecTByeT MHOrOWIEH D, () CTeNeHN He BHIIIE N
TaKoii, 4T0 JJist JTI06Or0 MHOTOWIEHA ¢, (X) CTeleHN He BbIIle N UMeeT MEeCTO HEPABEHCTBO

1f(2) = pa(@)llcray) < 11f(@) = gul@)l|cpan-

MHOrOU/ICHBI TAKOTO THITA HAZBIBAIOTC MHOZ0UACHAMU HAUAYUULELO DAGHOMEPHO20 NPUOAU-
otcenusa st f(x) u Buepsbie Oblam u3yuenst 11, JI. YebbimeBbiM (KCTaTH, B CBA3H € TPAKTH-
JecKoil 3a/1a4eii MexanuKn). *

Bamaua. Jlokaxwure, uro byukuus T, (x) = cos(n arccosz) npn —1 < x < 1 gBASETCS MHOTOUYJIEHOM
crenenu n co crapimuM Koddduuuentom 2" L, JlokazKuTe TaKzKe, 4TO Jis J060r0 MHOrO4IeHA Py, () CreneHu

n ¢ TeM e crapuuy kodddunuentom Bomonusercs nepasencrso ||, (z)||cr-1,1) < ||pn()|lcj-1,1]- 2

'B wacrnocru, muorounen p,_i(z) ans byskimuu f(z) = 2™ € C[-1,1] umeer Bug p,_1(z) = 2" —
21=n cos(narccosz), —1 <z < 1.

*TosopsaT, uro muorounenst Ty, (z) naumenee yxaonaomes om nyas (Cpeau BCeX MHOTOUJICHOB TOH Ke
CTETEHN 1 C TeM e crapinM kKoadduimentom). Muorousnens T, () HA3BIBAIOTCA MHO20UAEHAMU Tebbiuiesa.
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24.1 EBKJIMI0BO MPOCTPAHCTBO

[Tycts V' — BemecTBeHHOE JIMHEITHOE HPOCTPAHCTBO, HA KOTOPOM KaxKJI0# yHOpPsI049eHHON
mape BeKTOPOB X,y € V MOCTaBIEHO B COOTBETCTBHE BEIIECTBEHHOE YUCIO (X,%y) TaKuM 00-
pasom, 4To:

(1) (z,2) >0 V z€V; (z,2)=0 <& z=0;
(2) (z,y)=(y.2) V a2,y eV;

(3) (@+y,2)=(2,2) +(y,2) V 2,y,2€V;
4) (az,y)=alz,y) ¥V a€R, ¥V z€V.

Yucno (r,y) HASBIBAETCA CKAAAPHOLM NPOU3Gedenuem BEKTOPOB T W Y. BermecTseHHoe Jn-
HeHOe IPOCTPAHCTBO CO CKAJAPHBIM HPOM3BEICHHEM HA3BIBACTCH €6KAUIOGHIM.

B R" ckanapHOe HNpOm3BeJeHHe BEKTOPOB T = [T1,...,Tn] , ¥ = [Y1,...,¥n]  HacTo
BBOJHUTCS KAK CyMMa NMApHBIX IPOU3BEICHNN KOOPIUHAT:

= zy = y'a (+)
i=1

OHO Ha3BIBaETCA ecmecmeertvim CKaadpabiM npoussetenneMm Ha R™. Ho na R™ ckangproe
MPOM3BeIeHHe MOKHO BBECTH I MHOTHMHM JPYTHMH CIIOCOOAMU: HAIIPUMED, eCIH PUKCHPOBATD
YHACTA A, ..., A, > 0, TO BbIpaKeHue

A1

) = i)\iajiyi = yT T
i=1

An

obsramaer coiicrBamu (1)—(4) u, cregoBaTesbHO, 33/aeT CKAJISPHOE [TPOU3BEICHHE.

24.2 YHUTApHOE ITPOCTPAHCTBO

B C" Boipazkenue (), O4€BUIHO, yZKe He SIBJISIETCH CKAJSIPHBIM MPOU3BEICHUEM: MyCTh N = 2
ux=[1,i]", rorna (z,r) = 12 + i = 0. Boobiue B HeHyJIeBOM KOMILJIEKCHOM TIPOCTPAHCTBE
akcroMmbl (1), (4) we coBMecTuMmbl ¢ akcnomoit (2): (ix,iz) = —(z,z) = ecau (z,x) > 0,
to (iz,iz) < 0.

ITyctb V — KomIuiekcHOe JImHEHOe TPOCTPAHCTBO. Teneph Ipu ONpeIeeHIH CKAJIsiPHOTO
npousBesieHust (x,y) MpeanogaraeTcs, 4ro 4ucao (x,y) B 00IIeM cjIydae KOMILIEKCHOe, a
HA0OP aKCHOM MOANMUIUPYETCS TAaKUM 00pa3oM:
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(1) (z,2) >0 V z€V; (z,2)=0 & x=0;

(2") (z,y) = (y,x) ¥V x,y €V (uepra o3mauaeT KOMILIEKCHOE COMPSKERNE);
(3) (z4+y,2)=(r,2)+ (y,2) V z,y,z€V;

4) (ax,y)=a(z,y) V a€C, V zeV.

KoMILIeKcHOE TMHeHHOe TIPOCTPAHCTBO CO CKATSPHBIM MIPOU3BEICHIEM HA3LIBACTCS YHUMAD-
HOLM.

AKCHOMBI €BKJIMIOBA W YHUTAPHOIO MPOCTPAHCTE OTJIHYAIOTCS JIHIIL KOMILIEKHBIM CO-
NpAKeHHEM BO BTOPOHl aKCHOMe W, KOHeYHO, TeM, UYTO B BEIIECTBEHHOM NPOCTPAHCTBE BCEe
YUCaa M CAMO CKAJISPHOE NMPOU3BEJCHHE BEIMIECTBEHHBI. 3aMETHM, 9TO TO B JIOOOM CiIydae
crkaaaprorl keadpam (,r) obs3aH OBITH HEOTPUIATETHHBIM BEIIECTBEHHBIM YHCIOM.

B ommune or (%), B C" ecmecmeennoe CKajsipHOE IPOU3BEIEHUE BEKTOPOB T =
(21, 2T, y=[y1,..., 9] BBOTHTCS Tax:

(x,y) = Y _a¥i = y'r.
i=1

24.3 DbuaunHeliHBIE U TTOJyTOpPaJIMHEHbIe (DOPMBI

B akcmomax CKasIsipHOTO mpom3BeaeHus cBoiicTsa (3), (4) orpazKaoT JuHEHHOCTD (DYyHKINH
(x,y) OT BEKTOPOB X W Yy MO MEPBOMY apryMeHTy. B eBKJINIOBOM POCTPAHCTBE akcHoMa (2)
JIAeT HAM JIMHEHHOCTDb M 110 BTOPOMY apryMeHTY.

Oynkuns f(x,y) HazbiBaercs Ouaunelinol Gopmod, ecnm oHa JUHEHHA 0 KazxKJIOMY W3
apryMeHTOB:

(a$+ﬁyaz):a(xaz)+ﬁ(yaz)7 (Z,Oéx+ﬁy):a(z>$)+ﬁ(zay) v ‘(an?ZGVE v O‘aﬁ'

Takum 06pa3oM, CKaJISIPHOE IPOU3BEIEHNE B BKJIIIOBOM IIPOCTPAHCTBE SBJIseTCs OUINHE -
HO¥i (bopMoii ¢ monmosHuTEBHBIMI yeoBuaMu (1) u (2).
Oynkuns f(z,y) HA3BIBAETCA NoAyMopasuHetdnot gopmod, ecan

(az+Py, 2) = a(z,2)+ 8y, 2), (z,az+Py) =a(z,2)+B(z,y) ¥V z,y,2€V, V a,3€C.

OueBnIHO, CKASIPHOE TIPOU3BEICHNE B YHUTAPHOM NMPOCTPAHCTBE SIBJISIETCS MOy TOPAJIHHEH-
HO#i bopMoii ¢ monmostHUTeNBHBIME yeroBusMu (1) u (27).

24.4 InwHa BEKTOpAa

[Iycts V' — mpounsBoJIbHOE TPOCTPAHCTBO €O CKAJSIPHBIM Mpon3BeieHneM. Benmmdauna
] =/ (2, 2)

HasbIBaeTcs dauHoti BeKTopa x € V.

HepasencrBo Komun—BynsakoBckoro—IlIBapiia. /[ia aobvix sexmopos x,y € V

(@ y)| < Jallyl, (*)
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NPpUYEM pPaBeEHCM B0 docmuzaemcsa 6 mom U MOAbKO MOM cAYHae, Ko20a T U Yy AUHeTHO
3aA6UCUMDL.

oxkazareasctBo. KommiekcHoe 9ncio (x,y) 3amuiieM B TPHTOHOMETPHIECKOii dhopme

(z,y) = [(z,y)|§, & = cos¢+ising.

Ecim y = 0, To B (*) mveer mecro pasenctBo. [lycts y # 0. /las mpoussonproro t € R
PACCMOTPHUM BBIPAZKEHUE

(z+ty, v +t&y) = (v,2) +t&(z,y) +t&(z,y) + (v, y) = Clyl> +2t(x,y)| + [z]> > 0.

HeorpunarenbHOCTh KBaJIpaTHOTO TpexXdieHA OT MepeMeHHON t 03HadaeT HemOJOKUTEb-
HOCTbH €70 JJUCKPUMHUHAHTA:

D=yl —lzly’ <0 = [(@yl < |2yl

[Ipeanonoxum, uto npu y # 0 B (%) umeer mMecto paenctso = D =0 = aid
HEKOTOPOT'O BEIIEeCTBEHHOTO ¢ TMOayYaeM

(x+tly, c+tly) = 0 = x+ty=0.

OueBunno TakkKe, uTo ecan y = 0 win z = ay, 10 (%) obpamaercss B paBeHCTBO. [
CaenctBue. Jliuna asasemcsa sexmopnoti Hopmot na V.

dokazarenbctBo. IlepBble 1Ba cBoicTBA HOPMBI OYEBHUIHBI, & HEPABEHCTBO TPEYTOJIbHIKA
BBITEKaeT U3 HepaBeHcTBa Komu-byngakosckoro-IlIBapia:

z+yl> = [z + [yl + (2,y) + (yo2) < |2 +|yP 4202y = (z|+y))>. O

[TpOCTPAHCTBO CO CKAISPHBIM MPOU3BEICHUEM, MOJHOE OTHOCUTEIBHO HOPMSI || - || = | - |,
OOBITHO HA3BIBACTCS 2UALOEPMOGHIM.

Bamada. s aByx BeKTOPOB ,y € R™ Bomomnneno paBencrso ||z + |2 = ||z||2 + ||y||2. Jokaxmure, aTo
Z ¥ y JUHeHHO 3aBHCUMBL. BepHO i 370 B ciiydae paseHcTsa ||z + y||, = ||z||p + ||yl|p Ams HOpMBI Tenbiepa
npu p # 27

Bagaua. [lns marpun A, B € R™*"™ kBaapaT CyMMbI JHANOHAJIBHBIX 9JIEMEHTOB MATPHUIIHI AT B pasen
IPOU3BEIEHUIO CYMM [THATOHATLHLIX 31ementos marpuii AT A u BT B. Jlokaxkute, uto A u B orimuaiorcs

JIUIIb CKAJIAPHBIM MHOMKUTEIEM.
Bamaua. Ilycrs V' — JnHEHHOE TPOCTPAHCTBO BEIECTBEHHBIX HempepbiBHBIX Ha [0, 1] dyrkmmit. do-

1
KaxkuTe, 9YTO BhIpaxkenue (f,g) = ff(t)g(t)dt €CTh CKaJIIpHOE MPOM3BEJEHWE W MPU 3TOM V He SIBJIIeTCS
0

IIOJTHBIM.

24.5 ToxkmecTBO mapaJuieorpaMmmMa

Nrak, 11060 MpOoCTPaHCTBO CO CKAJISIPHBIM TPOU3BeAeHneM 00/1a/1aeT CrieluaabHOi HOPMOIi,
MOPOK/ICHHON CKAJSAPHBIM IPOU3BEICHUEM. 3aJIaJIUM BOINPOC: KaKue HOPMBI Ha V' MoryT
MOPOXKAATHCSA KAKUM-HHOYIb CKAJSIPHBIM IIPOU3BEIeHHEM !

OTBeT CBsI3aH €O CIACAYIONIUM TOACICCMEOM NAPAAAEAODAMMA:

e +yll* +llz —ol* = 2(l* +yI") ¥ z,yeV.
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Jlerko mpoBepuTh, 4TO AaHHA BeKTOpA ||z|| = |2| (TO ecTh, HOpMa, MOPOXKAEHHAS CKATSPHBIM
IPOU3BEJIEHNEM ) YIOBJIETBODSET TaHHOMY ToxkaectBy. Ho BepHo m obpaTHOe.

Teopema. Hopma ||-|| nopostcdaemes kakum-mo ckaraproim npouseedenuem 6 mom u mosv-
KO MOM CAYUAE, K020 OAA HEE GUNONHACTICA TONHCIECTNEO NAPANAOZPAMMA.

JoxkazareabcTtBo. [lycts V' — mpocTpaHCTBO CO CKaJISIDHBIM TPOU3BEICHUEM. JaAIUIIEM
(x,y) = a+ib, rne a,b € R. Torga ecan ||z|| = |z|, To

lz+yl? = (@) + @y + @ 2)+wy) = |zl + Iyl + 20,
lz+iyll? = (z,2) +i(y,2) —i(z,9) + (y.y) = |l=lI* +[liy[]* + 2b.

Orcrona a = f(x,y) u b= g(x,y), rae

1 1 . .
fey) = Sl +yll” ==l = ll*), gle,y) = 5z + iyl = [ll]* = [[iy]]*).

Teneps mpeanosozkuM, 910 V' — HOPMUPOBAHHOE MPOCTPAHCTBO. Ecan HoOpMa MopoxK/1a-
€TCsA CKaJIAPHBIM IIPpOU3BCACHUEM, TO IIOCJIEIHEE O6H3aHO UMeTb BH

(z,y) = f(x,y) +ig(x,y). ()

PacemorpuMm (%) kKak ompemesenue byHKUuu (r,y) ¥ JOKAXKEM, 9TO OHA 0OJIaTaeT BCEMU
CBOICTBAMU CKaJISIPHOT'O TTPOU3BEJICHUS.

Jlerko Bugers, uto (r,z) = ||z||*>. Tlosromy nepsas akcuoma oveBujaHa. Tak ¥Ke Jier-
KO TpoBepsiercs, 9ro (z,y) = (y,x): pasencro f(z,y) = f(y,x) odeBuaHO, a PaBEHCTBO
g(x,y) = —g(y, x) nomydaeTcsa ¢ MOMOIIBIO TOXKIECTBA MAPAJLIETOIPAMMA.

Tenepb NPeANONOKUAM, YTO HOPMA YIOBJIETBOPAET TOXKIECTBY NAapaIeIOIPAMMa | JOKa-
KeM, 410 GyHKuus (,y) JuHeHHA H0 IePBOMY apryMeHTy (TPeThbsl U Y4eTBepTasi AKCHOMBI).
JI1 917010 MOCTATOYHO J0KA3aTh JHHEHHOCTD 1Mo nepBoMmy aprymenty dyuknun f(z,y) (am-
HeHHOCTH ¢(Z,y) MO MepBOMY apryMeHTy OyaeT OYeBHIHBIM CJIEJICTBHEM).

Jokazkem cnadana, aro f(x +y,z) = f(x,z) + f(y, z). U3 onpenesenns f u ToXKmecTBa
napaJiieiorpaMMa BUIHO, 9TO

1 1
f@,2) = Z(Hx—i—zHQ —llz==I*),  fly.2) = ;L(HerZH2 —ly = =)

Bammmem T +z=u+v, y+2=u—v = u= %(m—i—y—i—Zz), v = %(ac—y). B cmny
TOKIECTBA, MApaJLIeI0rpaMMa, 1T BEKTOPOB U U v,

42l +lly 42l = Sl +y+2) + 2l + 5l =l
AmnaorugHo,
2 2 1 2 1 2
e — 2P+ lly— 2P = Sl +y—2) — 2P + gl — ol
[To Tomy 2Ke TOXKIECTBY mapaJjiaenorpaMMa aiad © +y + 2 1 z,

1
Nz +y+2)+20° = lle+y+2+ |12 = Flle + vl

N~ N =

1
(M +y—=2) =2 = llz+y =2 + ][] = 5lle+ll*
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Orcrona .
f@,2) + fy,2) = Z(llz+y + 2P = llz +y = 2[1") = fl@+y,2).

Temeps mokaxkeM, uro f(ax,y) = « f(x,y) maa moboro a € R. Ilyets o = = — paruo-
HAJIbHOE YUCI0. Torma, noab3ysach y»Ke JOKA3aHHBIM CBOHCTBOM, HAXOJANM

nf(ta,y) = fo(ta),y) = fle,y) = flEry) = Lfley =

flza, y)=fm(ta, y) =mf(ia, y) =2 f(r,y).

[Tpou3BOIBHOE BEIIECTBEHHOE (v MPEJCTABUM KAK IIDeJIeJl HOCIeA0BATEbHOCTH DAITHOHATb-
HBIX  — «. Hecnoxuo yoeaurbes B oM, 9To dbyHkiust f(z,y) HenpepbiBHa 110 2. [TosTomy
B paBeHcTBax f(ogx,y) = o f(x,y) MOKHO mepeiiTu K mpeeay npu k — oo.

Taxum 06pa3oM, Mbl J0Ka3aal paBeHCTBO (ax,y) = (ax,y) ToKa TOABKO JJIsl BeIeCTBEH-
HBIX . OHO Oyer BepHO JJIs JTIOOBIX KOMILIEKCHBIX (v, €CJIM MbI ycTaHoBuM, 4To (ix,y) =
i(z,y). 910 BHITEKACT HEMIOCPEICTBEHHO U3 onpeesienns (*), Buga Gbyukmuit f(x,y) u g(x,y)
M TOXKJECTBA HapaJuiesorpaMma. O

Banmaua. Ilo ompenenennto, ||f(2)||clap = max, |f(x)|. Jokaxkure, 94ro 318 HOPMA B MPOCTPAHCTBE

Cla, b] dyukuuii, HenpepbBHBIX Ha [a, b], HE IOPOKJAETCH HUKAKUM CKAJIAPHBIM [IPOU3BEICHUEM.

3amada. Haiinure Bce p > 1, npu xotopsix HopMa Lebaepa || - ||, IOpOokK JaeTCs HEKOTOPBIM CKAISIPHBIM

TTPON3BEIEHUEM.

24.6 OpTOroHaAJHLHOCTH BEKTOPOB

CxaJjigpHOe TPOM3BeJIeHUE MTO3BOJISIET BBECTH 00Iee MOHSATHE OPTOrOHAJIBHOCTH BEKTOPOB: &
U Y HA3BIBAIOTCS opmozonaavivmu, ecan (x,y) = 0. Oboznauenne: xly.

3aMeTuM, 9TO B OJIHOM U TOM K€ IPOCTPAHCTBE CKAJIAPHOE MPOU3BE/ICHHE MOYKHO BBEC-
TH MHOTHMHE Pa3HBIMHU CIIOCOOAMHI, H BEKTOPHI, OPTOrOHAJIBHBIE /I KAKOIO-TO CKAJISAPHOIO
IPOU3BEICHUs, MOTYT OBITH HEe OPTOTOHAJBHBIMHU IO OTHONIEHHIO K JIPYTOMY CKAJIAPHOMY
POU3BEICHHIO.

B eBKIMIOBOM MPOCTPAHCTBE MOXKHO BBECTH TakKe o0liee TMOHATHE yzaa ¢ = ¢(x,y)
MexKy BekTopamu r u . [lo onpeenenuio,

(z,9)
| |yl

cos¢p =

Hy»kno 3ameruTh, 410 npaBas 4acTb 10 MOAYJIO He bosbine 1 (B cuity Hepasencrsa Korn-
Bynsxosckoro-IlIsapna). /Iast oproroHagbHeix BeKTOpoB ¢ = /2. [To noHsTHON TpHYnHe
JIAHHOE OIpeJieIeHIe YIIIa He NEPeHOCUMEA Ha cIydail yHUTAPHBIX TpocTpaHcTB. Ho monsaTre
OPTOTOHAJTBHOCTU PabOTAET, KOHEYHO, U TaM.

Teopema Iludaropa. Ecau x Ly, mo |z +y|* = |z|*> + |y|*.

HoxkazareasctBo. [lycrs (z,y) = 0. Torna (x+y,x+y) = (x,2)+ (x,y)+ (y, )+ (y,y) =
(z,2) +(y,y). O

Bameuanue. B epxingosom (Ho He B yHHTapHOM!) TIpocTpancTBe Teopemy lludaropa
MOXKHO oGparuth: ecium |r + y|* = |z|? + |y|?, 10 (z,y) = 0 — 310 OYEBUHO, OCKOJIb-
Ky (z,y) + (y,z) = 2(x,y). Oguako, nociegnee He BEPHO I/ MPOM3BONBHBIX BEKTOPOB B
YHUTAPHOM MPOCTPAHCTBE.
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24.7 OpTOroHaJbHOCTh MHOXKECTB

[Tycts V' — npocTpancTBO €O CKaJsipHbIM NpousBeennem u L C V' — npou3BoIbHOE HEILyCTOe
MO/IMHOYKECTBO BEeKTOPOB. BekTop = € V' Ha3bIBaeTCS 0pmMO20HAAbHUM MHOXKECTBY L, ecin
(x,y) = 0 gna Beex y € L. Obozuadenwme: x L L. [To ompenenenunto, muoxectsa L u M
opmozonaavrul, ecan (x,y) = 0 ans a0beix x € L uy € M. Obosnadenne: L1 M.

MmnoxkecTtBo M Bcex BeKTOpPOB u3 V', KaxKIbIil 13 KOTOPHIX OPTOTOHAJIEH 33 JaHHOMY MHO-
KecTBY L, Ha3bIBaETCS €r0 0pmo2oHasbhbim donosnenuem B mpocrpancTse V. Oboznade-
ame: M = L*.

VYrBepskaenne. /s 1106020 muoscecmea L ezo opmozonasvroe donoanenue L asasemes
nodnpocmparcmeom. Ipu smom L C (L)L,

Joxkazareabctso. Ilycrs z,y € LY. Torna (7,2) = (y,2) =0V z€ L = (az+fy,2) =
a(z,2)+B(y,2) =0V z€ L = azx+PByclt

ITo onpesenenmio, Muaoxectso (L)L comepxuT Bee BekTOpHI, OpToTOHAMBHBIE L1, a 3Ha-
9HUT, U BCe BEKTOPHI U3 MHO)KecTBa L. O

24.8 OproroHajpHag CyMMa MOAIIPOCTPAHCTB

HanomuuMm, 4to cymmoti nodnpocmparncme Ly, Lo, ..., L,, Ha3bIBaeTCd MHOXKECTBO L Bcex
BEKTOPOB BUJIA & = X1 + To + ...+ Ty, TIE T; € L; 11 BceX ¢. DJIeMEHTAPHO IPOBEPAETCs,
uro L — moanpoctpanctBo. Odo3navenune: L = L+ ...+ L,,.

Hanomuanwm takzxe, aro L HaswiBaeTcs npsamoli cymmoti, eCiim noanpocTpancTsa L; Heny-
JIeBbIe M KarKJIblii BEKTOpP T € L mMeeT eJMHCTBEHHOE Pa3JIOKeHWe BUJA T = T1 + ... + Ty,
rne v; € L; (ecnu x =2 + ...+, ux, € L; Vi, o Henpemenno z;, = x; V i).

Cymma L = Ly + ...+ L,, HEeHYJIeBBIX HOJIIPOCTPAHCTB HA3BIBACTCA 0PMO20HAAbHOU
cymmot, ecmn L; L L; pu @ # j. O6o3nauenue: L = L; @ ... D Ly,.

YrBepxkaeHue. Opmozoraronas cymma noonpocmpancme L = Ly @ ... & L, asademca

npamoti cymmoti. Kpome mozo, ecau x; € L;, mo

o1+ o = ) R (%)

HokazarenbcTBo. JlokaykeM cHauasa (x). YIuTeiBas, 910 (2;,2;) = 0 IpH i # j, HAXOAUM

m m

Aol = 3N @) = ) =Y Jnl

i=1 j=1 i=1 i=1
Hamnee, nyctb 1 + ...+ 2y =2 + ...+, tne x;, v, € L; Vi. Torga
O=|(x1—2)+...+ @m—2 )=z -2 +.. . +|zm—2,P = zi=2, Vi 0

CaenctBue 1. Koneunas cucmema HEHYAEEHLT NONGPHO OPMO20HANOHBLL BEKMOPOE AGNA-
emes AunetdHo He3asucumol.

JoxkazateabcTBo. IIycTh BEKTOPHI L1, . . . , Ty, HOIAPHO OPTOTOHAIBHEL K OTIUYHBI OT HYJIs.
Torma cymma JmHeitbIX obosovdek L(xy), ..., L(x,,) gBASETCS OPTOTOHAJIBHON CyMMOi, 1
ecim oy + ... + Ty, = 0, To, cormacHo (%),

0:’()(1$1+...+Oém.§(]m‘2 = |041’2‘371|2+...+‘Oém’2|$m|2 = 061:...IOém:O. O
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CaenctBue 2. Fcau nenyaesvie noonpocmpanemea Ly, ..., L,, KOHEUHOMEDHDL U NONAPHO
OPMO20HANLHDL, MO

dim(Ly @ ...® Ly,) =dim Ly + ...+ dim L,,.

JlocTaTovHO BCIIOMHHUTB, UTO JIJIA HPAMOM CYMMBI KOHEYHOMEDHBIX IIOJNPOCTPAHCTB L;
Gasuc noaydaercsa obbeJuHEHHEM GA3UCOB B MoAnpocTpancTBax L; (em. Jleknuwo 12).
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25.1 Marpuna I'pama

[IycTes gana cucreMa BEKTOPOB U1, ..., U, U IYCTh
r=o01 4+ ...+ ayv,, Y= [0+ ...+ Bt

Torma npgmoe BEIYHCJIEHHE JAeT

n

(2,y) = Z@ > (v v)a; | =b*Ga, (%)

i=1

rae
(vi,v1) ... (vn,v1) ai B
G:G(Ul,...,vn) = , a=1-.1, b= .
(vi,vn) ... (vn,vn) An B
Marpuna G U3 CKaJIgpHBIX NPOU3BEACHUI CHCTEMBI BEKTOPOB HA3bIBACTCS €€ Mampuyed
I'pama. *

Teopema o marpuiie I'pama. Cucmema 6exkmopos vy, . .., v, AUHETHO 3a6UCUME M0200 U
moAvko moezda, kozda ee mampuua I'pama eviposrciernan.

. = 1 e nUn- — Y,
HoxkazarensctBo. Ilycrb x = ajv; + ... + a,v,. Ucnons3ys (x) upu x = y, Haxoaum
(z,2) = a*Ga, a=ay,..., 0", (#)

Eciu G — BBIpOXKAEHHAST MATPUIIA, TO CYIIECTBYeT cTober a # 0 takoit, uto Ga =0 =
r=0 = cucrema BEKTOPOB V1, ..., U, JHHEITHO 3aBUCHMA.

O6partHo, ecu 3Ta cucTeMa JnHEHHO 3aBucuMa, 10 r = 0 npu Hexkoropom a # 0. Jlerxo
puseTh, uto Ga = [(x,v1),...,(z,v,)]" = 0 ecTh paBHas Hy IO HeTpUBHAJILHAS JUHEHHAS
KoMOMHAIUs cToyOnoB MaTpuilbl G = croabusl G auHeiHO 3aBUCUMBI = (7 BBIPOZK-
JOeHHad. U

3amava. B npocrpaHcTBe €O CKAJSPHBIM IPOU3BEICHUEM JIAHBL JIBE CHCTEMbI BEKTODPOB Uf, . .., Um
U L, ..., Up. pu stom LY N M = {0}, tne L u M — nuHeiinble 060709KH BEKTOPOB MEPBOi W BTOPOl
cucrembl. JIoKaxkure, 9T0 XOTs ObI OJHA W3 ITUX CUCTEM JIMHEHHO 3aBHCHMA B TOM U TOJTHKO TOM CIIy4ae,

KOLJA M X m-MaTpuia A ¢ 3JeMeHTaMu a;; = (V;, U;) BLIPOXKICHHASL.

1O6parum BHUMaHMe Ha TO, YTO M€MeHT B no3uuuu i,j umeer suia (v;,v;). Jacro marpuueit I'pama
naspBaloT G| (B BemecTBeHHOM cayuae, Koweuno, G| = ().
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25.2 CkajagpHOe Ipou3BejieHlne B KOHEYHOMEPHOM IIPOCTPAHCTBE

[lyctb vy, ..., v, — 6a3uc B n-mepuom upocrpancrse V. Torma ckaaspHoe IPOU3BEACHUE
BEKTODOB T = QU] + ... + apv, Uy = vy + ... + By, umeer Bug (%), rme G — Marpuna
Ipama, a = [ay, ..., 0], b= [B1,..., 0] .

Kakumu cBoiicTBaMu JTOIKHA 00/1a1aTh MaTPUIA, YTOOBI ABJIATHCS MaTpuiei ['pama 11
JIMHEITHO He3aBUCHUMON CUCTEMBI?

Bo-nepsoix, s0bas marpuna ['pama obsagaer cpoiictBom G* = (. Marpunpl ¢ TaKuMm
CBOHCTBOM HA3BIBAIOTCS CAMOCONPANCEHNMU W IPMUMOEHMY. 2 B BellecTBEHHOM CIydae
G* = @7, a marpunsl co croiictBoM G = G HA3BIBAIOTCS CUMMEMPULHVLMU.

Bo-Bropeix, cornacHo (#), a*Ga > 0 gis Beex a # 0, mpudeM ecyin V' — BeliecTBEHHOE
mpocTpaHcTBO, To a € R”, a ecimm KoMmmiaekcHoe, To a € C". Jliobass Marpuia ¢ TaKuM
cBoiictBoM B ciay4dae a € C" HaszwbiBaercs nososicumensvho onpedesennoti. BermecrBennas
MaTpUIA C TeM Ke CBOHCTBOM, Koraa a € R™, Ha3bIBACTCI GEULLCMBEHHOT NOAOIHCUMENOHO
onpedesertot.

Nrak, qobas maTpuna ['paMa B crydae yHUTAPHOTO HPOCTPAHCTBA ABJSETCS SPMUTOBOM
MOJIOKUTETHLHO onmpeesennoii. Ho Bepro u obparnoe. [lycts G — mpou3BOIbHAS 9PMHTOBA,
MOJIOXKUTETBHO OIIPeIeeHHAs MaTPUIa. '1OorIa JIerko MpOBEpPIeTCs, UTO (DYHKIS

f(a,b) = b*"Ga, a,beC", (M

3a/1aeT ckajsipHoe npoussesenne Ha C" u G apisiercss marpureit ['pama cucTeMbl CTaHIAPT-
HBIX GA3HCHBIX BEKTOPOB €1,...,€, (€; umeer 1 Ha i-M Mecre u () B OCTAJIBHBIX TO3UIUAX ).
Takum obpaszom, dbopmysia (1) ompenessier obwut 6ud ckaraprozo NPou3cedeHUus B TPOCT-
panctse C".

CoorerctBust a < x, b < y (3anaomue uzomopdusm V u C") mo3BOAAIOT ¢ MOMOIIHIO
f(a,b) BBeCTH cKRassipHOE TIpOM3BesieHne U Ha V.

3amaua. MoxKeT Ju OnpeaenuTe/h MATPUIBI ['paMa ObITh YUCIOM OTPHUIIATEILHBIM?

25.3 llepnienaukyadap U NpoeKIus

[Tycts V' — OpocTpaHcTBO €O CKAIAPHBIM MPOU3BEACHUEM B L — ero IOanpoCTPAHCTBO pas-
MepHocTH M. Mbl yxKe 3HaeM, 4To s Jo6oro x € V cyliecTByer 3/eMeHT Haulydilero
npubsnkenns zop € L — Takoii, uro | — z9| < |z — z| ans Beex z € L. B nannom crenn-
AJIBHOM C.quae — JJId HOprI, HOpO}K,ILeHHOﬁ CKaﬂﬂpHBIM HpOI/ISBe,ZLeHI/IeM — numMeeTr MecTO
eIMHCTBCHHOCTD 2) U €CTh OYeHDb IIPOCTOH CIOCO6 ero IOJydeHHns.

Wcexonum u3 Toro, uro B L 3agan 6a3uc zi, ..., z,. lorma
20 = Q121+ ...+ QmZm.
Haiinem xoaddunuentsr oy, ..., Qy, U3 yCJIOBUI
r—2LlL & (r—29, 21)=0, ..., (z—20, 2n) =0 &
ai(z1,21) + + an(zm,2z1) = (x,2),
ai(z1,22) + +  am(Zm,22) = (x,2),
a1(z1,2m) + oo 4+ am(Zm, zm) = (T, 20).

2B wects dpanmysckoro maremaTrka lapas Jpumra (1822-1901).
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OueBuHO, UMEEM CUCTEMY JIMHEHHBIX AJIre0panvdecKuxX ypaBHEHUH, /i KOTOPOHl Marpu-

na kodbduimenTos copnagaer ¢ Marpuieii ['pama G = G(z1,...,2,) CHCTeMbl BEKTOPOB
21, -+, Zm- 110 Teopeme o marpure ['pama, /st TUHEITHO HE3aBUCUMON CHCTEMBI OHA HEBHI-
pPOXKJIeHHasd => CHCTeMa OTHOCUTENTbHO O, ... (i, UMeeT U IPUTOM eTNHCTBEHHOE PellleHne

= BEKTOP 2y, MOJUYUHEHHBIH YCJIOBUIO T — 2o L L, cymecTByeT U e TMHCTBEH.

BekTop h = x — 29 B ciiyuae h L L, zy € L nasbiBaeTcs nepnenoukyaspom, OMyIeHHbIM
u3 r Ha L, a zg — opmozonaarvHoti npoekyueti BeKTopa x Ha L.

Teopema o nepnenmukyJspe. /lis 4106020 6exmopa T U KOHEUYHOMEPHO20 TOONPOCIT-
pancmea L cywecmsyrom u eduncmeenns, nepnenduxyaap h L L u npoexyus zq € L maxue,
wmo T = 2o + h. IIpu amom

\h| = |z —2| < |[x—2] V z€L, z# 2.

JlokazareabcTBo. OcTaercsd J10Ka3aTh JUIIL TO, YTO 2y — OJHO3ZHAYHO OIPEIeseHHBII
IeMEeHT HaWIydinero npudsmekenust ua L jajist Bekropa x. [lycrb 2 — npou3BosibHbIil BEKTOD
u3 L. Torna o — 2z = (x — 20) + (20 — 2), tme © — 29 L L u 29 — z € L. Orciona BbITEKaeT, 4ro
r— 20U 20— % CyTb HepHeH,ILI/IKy.HHp 148 OpTOFOHaJIbHaH HpoeKLLI/IH Ha L JJIA BeKTOpa xr— Z.
[TIo Teopeme Iludaropa,

lz -2 = [z —2P+|2o—27 = |Jz—2| < |v—2| ¥V2#2. O

Cnencreue. Ecau L — xoneunomepnoe noonpocmpancmeo, mo L = (L)L,

JoxkazareabcTBo. Mur yxe snaem, uro L C (L)L, Bosbmem x € (L)t u onycrum us

Hero nepnesnKy/aap h Ha L. CoriacHo onpeieIeHnio OPTOrOHAIBHOIO JA0HoHeHns, h € Lt
B To xe Bpema, h L L+ = (h,h)=0 = h=0.3pawr,z € = (LY)*CL O

3anauva. Ilycrs L u M — noampocTpaHCTBa B KOHEYHOMEPHOM IIPOCTPAHCTBE V' CO CKAJIAPHBIM MTPOMU3-
Besiennem. PapHocuababl i pasenctsa LT N M = {0} u LN M+ = {0}?

3amada. B n-MepHOM eBKINIOBOM IPOCTPAHCTBE BEKTOPEHL G, . .., Gp41 TAKOBBI, 4TO (a;,a;) < 0 mpu

1 # j. Jlokaxkure, 9TO MIO0BIE N M3 HAX JIMHEITHO HE3ABUCHMBI.

3amaua. lokaxkure, 9TO B N-MEPHOM €BKJIMJIOBOM MPOCTPAHCTBE JII0DAs CHCTEMa U3 1 + 2 BEKTOPOB

COIEPZKUT Iapy BEKTOPOB, JJId KOTOPBIX CKAJIAPHOE IIPOU3BeJeHNE HEOTPUIIATEIHHO.

3amaua. Ilycts P,, — nuHEHHOE TPOCTPAHCTBO BCEX BEMIECTBEHHBIX MHOTOYJIEHOB CTEIEHN HE BBIIIE

1
n co ckansapabiM npoussesenueM (f,g) = [ f(t)g(t)dt. Jokaxure, 9T0 paccTosHEE OT MHOroOYIeHa T 10
51

TIOAMPOCTPAHCTRBA P, _1 HE TTPEBOCXOIUT V2 /2"

25.4 OpTOoroHaJbHbIE€ CUCTEMBI

Cucrema HEHYJIEBBIX BEKTOPOB I1, ..., I HA3BIBACTCS 0PMO20HaAbHOL, ecan
(IZ',ZL’]‘> 207 7'7&]7 (*)
U OPMOHOPMUPOBAHHOT, eCu, JonoJHUuTebHO, |x1| = ... = |z,| = 1. Takum obpaszom,

MaTpuia ['paMa /ijig OpTOTOHAIBHON CHCTEMBI SB/ISETCH JTUATOHAJIBHON € MOJTOKHUTETHLHBIMA
JAATOHAJbHBIMU JJIEMEHTaMU, a JIJ1d OPTOHOPMUPOBAHHON — eIVHUYHONA MaTpULei.
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Paccvorpum npocrpanctBo C" ¢ ecTeCTBEHHBIM CKAJISIPHBIM HPOU3BEJIEHUEM U OPTOHOD-
MHPOBAHHYIO CUCTEMY BEKTOP-CTOJIONOB

11 Tin n
Ty = ||y ey Tp=1_"--- e C".
Tnl Tnn
COCTaBI/IM u3 HUX N X n—ManI/IHy
11 Tin
X =[r,...,2,] =
Tnl ceo Inn

U 3aMeTHM, YTO COOTHOIIEHUs! (%) PABHOCHIHHBI MATPUIHOMY PABEHCTBY

(z1,21) ... (zn,z1)

(mly.én) (1'77.75577,)

Marpuma X € C"*" co cpoiictBom X*X = [ HaszwiBaercs ynumapHot. Takum obpasom,
Jrobasg KBaJpaTHas MAaTPUIA ¢ OPTOHOPMHUPOBAHHOM CHCTEMOIR CTOIOIOB SBJISETCS YHUTAP-
HOI, a J1100as YHATApHAS MATPHIA HMeeT OPTOHOPMHUPOBAHHYIO CHCTEMY CTOJOIOB. ZlcHO
TaKZKe, 9TO JId YHUTAPHOCTH MATPHUILI HEOOXOJINMO U JOCTATOYHO, YTOOBI OHA MMeJIa OPTO-
HOPMHUPOBAHHYIO CHCTEMY CTPOK (IOKazKkuTe!).

BemectBennast yHuTapHasi MaTpUIa HA3BIBAETCS 0PMO20HAALHOT. Panee MbI yKe OTMe-
YaJIM, 9TO MHOZKECTBO BCEX OPTOTOHAJBHBIX MATPHUIL HOPSIIKA 7 SBJISETCS TPYIIIO OTHOCH-
TEJIbHO OIEepally YMHOXKeHHUsI MaTpuil. To »Ke cIpaBeIMBO U IO OTHOIIEHHIO K MHOXKECTBY
BCEX YHUTAPHBIX MATPUI ITOPSIJIKA 7.

25.5 IlIporiecc opTroroHaamn3aiuu

U3 TeopeMbl 0 MepHeHIUKYASIpEe CPa3y »Ke BBITEKAET, UYTO B JIOOOM KOHEYHOMEPHOM IPOCT-
pancrBe V' cyliecTByeT OpTOHOPMUPOBAHHBIN Oa3uc.

B camom nene, BozbMem B V' TPOU3BOJILHBLIN 0a3uc vy, ..., U, U MPEINOJ0KUM, YTO B
JuHelHo# obosouke L, 1 = L(vy,...,v,_1) y’Ke HOCTPOEH OPTOHOPMHPOBAHHbIH Ha3nc n3
BEKTOPOB (1, - - ., Gn—1 (KOHEUHO, L, 1 = L(q1,...,qn_1)). IlycThb h, — HepIeHIUKYIAD, OIY-
IMEHHBI U3 BeKTOpa v, Ha L, 1. dcHo, ato h, # 0 (unave v, € L, 1 = cucTeMa vy,..., U,
JuHelino 3asucuma). [osmoxum ¢, = hy,/|h,|. Torga cucrema qq,...,q, u 6yaer UCKOMbIM
OPTOHOPMHPOBAHHBIM 0a3ucoB B V.

SamernM, 9TO B MOCTpPOEHHOM Oasmce ajs jwoboro k = 1,...,n nepsbie k BEKTOPOB
Q1, - - -, qr OOPA3YIOT OPTOHOPMUPOBAHHBIN Gas3uc B JauHEHHOH 06010uke Ly = L(vy, ..., vg).

Takum obpaszowm,
Liqi,. - yqe) = L(vy,...,v), k=1,... n.

PeajibHble BBIYHC/ICHUsT HAYXHAIOTCS ¢ MOJYUYeHUsT BeKTopa q; = v1/|v1]. 3arem u3 Bek-
TOpa Vg ONMyCKaeTCsl Ha L; mepneHaukysisip hy U HOPMHUDYETCs: g = ha/|ho|. VI Tak nasee.
Onyckas mepneHIuKyasp Ha Ly, pa3yMHO HCKaTh Pa3JIOKeHHe COOTBETCTBYIOINIEH MPOeKIINT
HEe 10 MCXOAHOI cucreme vp,...,Vg, & 10 YKe IIOCTPOCHHONH OPTOHOPMUPOBAHHON CHCTeMeE
qi,...,qr. Boiroma oueBmana: marpuna ['pama 1s qq, . . ., ¢, ABAAETCS €IAHIIHON!

JlaHHBIf aJICOPUTM HA3BIBACTCA npoyeccom opmozonasusayu, I'pama—IlImudma. Bor ero
dbopManbHOe ONUCAHKE:

k-1
he = vp =Y (Una) g @ =he/Ial, k=1, n

=1
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Bagaua. B mpocrpaHCTBe BEIECTBEHHBIX MHOIOYIEHOB CKaJIApHOE mpoussejaeHue (f,g) onpeneneHo
TIPOU3BOMBHBIM 06Pa30M, HO TaK, UTO JJIA JI0OBIX MHOTOUTCHOB f(7) 1 g(7) BHIOMTHAETCA PABEHCTBO >

(@f(x),9(x)) = (f(z),2g(x)),

W TyCTh TIpW TPHMEHEHWH TIpolecca oproroHamusanun ['pama-IlIMmara kK cucremMe MHOTOYJIEHOB
1, , 22, ..., 2™ momygens muorodnmenvl Lo(x), Li(x), ..., L,(z). JlokaxkuTe, 9TO HMEIOT MeCTO Tpex-
YJICHHDIE COOTHOLICHHUS

Lk(x) = akak,l(x) + bkkal(fL) + CkLk,Q(QL'), 2<k<n, ak, b, cr € R.

25.6 JlomosiHeHHWE 10 OPTOrOHAJBHOIrO Oa3mca

[Tycts V' — npocTrpaHCcTBO pa3sMepHOCTH N CO CKAJISIPHBIM HPOU3BEICHUEM.

JlemMa O HOMOJHEHWHW 0 OPTOTOHAJIBHOrO Gasuca. Jwbas opmozonasvHas (opmo-
HOPMUPOBAHHAA) CUCTEMA BEKMOPOS V1, . ..,V € V Moscem Oumb 00Cmpoena KaKuMU-mo
sexmopamu u3 V 00 0pmozonaivrozo (0pmonopmuposarnozo) bazuca 6 V.

HdokazareabcTBo. omoaHUM v, . . ., V) KAKAMA-HHOYIb BEKTOpaMu J0 Oa3uca B V', a 3aTem
K HOJIYy4eHHOMY 0a3uCy HPUMEHUM IIPOLECC OpTOrOHan3anuu. [

Cnencrue. FEcau L, — nodnpocmpancmeo pasmeprocmu k, mo dim Ly = n — k. Ipu
IMOM

i
HokazarenscTtBo. B V cymecrByer oproHOpMUpOBaHHbBIH 6a3uC ¢, ..., ¢, TaKOWi, 4TO
Ly = L(q1, ..., qx)- Ilpu 910M 04YeBHIHO, 9TO JI0GOH BEKTOD, OPTONOHANBHBIN Ly, €CTh JIu-
HeltHast KOMOMHAIUS BEKTOPOB (gi1, - - -, Qn. U

25.7 DBwuopToroHajibHbI€ CUCTEMBI

[Tycts V' — smHeiiHOE TIPOCTPAHCTBO CO CKAJMSPHBIM Tpon3BegerneM (-, -). CucreMbl BEKTO-
DPOB Uy, ..., Uy U Uy, ..., Uy HASBIBAIOTCH OUOPMO2OHANDHBLMU, €CITT

fu =g
(”““j)‘{o, i

[oBopAT TakKe, YTO KaxKaas U3 CUCTEM SABJISIETCA OMOPTOTOHAJIBHON I APYTOi CUCTEMBI.

Ecsmm 1; n 0; — BeKTOPBI-CTONIONBI U3 KOOPAUHAT BEKTOPOB U; U U; B KAKOM-1100 dpuKcu-
POBaHHOM OPTOHOPMHUPOBAHHOM Oa3uce, TO OMOPTOrOHAIBHOCTH PABHOCU/IbHA MATPUUIHOMY
PaBEHCTBY

A A

VU =1, U=liy,..0n, V=I[b1,..0n. (%)

3[IpoBepbre, WTO OHO BBIIOTHSAETCA, HAOPUMED, e€CIH CKaldgpHOe IPOM3BeIeHHe 3aJaHo (OPMYJIOL
1

(f,g) = [ f(z)g(x)dz, B sTOM Ci1yuae nosydeHHble OPTOrOHAIBHbIE MHOIOY/ICHbL HA3BIBAIOTC MHOZ0UAE-
21

namu Jlescandpa.
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B cayqae dim L(uy, ..., ) = dim L(vy, ..., v,,) = m oTcioma scto, aro V = (U1,

YrBepxkaenue 1. B cayuae O6uopmozonasvrocmu kaHcdas U3 CUCEM Ui, ..., Uy U
Vi, - v vy Uy ABAACTNCA AUHEUHO HE3ABUCUMOU.

HokazarenasctBo. Ilycth 2 = aju; + ... + au, = 0. Hcnons3ys 6HOpTOroHAJIBHOCTD,
HaxoguMm (z,v;) = a; = 0. O

YrBepxkaenue 2. Ilyemo L, M C V — nodnpocmpancmea pasdmeprocmu m makue, 4mo
LN M = {0}. Tozda das 410601 aunetino rnezasucumoti cucmemsv Uy, . . ., U, € L cywecm-
syem eduHCMBEHHAA DUOPMO20HAALHASL CUCTEMA V1, . . ., Uy € M.

HokazarenbctBo. PukcupyeM KaKo#-HO0 OPTOHOPMUPOBAHHBIN 0a3uC B MPOCTPAHCTBE
L+ M. Torna 3agada CBOOUTCS K HAXOXKJICHHIO MATPUIIBI V us ypasuenus (x). [lycts maTpu-
a Q HMeeT CTOJIOIbI, COCTABICHHBIE U3 KOADMDUIMEHTOB PA3I0KEHHI BEKTOPOB KAKOI0-TH00
6azuca B M no nannomy (pukcupoBannomy dasucy B L+ M. Torna V= QZ JIJISE HEKOTOPOI
MaTPHUILbI Z MopAaKa 1, KOTOpad AJOJI2KHa YAOBJCTBOPATH MaTPUYIHOMY YPaBHEHHIO

Z*Q*U = 1I.

Cronbupl KBagpaTHo#t MaTpuiskl (Q*U auneitno HezaBucuMbl. B camom nente, ecnin Q* Uz = 0,
o Ur € L*NM = Uz =0.B cury auHeilHOH HE3aBHCHMOCTH CTOIONOB MATpHIBI U,

A

x = 0. TTosromy marpuna Q*U HeBbIpOXKeHHAS = J* = (Q*U)_l O

25.8 () R-pa3zjioxkeHne MaTpPUIlbI

[Iycte A € C™™ umeer JuHEHHO HE3ABUCHMbBIE CTOMOIB 1, ..., Ay € C" u K HUM npuMe-
HsteTcst porecc oproronasm3anun [ pama—IlImMmunara ¢ ucmonp30BaHIEM €CTECTBEHHOIO CKa-
JIIpHOTO Tpou3Bejenus.. IlycTh B pesysbrare mMOIyYaloTCs OPTOHOPMHPOBAHHBIE BEKTOPBI
qis---5qm € cm.

Coornomenust ax € L(qi, ..., Q) Boimoaugores upu k = 1,...,m 1 03HAYAIOT, 9TO JIJIsI
KAKHIX-TO 9UCEJ T3, UMEIOT MECTO PABEHCTBA

WIW, B MATPUIHOM BHU]IE,

11T T2 ... Tim
722 Tom

A = QR’ Q:[qlv"'an]a R =
T'mm

Onpenenenne. Paznoxkenne A = QR, rae () umeer OPTOHOPMHPOBAHHBIE CTOMOBI, a K —
BEPXHsS TPeyrojbHast MaTpuiia, HadbiBaeTcss (QR-pasioscenuem MaTpuib A.

Taxum 06pa3oM, MBI TOJBKO UTO JOKA3AIU, 9TO 0Af A000T NPAMOY2ONOHOT MAMPULDL
¢ AUHETHO HEe3a8UCUMBIMY cmosbyamy cyuecmeyem QR-pasaoscenue. B gacTHOCTH, OHO
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CYHIECTBYET JIJIisd JIF0OOH HEBBIPOXKIEHHON MaTpuIlbl. B jieficTBUTEIbHOCTH ClIpaBe/inBa 0oJiee
o0IIIasd

Teopema. Jobas Npamoyz0sbHas MOMPUUG, 68 KOMOPOT “UCAO CMPOK HE MEHBIE YUCAL
cmoabyos, obnadaem QR-pasnoscenuem ¢ eeprmeti cmynenwamoti mampuued R.

JokazareabcTtBo. llyctb a;, — mepBblii HeHys1eBoil cTonben, maTpunbl A, a;, — HepBbIil
cronben Takoit, uro a;, ¢ L(a;, ), a; — mepebiii croaben takoi, uto a;, ¢ L(a;,, a;,), 1 TaK
najiee. B urore monydaem B A Ga3sUCHYIO CHCTEMY CTOIOIIOB

Ay y ovvy Qo 1 <y < ...<l1p,
00JTAIAIONTYI0 TAKHMHI CBOMCTBAMU:

a; =0 npu j <iy;

ajEL(ail,...,ail) npu 4 < j <1, (=1,...,r—1;
a; € L(ail, e air) 1npu 1 < j
Haiinem () R-pasioxkenue
@iy, oy ai] =iy, -+, @Ry
Cucremy crToabuoB ¢, ..., ¢;, JAOHOJHHM J0O OPTOHOPDMHUDOBAHHOIO 0a3mca B N-MEPHOM
MPOCTPAHCTBE CTOMOIOB W W3 MOMYYEHHBIX CTOJAOIOB COCTaBUM MaTpuily (), COXpaHuB
[epBOHAYAJIbHBIE CTOJIONBI B HO3UIUALAX 11, ..., iy

Banmucas A = QR, BuauM, 9T0 B Marpuile R mepBble 7 3JeMEeHTOB 4;-I'0 CTOJIONA Te Ke,
4TO B [-M cTonbue MaTpunbl R,.. B To ke Bpewms, j-it cTonben mpu i; < j < 441 UMeeT HyJIn
B LO3ULMsIX HuxKe 7;-fi. O

Bagaua. Ilycrs A € C™*™ umeer cTONOUB a1, ..., G, € C™. JloKaKuTE HEPABEHCTBO

n
[det 4] < [T llajlla-
j=1

Bamada. Ilycrs A — maTpuia mopsiika n ¢ sMeMeHTaMu a;; = 1. JTokazkure, aro ecnu | det A| = nn/?

(Takue MaTpHILI HA3LIBAIOTCA Mampuuamy Adamapa) uw n > 3, 10 n genurcs Ha 4.
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26.1 JIuHeiiHble PYHKITMOHAJIBI

[Tycts V — numeiinoe mpocTpancTBO HaJ 9UCTOBBIM noeM P u f(x) — dyukuus ot BekTOpa
x € V ¢ unciaoBeiMu 3HAUEeHHSIMH. [akue (DYHKIMH MPUHATO HA3BIBATH (PYHKUUOHAAGMU.
Eciu Beinosiugerca ceoticmeo aunedrnocmu

flax + By) = af(x) + Bf(y) V ,BEP, V z,y€V,

TO GYHKIUS f HA3BIBACTCA AUHETHBM GYHKUUOHAAOM AT AUuHelinot Gopmot.
I[Iycts Temeps V — HopMHpOBaHHOe IpocTpancTBo!. JInHelHbIil (DyHKIHOHAT Ha3bIBACTCA
02PAHUMEHHBIM, €CTU JIJIT HEKOTOPOH KOHCTAHTHI ¢ > 0

[f(@)] < clelly ¥V zeV. (+)

Yreepxkaenue 1. /[aa ozparuvennocmu sunetinozo GYHKUUORAAG HE0OT0duMa U docma-
MOYHG €20 HENPEPHIBHOCTD.

HoxkazareabcTBo. Ecin BhimosasieTcst (%), 10 u3 cxopumoctu ||z — x||y — 0 mpu k — oo
creayer, uto | f(xg) — f(x)] = [f(xx — )| < clfax —xlly — 0.

Ecsn nuneitustii dyuxuumonas f(z) HempepbIBeH, TO TOKAayKeM, ITO OH OIDAHHYCH HA €/TH-
unanoit cepe S = {x : ||z||y = 1}. Ecam 970 He Tak, TO 418 KAKOH-TO MOCTIEI0BATETLHOCTH
BEKTOPOB T, € S nmeeM |f(zy)| — oc.

Orcioma ||zg/|f(z)||lv — 0 = x/|f(zx)] — 0. B cuny uenpepsBHOCTH,

f(@/|f(zx)]) — f(0) = 0, aro meposmozkno, Tax kax | f(wx/[f(zx) ) = [f(zx)l/|f (20)] = 1.

Urak, |f(x)| < ¢ mng Beex x takux, 4uto ||z||y = 1. CrenoBarensHo,

[f/llzlv)<e = |flo)<dlzlly vV zeV. O

3ameuanune. /[lng nmuHeitHOro byHKIIMOHAIA HENPEPBIBHOCTH B KAKOW-TO OJHOM TOYKE paB-
HOCHJIbHA HENMPEPBIBHOCTH BO BCEX TOYKAX MPOCTPaHCTBA.

YrBepxkaenue 2. Fcau V koneunomepro, mo 10001 aunetinvil pynkyuonan va Vo a645-
EMCA 02PAHUSEHHBLM.

HokazareascrBo. Ilyctb vy, ..., v, —06a3uc B V. Ecin x = x1v; + ... + 2,0, TO

1<i<n

@< ol 1f @)l < e Jail. o= max |£(v)].
=1 i=1

13maunt, P = C wm P = R.

171
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B KOHEYHOMEPHOM HPOCTPAHCTBE U3 CXOJUMOCTU HO HOPME BBITE€KAET HOKOOPJHHATHAS CXO-
aumocth. [Tosromy eciu 2% — 0 npu k — oo, To zF — 0. Orciona |f(z%)| — 0. 3uauur,
dyukimonas nenpepbien npu x = 0. 0O

Bajgaua. Jluneiinoiit pyHkonan f omnpeeeH Ha TPOCTPAHCTBE BEKTOPOB Buma Ax, rme A € R™*™ u
r € R™. Jloxaxmure, uto f(Az) =y Az ana mexoroporo y € R™, He 3aBucamero ot .

26.2 Conps>KeHHOe ITPOCTPAHCTBO

Omepanuu CJI0KeHUsI U YMHOXKEHUsSI HA YUCJIO /Il TUHEHHBIX (DyHKIIMOHAIOB OIPE/IeISIIOTCS
€CTeCTBeHHBIM 00pa30M.

[Iycts f(z) u g(x) — snuneitabie dyuxmuonansr Ha V. Torma mx cymMmoii Ha3bIBAeTCsI
dbyukmusa h = f+ ¢ : V — C, onpenenennas npasuiom h(z) = f(x) + g(x). daa a € C
dbyuknusa h = af : V — C onpenensiercst npasuiom h(z) = af ().

DJeMeHTapHO TpoBepseTcs, 4To f + g u «f ocraiorcs JuHEHHBIME (YHKIHOHAIAMH.
Takum 06pa3zoM, MHOXKECTBO BCeX BceX JIMHEHHbIX (PYHKIIMOHAJIOB Ha V mpeBpaliaercs B
JINHEHHOE MPOCTPAHCTRO.

Oco0blIit nHTEpEC MPEICTABISeT MHOKECTBO BCEX OTPAHHYEHHBIX JTUHEHHBIX (DyHKIIHOHA-
JIoB. OHO TOXKe SBJIAETCA JUHEHHBIM ITPOCTPAHCTBOM, IOCKOJIBKY CJI0YKEHUE H YMHOKEHUE Ha
YHCI0 HENMPEePBIBHBIX (DYHKIIHH COXPAHSIOT CBOMNCTBO HENPEPBIBHOCTH.

JIuneiinoe TpoOCTPAHCTBO BCEX OIPAHUYEHHBIX JIMHEHHbIX (DYHKIMOHAJIOB Ha V' Ha3blBa-
ercst conpascertvim npocmparcmeom aas V. Odbosnadenune: V™.

Hopwmoit dynkmmonana f € V* Ha3piBaeTcsd BeJUYHHA

Al = sup [f()].

[|z|[v=1

Koneunocts || f|| BeITekaeT u3 orpaHndeHHOCTH f. AKCHOMBI BEKTOPHO# HOPMBI TPOBEPSIIOTCS
OYEBHUIHBIM 00pa30M.

3amaua. Ilycts ¢ — numHeitHbl DYHKIIMOHAT HA COMPSKEHHOM IpOCcTpaHcTBe V¥ 118 KOHEeYHOMED-
Horo npocrpancrsa V. Hokaxure, uro ¢(f) = f(xo), rae o9 € V — HekoTopblil (DUKCUPOBAHHBIA BEKTOD,

3aBUCAIIUI OT ¢ U He 3aBucsmit or f € V*.

26.3 IIpmmepsl JuHEHBIX (PYHKIIMOHAJIOB
(1) [ycrs P — smHeiiHOE MPOCTPAHCTBO BCEX BEIIECTBEHHBIX MHOIOYJICHOB HA OTPE3KE

[—1,1] ¢ C-nopmoii ||p||c = sup |p(x)|. Ilycte p'(x) obo3ravwaeT MpOM3BOIHYIO MHO-
1<z<1

rounena p(x) (scHo, uro p' € 75)._CDyHKm/IOHaJI f:P — R, 3apanHbLil OIpaBHIOM

fp)=p'(1), peP,

SBJISIETCsI, OYEBU/THO, JIMHEITHBIM, HO HE OTPAHUYIEHHBIM: eCai P, (x) = 2", 10 ||pallc = 1
u f(p,) = n.

Bamaua. [Jokaxure, uro dynkmmonan f(p) = p’(0) Takke He OymeT OrpAHUICHHBIM.

(2) B rowm ke npocrpanctse P dyukiuonan f(p) = p(0) sBisierca orpaHuaeHHBIM JHHeH-
HBIM (DYHKITHOHAJIOM.
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1

(3) @yuknumonan f(p) = [ p(x)dr aBrserca muHefiHBIM 1 OrpaHUIeHHBIM HA P.
1

(4) Pacemorpum mpocrparctBo C" ¢ mo6oit HOPMO#, U MyCTh JAHBI YHCIA Cf, ..., Cp.
[ycts 2 = |21, ..., z,]" € C"u f(x) = 121 + ... + CpT,. DTO OrpanudeHubIil UHET-
ublii yakmunonan na C".

26.4 Pa3zmepHOCTH JOMOJHUTEHHOIO ITPOCTPAHCTBA

MuoxkecrBo L = {x € V : f(x) = 0} naszpiBaercsa A0pom WaH HYAb-NPOCMPAHCMEOM JTHHETI-
soro (pyukimonana [ : V — C. Oboznauenne: L = kerf. Jlerko Bujgers, aro L — moampocT-
panctBo. Eciu dim V' = n u dbyHKnHoHA HE paBeH HYJIIO TOXKIeCTBeHHO, TO dim L =n — 1
(mokazkure!). Mbl cobupaeMcst 10Ka3aTh, 4TO B OECKOHETHOMEPHOM CJIydae KOHeUHOil (1 pas-
HOUi 1) OKa3bIBAETCS PA3MEPHOCTh TAK HA3BIBAEMOIO JOTOTHUTENLHOTO TOIIPOCTPAHCTBA.

[MoaupocrpancrBo L' B npocrpancrse V' HasbiBaeTcss donoAHUMENbHOLM s TOIIIPOCT-
pancrTBa L, ecnu pasnoxkenue V = L + [/ apaserca npamoii cymmoii. PasmepHocTs j10mos-
HUTEJILHOIO TTPOCTPAHCTBA HA3BIBAECTCS KOPAZMEPHOCTHIO TIOAITPOCTPAHCTBA, L.

Ecnn V' komeunoMepHo, To ero 6a3mc MOXKHO IOJYYUTH OObeguHeHueM 0a3ucoB B L u
L'. Tlostomy dim L/ = dimV — dimL =  Kopa3MepHOCTb OJHA M Ta Ke JJisd JI00O0ro
JIOTIOJIHATEJIBHOTO MPOCTPpAaHCTBA. 1O 2Ke BEpHO U B DECKOHEYHOMEPHOM CJIydae.

Ckaxkem, 9T0 a ~ b, ecmu a — b € L. 910 oTHOIIEHne SKBUBaaeHTHOCTH Ha V. [Tosromy
V' pasbupaercst Ha MHOYKECTBO HENePeceKaolnXcsi KJIACCOB SKBUBAJIEHTHOCTH.

[Tycrb kiaccen [a] u [b] mopoxaeHbl BekTOpaMu a u b. EcTecTBeHHBIE OMpeieIeH sl Ome-
panuii CJI0KEeHUs U YMHOYKEHHUS Ha YHUCIIO

[a] + [b] = [a + b, afa] = [ad]

KOPPEKTHHI, TAaK KaK UX Pe3yJAbTATHl He 3aBUCAT OT BHIOOPA MpeICTaABUTENeH B KIaCCaX SKBHU-
BaJIeHTHOCTH. Takum 00pa30M, MHOXKECTBO KJIACCOB SKBHBAJEHTHOCTH IPEBPAIIACTCS B JIH-
HeifHOe TPOCTPAHCTBO HAJ, TEM Ke TMojieM, 9T0 1 mpocTpancTBo V. OHO Ha3bIBaeTCS (hakmop-
npocmpancmeom. Obosnauenne: V)/L.

YrBepxkaeuue. Jloboe donoanumenvroe das L nodnpocmparncmeo usdomopdro darxmop-
npocmpancmey V/ L.

HokazarensctBo. s a € L' nycrs ®(a) = [a]. OueBugno, orobpaxenue ¢ : L' — V/L
coxpanster onepanun u $(L) = V/L. Kpome toro, ecin ®(a) = ®(b), 7o a ~ b =
a—>b € L uoxnoppementno a —b € L' = a—0b=0.3nauur, & — coxpaHsiolee onepanun
B3aMMHO-OTHO3HATHOE oTOOparkenne L' wa V/L — npyrumu cioBamu, nzoMmopdumsm. O

Caencrue. /las mobwr dsyr passoscerut 6 npamyro cymmy V = L+ L = L+ L"
pasmeprocmu donoarumenvuuix npocmpanceme L' u L odunarosnw.

26.5 JIuwneitHble (DYHKIIMOHAJBI W TUTIEPIIOCKOCTH

[Iycte L = kerf. Eciu L = V| 1o (bYHKIMOHAT TOXKIECTBEHHO pDaBeH HYJIO (M TOITOMY
Ha3bIBACTCA HYJICBbIM HUJIU TpI/IBI/IaJIbeIM).

[Tycrs L # V. Torpa cymecrByer BeKTOp Xg, Mg Koroporo f(xg) # 0. i npoussosb-
HOTO BekTopa x € V Haxomaum

flr —axg) =0 npn o= f(z)/f(xg) = =x=z+ax, zE€L.
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OueBuHO, (v OHO3HATHO omnpeesiercs yeiaouem z € L. [Tosromy V' ectb npsimast cymma
noanpoctpancts L u L(zg). Takum 06pazom, A0po Hempusuaibrozo aunelino2o GyHKyuoHa-
A0 UMEEM KOPA3MEDPHOCTND, PABHYIO 1.

Teneps paccmorpum MuOkectBo M, = {x € V : f(z) = ¢}. Ecm f(x¢) = ¢, 10, Oue-
BuaHo, M, = xg + L. Takum obpazom, M, ecth Juneitnoe MHOTOOOpa3Ue C HAPABJISIONIUM
npoctpancTBoM L kopaszmepuoctu 1. B takux ciaydasax JimHeiiHoe MHOrooOpasne Ha3blBaeTCs
eunepnaockocmuio. Jlerko Bugerb, ato orobpakenne f(z) — M(f) ={z € V : f(z) = 1}
SIBJISIETCS] B3AUMHO-OTHO3HAYHBIM COOTBETCTBHEM MEKIY JIMHEHHBIMU (OYHKITMOHATIAMY U TH-
MEePILIOCKOCTIM.

I[Tycts dimV =nwu ey, ..., e, — 6a3uc B V. B nannom ciydae sicHo, 4T0 JIF0O0# JTnHEH-
HbIil byHKIMOHAT uMeeT BUI f(x1€1+ ...+ xpe,) = 11+ ...+ cuy, e ¢; = f(e;). Takum
obpazoM, Jiobasi THIEPILIOCKOCTD B N-MEPHOM IIPOCTPAHCTBE UMEET BU/L

cary+ ...+ e, =, (%)

e Ty, ..., L, — KOOPJMHATHI Pa3I0KEHUs BEKTOPa MO BHIOpAaHHOMY 0A3UCY.

JOITOJITHUTEJ/IBHAA YACTbD

26.6 OrmopHBIE TUTIEPIIJIOCKOCTHA
YpaBHenue runepiiockoct (x) B R y106HO 3anuchiBaTh B Bu/Ie
(z,h) = h=| I’
x,h)=c, TIE =lc1,...,Cnl .
['umepriockocTb, MPOXOSIIAs Yepe3 TOUKY T, 3a1aercs ypasuenueM (x,h) = (zo, h). [lox
CKaJIAPDHBIM IIpOU3BEACHUEM 3/1€Ch HOHUMACTCA €CTECTBECHHOE CKaJIAPDHOE IIPOU3BCACHUE B Rn
[Iycte M C R™ — nekoropoe muozxkectBo. Touka xy € M HazbiBaercs eparuyrot nis M,
ec B JTI000M ee OKPeCTHOCTH uMeroTces Toukn u € M u v ¢ M. s onpeaeseHHOCTH O
OKPECTHOCTBIO TOUKH MOYKHO TIOHUMATD TIAP OTHOCUTENBHO 2-HOPMbI (BayKHO, YTO METPUKA
JIOJIZKHA TIOPOZKIATHCS. HOPMOii, a Bce HOPMbI Ha R™ SKBHBaJICHTHBI).
Cunepmiockocts 7 @ (x,h) = (xo,h), Ipoxojsiasg Yepe3 TPAHUYHYIO TOYKY o € M,
HA3BIBACTCS 0nophoti sunepnaockocmovto 1yist M, ecim (x,h) < (xg,h) V x € M.

3agava. [lokakure, YTO MHOXKECTBO BCEX BHYTPEHHUX TOUYEK BBIMYKJIOIO MHOXKECTBA B HOPMUAPOBAHHOM

TTPOCTPAHCTBE ABJIACTCHA BBIILYKJIBIM.

3agauva. Jlokaxkure, 9T0 J1I00asd BHYTPEHHSIS TOYKA 3aMBIKAHUS BBIMTYKJIONO MHOXKECTBA S B KOHETHO-
MEpPHOM HOPMWPOBAHHOM MPOCTPAHCTBE MPUHAIIEKUT S. BepHO i1 9TO B C/Tyvyae TPOU3BOILHOTO MHOKECTBA,
S?

3amaua. I[lycrs M — BbImyKj0e MHOXKECTBO. JIOKaKUTE, 9TO TUMEPILIOCKOCTD, MPOXOIAINAasa Yepe3 ero
IPAHUYHYIO TOYKY, BJISETCA OMOPHOH miisi M Torma w TONBKO TOrAa, KOT/A OHA HE COMEPKHUT HU OTHON

BHYTpPEHHEl TOuKu MHOXKecTBa M.

JlemMma o HawJTyYIneM MpuOJNYKEHNN HA BBITYKJIOM MHOXKecTBe. [[ycmo M C R" —
BaMEHYMOE BunYKAOE MHOKHcecmeo. Toeda das awbol mowku x© ¢ M cywecmeyem eduncm-
senHaa mouka zo € M maxas, wmo

— = p=inf |x — z|.
v — 2| = p=inf |z —z|
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IIpu omom (x — 2o, 2 — 29) <0 V z€ M.

HoxkazareabcTBo. 2 Ilycth |v — 23] — p, 2z € M. B cury orpaHuYeHHOCTH UTHH |24,
HafileTcs MOAIOCAEeI0BATEIbHOCT 2, — 29 € M. Ilomoxkum h = o — 2zp. C momombio
npefesbHOrO Tepexona noayvaeM |h| = p. anee, ecim z € M uw v = z — 2, TO, B CHIY

BoIyKJIocTH M, 20+ cv € M nng Beex 0 < e < 1. CaenoBaTeibHO,
2 2 _ 2 20,12
p” <l|x— (20 +¢ev)|" = (h—ev,h—ev) = p° —2e(h,v) +|v|° =

(h,v) <el?)/2 V 0<e<1 = (hv)<0.
Ecmu |z — (20 +v)] = p, 1o |[v]* =2(h,v) <0 = v=0. O

Teopema 1. Yepes 2106410 epaHUMHYI0O TOYKY 3AMKEHYMO20 SbinykA020 mHoxcecmea M C
R™ npoxodum xoms 6v. 00Ha onoprasa 2unepniockocmbs o M.

JlokazaTtenbcTBO. Jlobas rpanudnas Touka ro € M ecTh npejes HEKOTOPOil mocJemno-
BATEJBLHOCTH BHENHUX jiass M rtovek: xp — xg, xp ¢ M. B cuny jgemwmbr, Juisi KazKaoi
TOYKU T} CYIIECTBYET SJEMEHT HAWIYUIIero npubiauxenus z, € M: |z — z| < |z — 2|
u (Tp—2k,2—2k) <0V z € M. Orciona (p, 2) < (pk, 2&), Tae Dp = hi/|hi|, hi = xp—25. U3
HOCJICJOBATEILHOCTH BEKTOPOB Pj, BBIOCPEM HOAIOCIEA0BATEILHOCTD, CXOAAILYIOCH K HEKO-
TOPOMY BEKTODY p; 0ueBuIHO, |p| = 1. Kpome Toro, |z, —xo| < |2 — k| +|2p — 20| < 2|a) — 20|
= zp — xo. [Tosromy mis siro6oii Touku z € M BhImoHsIETCsT HepaBeHCTBO (2, p) < (o, p).
O

Teopema 2. IIycmv L, M C R"™ — suinykivie MHOACECTBA U NPU IMOM MHONHCECTIEO GHYM-
pennus movex oaa L ne nyemo 3 u ne nepecexaemca ¢ M. Tozda cywecmeyem 2unepnaoc-
koemw (x, h) = ¢ makas, 4mo

(u,h) <c<(v,h) VY uwuel, ¥ velM.

HokazarenabsctBo. Ilycth Ly — MHOXKeCTBO BHyTpeHHUX TO4eK st L. Jlerko nposepurh,
q10 MHOKeCTBO K = Lo — M = {2z € R" : 2 = u —v,u € L,v € M} BbITyKJIO U 1pH
srom 0 ¢ K. OTcioa MOXKHO 3aKTI0YUTh, YTO TOYKa () He ABJISETCS BHYTPEHHEH TOIKOMN J1/1st
3aMbIkaHust MHoxkecTBa K. Ecnu 0 gaBiasgercs rpaHndHoil TOUKOM 11 K, HCKOMO# sIB/IsieTcsd
npoxo/sias depe3 0 omopuasi runepiiockoctb s K. Eciau 0 spisiercss BHeniHel TOYKO#
JIIS 3aMbIKaHus [, TO HyZKHAas IUNEPILIOCKOCTD CTPOUTCS C TOMOIIBIO JIEMMbI O HAUJIY YIIIeM
NPUOJTMKEHNN Ha BBITYKJIOM MHOXKecTBe. [

3ameuanmne. [oBopar, uTo BeIMyKAble MHOXKecTBA L u M pazdesstomes ¢ TOMOIIBIO JU-
Heitnoro dyukmuonana f(z), ecin f(x) < f(y) mia awbbix © € L uwy € M. Teopema
2 yTBepxKaaer, 9To (DYHKIHOHAT ¢ TAKHUM CBOHCTBOM cyimecTByeT. B Takoit dopmyinpos-
Ke OHa He UCHOJIB3YeT CKAJADHBIE TPOU3BEJICHUS U OCTAETCS BEPHON 0e3 MPeInooKeHus O

2 JIpyroe moKa3aTeabCTBO, CIpaBeINBOE 7S 3AMKHYTHIX BBIMYKJIbIX MHOYKECTB B TIPOU3BOIBHBIX (B TOM
qucsie, GECKOHEUHOMEDHBIX) 2UAbOEPMOGHIL NPOCTPAHCNGAT (TO €CTh, MOJHBIX NPOCTPAHCTBAX CO CKAJIAD-
HBIM TIPOU3BeNeHNeM) (DAKTHUECKH COMEPKUTCA B JOKA3ATETHCTBE ODOOIIEHUs] TEOPEMBI O MEPIEH UK YIISAPE
B JIONOJIHEHUY K Jekuuu 25 (pasaen 55.2).

3BrImyKJI0€ MHOYKECTBO, IMEIOIIee XOTS GBI OHY BHYTPEHHIO TOUKY, HA3BIBACTCS SbINYKALM MEAOM.
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KOHEIHOMEPHOCTH IIPOCTPaHCTBA. 4

. H MKHYTO€ BBIILYKJIO€ MHOXKECTB u . Jdokazarp, gr TByeT
3agaua aHO 3a oe oe muoxkectBO M C R™ u g ¢ M. Jlokazarb, 94TO CyIIECTBYE

runepniockoctsb (z, h) = (xg, h) takas, aro (x,h) < (zg,h) V z € M.

3ajmaua. MHOXKECTBO HA3BIBACTCA GbINYKAbLM KOHYCOM, €CTTU BMECTE C JIIOOLIMUA ABYyMs TOYKAMHU X U
Y OHO COIEPXKUT BCE TOYKHU BHUIA ax + By npu mpou3BonbHbIX «, 0 > 0. dokaxkure, 4To i006as OnopHas

TUTIEPTIIIOCKOCTD /IS BBIMTYKJIOTO KOHYyCa TPOXoauT depes 0.

Bamaua. B mpocrpanctse R” ¢ ecTeCTBEHHBIM CKAMAPHLIM Mpom3BeieHneM (r,y) = y' T JaHO KOM-
TMAaKTHOE BBIMYKJIOE MHOXKECTBO M ™ JJisi HEro MOCTPOEHO MHOXKecTBO K Bcex BeKTOpoB y € R™ rtakmux,
aro (x,y) > 0 mua Beex © € R™. Jlokaxure, uro K — 3aMKHYTBIH BBITYKJbIH KOHYC. JloKaxKuTe TakKe,
uTO A1 JII0OOI €ro OMOpHOI THMEPIIOCKOCTH ¢ HOPMAJILHBIM BEKTOPOM h mpoxonsmmas depe3 0 mpsmast ¢

HAIPABJIAIONIIM BEKTOPOM h COmepKHUT TOUKy u3 M.

3agaua. B R" c ecTeCTBEHHBIM CKAJISIPHBIM MTPOM3BEIEHNEM KOMIIAKTHBIE BHIMYKJIbIe MHOKecTBa L u M
TAKOBbI, 4TO Jyist Beskoro ¢ € M ¢ kakum-10 y = y(x) € L Bbinosnusercsa nepasencrso (z,y) > 0. Jokaxure,
49TO MOXKHO BbIGpaTh Yo € L, mus koroporo (x,yo) > 0 mus Bcex x € M.

3ajgaua. JlaHbl KOMOAKTHBIE BRIMYKJIbIe MHOKecTBa L C R™, M C R™ u marpuna A € R™*". Jloka3zarhb,
910

max min y' Az = min maxy' Az.
reR" yecR™ yeR™ xeR™
3agauva. Ilycts aq, ..., an € R™. JJokaxuTe, 9T0 mepecedeHne moIynpoOCTPAHCTB
airacgcl, ceey a:,;xgcm
MyCTO TOT/Ia W TOJIBKO TOTIA, KOTIA JJI HEKOTOPBIX (U1, ..., Q4 > 0 BBITOIHSAIOTCS PABEHCTBA
a161 + ...+ ama, =0, a1+ ..o+ amey, = —1.

4B sTOM Citydae 10Ka3aTeIbCTBO TPEGYeT 0CODON TEXHUKH, CBA3AHHON C BOIIPOCAME HPOIOIZKEHHS IAHE -
HBIX (DYHKIIMOHAJIOB M TeopeMaMmu XaHa—bamaxa.
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27.1 JIuneitHble OTIEepaTOPHI

JIiooyo marpuimy A € C™*™ MOXKHO €CTeCTBEHHBIM 00Pa30M PacCMaTPUBATH KaK OIMEPATOp,
orobpaxkatomuii BekTop © € C™ B Bekrop Axr € C™. Dror omepaTrop 0UEeBUIHO 00JIaIaET
ceoticmeom aunetinocmu

Alax + By) = aAx + Ay ¥V a,f€C, V z,yeC"

TO K€ CBOMCTBO JIMHEHMHOCTH BBIIIOJIHAETCS JJid MHOT'HX O4Y€HDb BazKHDBIX OTO6pa}KeHI/Iﬁ
B JIMHEHNHBIX OPOCTPpAaHCTBaX, JJEeMEHTaMH KOTOPbLIX ABJAIOTCA beHK]_[I/II/I7 O6”be,ZLI/IHeHHBIe
KAKUM-TH00 OOIMIUM MPU3HAKOM (HEmpepBIBHOCTD, nuddepeHnupyeMocts u T.I1.). [Ipexie
BCEro, Hy?KHO CKa3aTh 00 OTOOPaXKEeHUSIX, CBA3AHHBIX ¢ Tu(depeHIIUPOBAHIEM U HHTEIPUPO-
BaHneM (byHKIm. Takum oOpa3oM, TOBOIOB K TOMY, YTOOBI H3YUUTEH CBOMCTBO JIMHEHHOCTH
¢ bostee o0IMX MO3UIMI OoJiee 4eM JIOCTATOTHO.

Onpenenenne. Ilycrs V u W — npousBosibHBIE JUMHEHHBIE TTPOCTPAHCTBA HAJ OJHUM U
reM ke noseMm P. Orobpaxenue A :V — W co coiicTBoM

Alax + 0y) = aA(x) + BAy) ¥V o, €P, ¥V z,y€V,

Ha3bIBaeTCA AuHetHbuM onepamopom n3 V B W. B ciydae TWHEHHBIX OIepaToOpoOB apryMeHT
NPUHATO THCATh 6e3 ckobok: A(x) = Ax.

27.2 HemnpepbIBHOCTH M OTPAHUYEHHOCTH

[Mycre V u W — nopmupoBanubie npocrpancrea. Orodpaxkenune A : V' — W naseiBaercs
HenpepueHuiM 6 mouke x € V| ecan g 11000 MOC/I€I0BATeNIbHOCTH Xy, € V' Takoii, 4To
x) — x npu k — 00, MOCJIeI0BaTeIbHOCTh 06pa3oB A(xy) cxonures k A(z):

lzx —zllv = 0 = [[Alzx) — A(2)[[w — 0.

OrobpazkeHne Ha3BIBACTCS HENPEPLIGHHILM HA V|, €CJIH OHO HENPEPBIBHO I Beex x € V.
Jluneitapiii oneparop A : V. — W Ha3bIBaeTcsa o0zpaHuvMeHHbIM, €CIH JIJIT HEKOTOPOi
KOHCTAHTHI ¢ > 0

[ Azllw < cllz|ly ¥V z€V.

1910 cBOACTBO MOKHO PACCMATPUBATH TAKKe KAK CBOHCTBO COTPAHEHUA ONePpayudi TP OTOOPasKeHIH Off-
HOT'O JIMHEHHOI'0 IPOCTPAHCTBA B APYTOe MPOCTPAHCTBO HAJ TeM 2Ke 1ojeM. Takue orobparkeHusi Ha3bIBAIOTCS
20MOMOPPUIMAMU.

177
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Teopema. Jlis nenpepuleHocmu AUHEHO20 0NEPAMOPE HEOOT0OUMA U OCTNAMOYHA €20 020~
HUYEHHOCTND.

JlokazarenbcTBO. /JlOCTATOYHOCTH OYEBHU/IHA U3 HEPABEHCTBA
[ Az — Az|lw = [|A(zx — 2)|lw < c||ze — 2||v.

YT0o6bI T0KA3ATH HEOOXOMUMOCTH, PACCMOTPIM MHOXKECTBO 3HadYeHui HopMol || Az||y na eaun-
ananoit cepe S = {z : ||z||ly = 1}. Ilpeanosoxum, 910 9T0 MHOKECTBO HE OIDAHUYE-
Ho. Torga cymiecTByer mocjaenoBaTelbHOCTD T € S Takas, 410 ||Azg|lw — oo. TTonoxum
yr = Tx/||Axg||lw n 3amernm, aro

yellv = 1/[Azllw — 0 = [[Ayx|lw — 0.
[Mocaeanee neBo3sMoKHO, Tak Kak || Ayk||w = 1 mus Beex k. 3naunt, 1ia kakoro-to ¢ > 0

|Az|lw <c¢ ¥V z€S = ||Az|lw <dlz|lv V z€ V. O

27.3 OmneparopHasi HOpMa

VYrepxkaeuue 1. Mruoswcecmso L(V, W) ecex oepanuvennux auneldnmr onepamopos us V'
6 W asasemes aunetinom npocmpancmeom (1ad obwum oaa Vou W nosem).

HokazarenscrBo. Ilycrs ||Az|lw < ci||z|lv, ||Bz||lw < caf|x||y. Torma pust mo6bx quce

anf
(@A + BB)x||lw < cl|z]|v, c=lale; +[Blc. O

YTBepxkaeHue 2. Beiuuuna

Al = sup [[Azllw, A€ LV, W), (*)

|lz|lv=1
AsageMCA HOPMOT Ha aunetinom npocmparcmee L(V,W).

HokazarenascTBo. OueBnano, Beandnia ||A|| mmeer koneunoe 3nadenne u, KOHEIHO, HEOT-
punarenabia. Eciu ||A|| = 0, 1o |[Az||w = 0 wa exunuunoii cdepe ||z|ly = 1 =
|Az|lw =0 V 2 €V = Ar =0V ze€V = A= 0. [lotoxkurenpuas
OTHOPOJHOCTD CJIEJYET U3 PABEHCTBA

laAz|lw = |af || Az]lw,
a HepaBeHCTBO TPEYTOJbHUKA — W3 HEPABEHCTBA

(@A + 8B)z||w < |af [[Az|lw + B[ ||Bz|lw. O

Ounpeznenenne. Hopwma () musa oneparopos A € L(V, W) naseiBaercs onepamopnot nop-
MO, LT HOPMOIH, nodyunernoti BeKTOpHBIM HOpMaM || - [y, || - ||w-

YrBepxkaeHue 3. Fcau V' — xoneurnomeproe npocmparcmeo, mo 000U Aunetinoid onepa-
mop A : V. — W aeasemca oeparnuvennom u || Al| = || Axol|lw daa nexomopozo (3asuca-
wezo om A) sexkmopa o € V' ¢ mopmoti ||zo||v = 1.

n n
Hoxazarenscrso. [Iyctber, ..., e, —06asucBV uz =) oze;. Torma ||z||e) = Y |ouf ecTs

i=1 i=1
HOpMa Ha V', sKBUBaJeHTHast JI000i Apyroil HopMme, B ToM uncie u Hopme ||z||y. TToaromy
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TSI KaKoro-To ¢ > 0
2]l < cllzlly V zeV.

CrenoBaTtesbHO,

< Z A N ,
|[Az|[w < 2 Iazllfg%IIAesz ]| e) g@bHAesz
1=

< (e max [[Acillw) [lellv vV 2 €V.

YToObI J0KA3aTh CYIIECTBOBAHUE I(, TOCTATOYHO YYECTh KOMIIAKTHOCThL €IMHUIHON cepsl
B KOHEYHOMEPHOM MPOCTPAHCTBE, HEMPEPhIBHOCTH Ha Hell dynkunu || Az||y n Teopemy Beii-
epmrpacca. O

Ecnmu durcupoBano 1 < p < oo m B KadecTBe HOpMBI B npoctpancTe C" BuiOpaHa
p-HopMma [esbepa, TO COOTBETCTBYIOIIYIO OMEPATOPHYI0 HOPMY MATPHUILI A NpUHATO 000-
snadars ||All,.

Bamada. Ilycrs A = [a;;] — maTpuna pa3MepoB m X n. JJokazKkute, ITO

n

m
il = mox 3 olagl. b = max 3 ja)
J 1=

i=1

T2

Bagaua. Ilycrs u,v € C". Jokaxwure, 9410 ||uv = [|u|]2||v|]2-

27.4 MaTtpuuHaa HOpMA

[IycTh KazK 10 KOMILTIEKCHOI MaTpuie A TTOCTABICHO B COOTBETCTBHE HEOTPHUIATEIBHOE THC-
a0 f(A) Takum obpazom, 4To:

(1) f(A) sansierca nopmoit ma C™*™ st Beex m, n;
(2) f(AB) < f(A)f(B) mng moberx matpun, A u B, I0TyCKAIONMX YMHOKEHUE.

B rakux ciayuasx f(A) Ha3BIBAETCS MampuuHot HOPMOT.

YrBepxkaeuue. [lycmo daa kaxrcdozo n 3adana eexmoprnas nopma wa C", u nycmo das
Kastcdur m,n u kancdol mampuyo, A € C™ ™ nopma ||A|| onpedenena wax onepamopras
HOPME, NOPOAHCOEHHAA GHHbMY 8eKMOPHBIMU Hopmamu. Tozda ||Al] asasemes mampuurod
HOPMOT.

HoxkazarenscTBo. [lycts ||z||« 0o6o3navwaer BekTopuyo HopMmy mist x € C™ mpu so6oM n.
Jlns robbrx Matpurt A u B, 10myCKaoIuxX yMHOKEHNE, CYIIECTBYeT BEKTOP To eIUHUTHONR
HOPMBI TaKO,

IABI[ = [[ABxo|l. < [[A[[||Bxoll. < [[AI[lIBl[lzoll. = [IAllIB]|. O

3agadya. MoxKeT Ju HOpMa MOAMATPUIIL OBITH OOJIbIIE HOPMbI MATPHUIILI!

Sagaua. [lana obparumas marpuna A € C"*", pplOupaercs Npou3BojbHag Mmarpuna Xg € C**"™ u
CTPOUTCS TOCIEIOBATEIBHOCTh MATPHI, Xpt1 = 2X; — XpAXy,, k =0,1,.... Joka3arh, 9TO €can st

HexkoTopoit MaTpuunoit Hopmbl |[I — AXg|| < 1, To X — A~ npu k — oo.
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27.5 Hopma ®pobenunyca

IIycts A = [a;;] — Marpuna pasmepos m x n. Beauunna

1AllF =

Ha3BIBAETCA HOpMOTi Dpobenuyca nin eskaudosoti Hopmoti MaTpuIrbl A.
YrBepxkaeaune. Hopma Ppoberuyca ssansemes mampusHot Hopmot.

HokazarenabcTBo. g kaxibix m,n Hopma Ppodenuyca siBjsgercs HOPMOW Ha JIMHEN-
oM mpocrpancree C™*" (kak 2-Hopma Ha npoctpancTe C™" mzomopduom C™ ™). Tlycrb
ai, ..., a, — crombusr Marpusl A, a b, ..., b — crpoxu marpume B. Torma

AB = ayb] +...+ayb,.

Ucmons3ysi HepaBeHCTBO TPeyTOMbHUKA, JETKO mpoBepsaeMble paserctsa ||ab) ||p =
l|la;||#||6:|| F 1 HEpaBeHCcTBO Kommu—Bynskosckoro-IlIBapia, Haxoaum

n n
1ABllr <) llaid] |lr = [lal|r[[bi] |
=1 =1

1/2 1/2

Slblz)  =lAlelBllr. O
=1

n
< (> llaillz
i=1

3ameuanme. Hopwma @pobenumyca me MoxkeT ObITH onepaTopuoii HopMmoit Ha C™*" Hu pu
KaKOM BBIOOpE BeKTOPHBIX HOPM B rpocTparcTBax C"” u C™ — nejio B TOM, 9TO OmiepaTopHast
HOpMa €JIMHUIHON MaTPHUIIB! JOKHA OBITH paBHa 1.

3apauva. [lokazarh, 9To mpu j11000M (HUKCUPOBAHHOM ¢ > 1 BesmdnHa,

1]l = max{lan|+c

a11 a12:|
)

a1z, fage| +claa|}, A= Lm a2

OIpeJeNsieT B MPOCTPAHCTBE 2 X 2-Marpull HOpMy ¢ HepasencrsoM |[AB|| < ||A||||B||, cupaBeayuBbiv st

J100bIx 2 X 2-marpun, A u B. dBisercs jin oHa oneparopHOi HOPpMO?

27.6 CoxpaHeHHE HOPM

Jlwneitabiit orpanndennsiii onepatop A : V' — V co cBoiicTBoM
[|Az[| = |[z]] ¥V zeV

HA3BIBAETCS USOMEMPUECKUM HITH COLPAHAOW UM Hopmy. Cpasy zKe 3aMeTHM, 9TO COXpa-
HeHue KaKOK-TO OJIHOM HOPMBL He O3Ha4aeT COXpaHeHUe APYroi HOPMBIL.

[Tycrs B C" 3a1ana Kakasg-To HOpMa, a Marpuna A € C"*" (kak JuHeHHbI onepaTop u3
C" B C") ee coxpanster. Takyo marpuiy OyjeM Ha3bIBATH U30METPUYECKOH OTHOCHTEIBHO
JAHHOW HOPMBL.

YrBepxkaeHue. MHoocecmeo 6cex KOMNACKCHHEL N X N-MAMPUY, USOMEMPUYECKUT OMHO-
CUMENDHO 2eAD0EPOBCKOT 2-HOPMDBL, COBNAOGEM € MHONCECMEOM YHUMAPHOIL MAMPUY, NO-
padka n.

JokazareabcTBo. QueBHIHO, 2-HOPMAa HMOPOKIAETCS €CTECTBEHHBIM CKAJISIPHBIM ITPON3-
Begernem B C™. V3 Hammx nccaeg0BaHWi, CBA3aHHBIX ¢ TOXKJIECTBOM MapaslieorpaMMa,
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BBITEKAET, YTO COXpPAHEHUE JIJINH BjiedeT 3a cOOOM COXpaHeHUe CKaJISPHBbIX [IPOU3BEIeHUl:
_ * * g n
(Az, Ay) = (z,y) & yAAe=yz V zyecC

Otrciona y*(A*A—1I)x = 0 ans Bee x,y € C". Beibupast B KauecTBe = U Y BEKTOPHI CTAHIAPT-
HOrO 6a3mca, IPUXOANM K BBIBOILY O TOM, 9TO BCe deMeHThl MaTpuiibl A*A — I paBubI HYJTIO.
Takum 0Opa3oM, cOXpaHeHHe 2-HOPMBI PaBHOCHJIBHO ycioBuio A*A = [ oupemessomnem
VHUTApHYIO MaTpumy. O

Samevyanme. MHOXKECTBO MaTpHIl, COXPAHAIONINX P-HOPMY B CJIydae p # 2, SHAUUTETIHHO
oeanee. [lompobyiiTe M0Ka3aTh, YTO JIJIsT BCEX P # 2 OHO OJHO W TO YK€ W COBMAJIAET C MHO-
sKecTBOM marpul Bujga DP, rae D — jaumaronajbHasi yHUTapHast Marpuna, a P — marpuna
epecTaHOBKH.

27.7 YHUTApHO MHBAapUaHTHbLIE HOPMBbI

Marpuamnas nopMa || - || HazeiBaercsa yrnumapro unsapuanmuot, ecan ||PAQ|| = ||A|| naa
Ji000# MaTpuibl A n JTIOOBIX YHUTAPHBIX MATPUI, P u (), TOMYCKAIINX yMHOKEHHE.

YrBepxkaenue 1. Hopma Dpobenuyca ABAACMCA YHUMAPHO UHGAPUGHTTIHOT.

HoxkazareascrBo. [lycts () — yuurapnas matpun u A = [a4, ..., a,]. Torma

1Qajll2 = lasllz, j=1,....n
Ozcrona

n n
1QAIE = 11Qajll3 = llajll3 = |Al[7. O
j=1 j=1

3aMeTnM, 9TO MPH U3YYEeHHH MeTOJa BpalleHuil (B CBI3M ¢ YOPOIIEHHEM BHJA YDPaB-
HEHW JI/IsI TOBEPXHOCTEH 2-T0 MOPSIKA) MBI y2Ke HCIOJIb30BATH (DAKT COXPAHEHUs CYMMBI
KBaJIpATOR JIEMEHTOB BeIeCTBEHHON MAaTPUIHI TPU YMHOXKEHUW ee CJeBa W clipaBa Ha Op-
TOTOHAJbHBIE MATPHILHI.

PaccmorpuM erie MaTpuIHY0 HOPMY, TOTINHEHHYIO TeIbJePOBCKON 2-HOpME:

|A][ = sup [|Az]],.

l|l|l2=1

JlaHHast HOpMa, HA3BIBACTCSI CNEKMpParbHoti Hopmoti MATPUIIBL (CMBICJ HA3BAHWS Yepe3 HEKO-
Topoe Bpemsi posiciurcs ). Obosnadenue: ||Alls.

VYreepxkaenue 2. CnexmpasvHas HOPMA MOGMPUYDBL ABASEMCA YHUMAPHO UHBAPUAHMHOT.

HoxkazareascTBo. Ilycrs () — yauraprast matpur u A = [aq, ..., a,]. Ilo onpenesrenuto,

1]l = sup [|Az]ly = sup [[(QA)z[l2 = [[QA]l2.

llz]l2=1 l|l|l2=1

Kpome Toro,

1AQls = sup |[(AQ)zll2 = sup [[(AQ)(Q"7)[| = sup [[(Az)|ls = [[All. O

l|ll2=1 |Q*[|2=1 [lz]l2=1
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27.8 CuHryJadgpHOe pa3Jio>KeH1e MaTPUIThI

B 70-x romax 19-ro Beka He3aBucuMoO u nouTu ojHoBpeMenHo Besnbrpamu (1873) u 2Kopnan
(1874) orkpbian, 9TO JAHOOYI0 KBAJAPATHYIO MATDHILy MOYKHO IDHBECTH K JHATOHATHHOMY
BHJIY C IOMOIIIBIO YMHOXKEHHUS CJI€Ba U CIIpaBa Ha YHUTAPHbIe MaTpUIbl. Pasimanabie BOIPOCH,
CBS3aHHBIE C JIAHHBIM OTKDPBITHEM, B TOM UYHCJEe ero ODOOIIeHHs, CTAJU 3aTeM MpeIMeTOM
IeJI0ro psaaa uccaeaopannii. He Oymer cuabHBIM TpeyBeInYeHNeM CKa3aTh, YTO JAHHBIH PaKT
0Ka3aJ/ICs MOTPSCAIONIE TOJEe3HbIM U OJIHUM U3 Haubojiee BOCTPEOOBAHHBIX B TEOPUU MATPUIL
U TPUJIOKEHUSAX JIMHEHHOH aireOphl.

B neiicTBUTENBHOCTH TO K€ BEPHO W JIJIsT TPSMOYTOIBHOM MaTpuiibl. C MOMOIIBIO YMHO-
JKeHUs Ha YHUTapHble MAaTPUIIBl OHA ITPUBOJIUTCS K MPSIMOYTOIBHONU MaTpHIle TeX yKe pa3Me-
POB, UMeloIeil BCIOY HYJH, KpOMe JIEMEeHTOB ¢ MHAeKcaMmu ¢ = j. Takue MaTpuibl OyeM
HA3BIBATH JUA2OHANOHUMY NPAMOY20ALHUMY MaTpuamu. Vtak, pedb uaer o pa3/ioKeHun
BUIA

A=VSU*, (+)

rae A — 3aJaHHad M X nN-MaTpHua, UnV — VHUTAapHbIC MaTpHUIbI COOTBETCTBEHHO IIO-
PdaAKa M 1 N, a > — AuaroHaJjJbHad IIPAMOYTOJAbHAL M X N-MaTpUlla, HMEIOIIad IPH 1= j
HeOTpUullaTeJIbHbIC YUCIa

01 > 09 > .. Z O min(m,n)-

Pazjioxkenue (%) HA3BIBACTCS CUHRYAAPHULM Pasaodceruem Marpuipl A. Hucia o; Ha3biBa-
OTCST CUHRYAAPHUMU YUCAGMU MATPUTIBL A.

Teopema. Cuneyaspnoe passootcenue A = VU™ cyuwecmeyem 0asn 410001 KomnaekcHot
npamoyzorvrot mampuuve A. Ecau A sewecmeennas, mo mampuuyvt U u V' mootcho 6bi-
bpamb 6euULeCMBEHHbLMU.

HoxkazarensctBo. [lomoxum o = ||Al]a = sup ||Ax||2/||z|]2- B cuny xommakrHocTn enu-
z#0
unuHoit cpepst B C", HenpepbIBHOCTH HOPMBI 1 TeopeMbl Beiiepripacca, HaiiieTcss BEKTOp T
Taxoit, 910 ||Az1||]2 = [|Al]2 u ||21]]2 = 1. Ilycts y1 = Az /||Ax1]]2- Taknm obpasom,
Azy = oy, loa]l2 = [Jyal]2- (#)

JlonioauuM 1 ¥ Y1 0 OPTOHOPMUPOBAHHBIX 6a3UCOB U 0Opa3yeM YHUTAPHbIE MATPUIIBI

Uy =[x1, ®o, ..y o], VI= Y1, Y2, -y YUl

COFJIaCHO MaTpPHUIlA Al = [/*AZ/l nMeeT B IIepBOM CTOJI6 € TOJBbKO OJUH HEHVJIEBOI
J 1
3JIEMEHT, PaBHBINA O7:

_ * _|o1 z*
Al—‘/lAUl—[O A2i|'
B cuiy yHUTApHON WHBAPHAHTHOCTH CIEKTPAIBHON HOpMBI, ||A1|| = 01. [Tosromy
0
all[2], 242,z +1EE = dzot izl = 2=0 = a=[3 2]

Jlasee OygemM paccyzKAaTh 10 WHAYKIUU. Kceam ast Ay yzKe mMeeTcst CHHIYJISIDHOE pas-
joxkenune Ay = Vy3¥,U,, 10 cunryssipHoe pasjioykeHue st A HaXOZUTCH C JerkocTbio. s
9TOr0 JIOCTATOYHO B3ATH
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3aMeTuTh, 4T0 Marpuipl U u V yHuTapHble (Kak NPOM3BEIEHHE YHUTADHBIX MATDHIL), W
yOeIUTHCS B TOM, YTO BBITIOJHACTCH PABEHCTBO

g1 0

VAU = 0 %,

Ocraercs 3aMeTHTb, YTO MHIAYKIMS HAYXHAETCS € HOCTPOEHHUs] CHHIYJISIPHOTO Pa3JIozKe-
HUS JJIsi MATPHUIL, MPEJICTABISIONINX OO0 oaun cToaber Jubo OJHY CTPOKY.

[Tycrs A = [a] € C™! — marpuna-crontemn. B stom crydae maitnem 8 C™ opronopmu-
POBaHHBII 6a3uC V1, ..., Uy, HAGHHAIONHICS ¢ U] = a/]|al|o. Torma

A=VIXU*, V=, ...,vm, Z=[llall0,...,0", U=][1]ecC™.

JIiist MaTpUIBI-CTPOKH CHHTYJISIPHOE PA3JI0ZKEeHHe TO0JydaeTcsd TpaHCIoHupoBanueMm. [
CaenctBue 1. Cnekmpasvhas HOPMa MAMPULDBL PAGHA €€ CINAPULEMY CUHLYAAPHOMY YUCAY.

Cnenctsue 2. Ilycmv mampuuya A obpamuma u 0, — ee MAGOUWEE CUHYAAPHOE “UCAO.
Tozda ||A7 |y = 1/0,.

Temeps gAcHO, YTO cTapIee CHATYISPHOE YACIO MATPUIILI U MJAJIIIee CUHTYIAPHOE TUCIO
o0paTuMoil MaTpullbl OLPEJIE/JeHbl OJHO3HAYHO. 1O 2Ke BepHO Jijisd Bcero Habopa CUHIYJISAD-
HBIX YUCEeJ, HO 3TO MbI JoKaxkeM mo3zke. CHHTYJISIPDHOE DA3JIOKEHHE BMECTEe eIle ¢ PsIOM
BaKHBIX CJIEJICTBUI 3aCIyKUBaET 00JIee 06CTOATEILHOTO 00CYKIeHUS, KOTOPOE Mbl BPEMEH-
HO OTJIOXKMM — C TeM, 9TOObI BEPHYThCS K HeMy Ha 0oJiee MOJIrOTOBJIEHHON MOYBE.

Bamada. [lokasars nepaBeHcTBO ||Allp < vrankA ||A||s.

Bamada. Ilycrs A = [a;;] # D = [d;;] — KOMILIEKCHBIE MATPUIBL HOPSIAKA 7, IpH 9ToM D — amaro-
HAJIBHAS MATpUIA ¢ meMeHTaMu d;; = a;; upu 1 < ¢ < n. Jlokaxkure, uro ecnu ||A||2 = ||D||2, To HymeBbIX

3JIEMEHTOB B Marpuie A He MeHblue, yem 2n — 2.
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28.1 Martpuiia JUHENHOro omneparopa

Pacemorpum smneitasiii onepatop A @V, — V,,, tae V,, u V,, — nuHeiiHble TPOCTPAHCTBA
paszmepHOCTH 1 1 m (Haz obmuM moaem P).

Dukcupyem Kakoit-uuby b 6a3uc e, ..., e, B V,, u Kakoi-aubdyap 6aszuc fi, ..., fm, B V.
B cuny smmmeitHocTH oneparopa A,

A(zier + ...+ xpe,) = x(Aer) + ..o + x,(Aey). (1)

[TosToMy A MOJHOCTBIO OIIPeIe/IgeTCs CBOUM JeificTBIeM Ha Oa3MCHBIX BEKTOPAX €1, ..., €.
Pazyoxkum o6pa3pl 6a3MCHBIX BEKTOPOB 110 DA3UCY MPOCTPAHCTBA 00PA30B:

Ae; = ajfi + ... + apmjfm, 7=1,...,n. (2)
3 (1) u (2) noxyuaem
A(xzier + ...+ xpen) = (anzr+ ... Famxn) fi + o0 + (@mix1 4+ ..o+ Gun@n) -
CrietoBaTeIbHO,

n air ... Qip Z1
Alzier + ...+ zpen) =i+ ...+ ynfm & |...| =

Marpuiia, BO3HHKIIAS CIPaBa, HA3BIBAETCS Mmampuyet sunetinozo onepamopa A B mape 6a-
sucos {e;} u {f;}.

Takum obpasoMm, T0bas huKcupoBaHHAaS Tapa 0A3MCOB TOPOXKIAET TPU U30MOPPUIMa
Vi & P", Vin & P, LV, Vi) & P,

vae L(V,,V,,) — JuHeliHoe 1pPOCTPAHCTBO BCEX JIMHEHHBIX ONEPATOPOB, JEHCTBYIONMX K3
npocTpaHcTBa V,, B IPOCTPAHCTBO V,,,, a P"™*" — nuneiiHOE TPOCTPAHCTBO BCEX 1M X N-MATPHIT
¢ anemenTamu u3 nossg P. OTciona, B 9aCTHOCTH, BUIHO, 9TO PAa3MEPHOCTH MPOCTPAHCTBA
muHeitHbIx omeparopos L(V,,, V,,) paBaa mn.

I[Tpumep. Ilycts D : V — W — oneparop auddepeHnnpoBanus Ha MPOCTPAHCTBE MHOTOUYIeHOB V = W
crenenu 2 u umke. Pacemorpum 6azuc e = 1 +t,eg =1 —tes =128V ubasuc f{ =1, fo =1, f3 =t>B

W. OueBumno,
D(1+t)=1, D(1—t)=-1, D) =2t

[Mosromy B mape 6asucos e = {¢;} u f = {f;} marpuna suneiinoro oneparopa D umeer Buz
1 -1 0
Agy=|10 0 2
0 0 0

185
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Kakoii 6yzer marpuua Toro ke omeparopa, eciu B8 W = V ppiOparb ToT ke 6a3uc e, e, es? st 3Toro
HYKHO HAWTH Pa3JIoKeHusT 00pa30B BEKTOPOB €1, g, €3 MO TEM YK€ BEKTOPaM €7, €, €3:

D(1+t):%(1+t)+%(l—t), D(l—t):—%(l—&—t)—%(l—t), D(t*)=(1+t)—(1-1) =

1/2 —1/2 1
Aee= | 1/2 —1/2 -1
0 0 0

28.2 IIpousBeseHUe JMHEMHBIX OMEPATOPOB

[Ipoussenenne muHeiiHbIX oneparopoB A : V,, — V,, u B : V,, — V}, onpeaensgercd Kak KOM-
nosumusa orobpazxkenuii: BA — 310 oneparop u3 V), B Vi, 3amanusiii npasmwiom (BA)(z) =
B(Az). DyieMeHTapHO NPOBEPSIETCs, YTO IIPOU3BEACHUE JIMHEHHBIX OLEPATOPOB SIBJISIETCS JIU-
HEMHBIM OLIEPaTOPOM.

[Tycre A — marpuna smneiinoro oneparopa A B nape 6asucos {e;} u {f;}, a B — marpuua
JuHeRHOro oneparopa B mape 6asucos {f;} u {g;}. Torna npoussedenue mampuy BA ecmo
mampuya npouseedenus onepamopos BA e nape 6asucos {e;} u {g}.

JlokazaTebCTBO CBOAUTCS K MPSMON TPOBEpKe. 3aMeTuM, 9TO HAIl KypC, COOCTBEHHO,
HaYaJICsS C OlpejesieHus TPOU3BEICHUST MATPHUIL U (PAKTUIECKU ¢ 0OCYXKICHUST KOMIO3UIIUN
JIMHEHHBIX 0TOOpaKeHni!

28.3 Ilepexon xk apyrum 6a3mcam

[Tycre Aoy — Marpuna Jjuneiinoro oneparopa A B mape 6asucos e = {e;} u f = {f;}. Kax
HaiiTn marpuiy Ag, Toro ke omeparopa B aApyroit nape 6asucos g = {g;} u h = {h;}?
Paccmorpum pasencrsa
A(rier + ...+ zpen) =yifi+ oo+ YmSms A(z1g1 + - oo+ 2ngn) = urhy + ... + Uy,
Cormacuo onpenenennio Marpun, A,y u Agp,, Haxonum
1 Y1 Z1 Uy
Az =y, Agz=u, x=|...|,y=|...|, z=|...|,u=|...|,
HaJsiee, 3anumrem
gj = s15€1 + ...+ Spien, 1 <7< n, hi =tifi+ ... +ttmifm, 1<i<m,
U BBEJEM MaTPHILI MePexoIa
S11 ... Sin tir ... tim
Snl --- Snn tm1 --- Smm
Torna x = Sz n y = Tu. Crenosarensno, Ay (Sz) =Tu = (T'A S)z=u =

Agn = T AS. (*)
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Hanomuum onpejesienne 3KkBuBaIeHTHBIX MaTpuil: A u B Ha3bIBAIOTCS 9K6UBAAEHTHbI-
mu, ecmn B = PAQ) i KakKux-TO HEBBIPOXKIEHHBIX P u ().

yTBep}K,ZI;eHI/Ie 1. Mampuum IKBUBAAECHTIIHDBL 8 TNOM U THOADKO TNOM CAYY1AE, Koeda oHU AG-
AANOMCA MATRPUUAMY 001020 U M020 dHce AUHEtiH020 onepamopa 6 kaGkuxr-mo napaxr basucoes.

HokazarenbcTBo. OueBuuno, (k) o3Hadaer dKBuBaseHTHOCTH Marpun Ay, u A.p. Ecin
B = PAQ, to P u () MOXKHO pPaccMaTpuUBaTh KaK MATPHUILI TEPEX0a JIId PA3HBIX MMap
b6azucon. 0O

CaenctBue. /las mozo wmobv, Mampuubl 00UHAKOGHLL PASMEPOS DBLAU MAMPUUAMU 00HO20
U MO20 e AUHETHO020 ONEPAMOPA 8 KAKUT-MO Napaxr ba3ucos, HeobTOIuMO U Jocmamoumo,
YMOoObL OHU UMEAU 00UHAKOBBLT DPaHE.

[Iycts A — maTpuna Jguneiinoro oneparopa A B Kakoit-to mape 6a3ucon. Eciu r = rankA,
to A skBuBasenTHa Marpuie B = [b;;], B koropoit b;; = ... = b, = 1, a Bce ocraibHble
ssemeHTbl paBhbl 0. CireioBaTeIbHO, UMEETCs Hapa “KaHOHUYeCKuX 0a3ucoB, B KOTOPOil A
omnpejensercd marpunei B.

Takum obpazom, 3a cueT BLIOOpa mapbl 6A3UCOB MATPUIA JUHEHHOTO OMepaTopa MOXKET
npuobpecTn BUJ HACTOIBKO MPOCTOM, 9TO0BI OKA3aThCA MOYTH OECIIONIE3HON I U3yIeHHs
WHINBYIYAJIBHBIX CBONCTB JAHHOTO Oomeparopa. [103ToMy m3ydenme omeparopa, BOOOIIE ro-
BOps, HEJIb3d CBECTU K M3YYECHHIO €TI0 MATPHUILBI.

Ecmu V,, = V,,,, T0 nosiBasieTcst BO3MOXKHOCTD B3sTh ¢ = f. Beaenacrsue Toro, 4o obpassl
u IPooOpa3bl PacCMATPUBAIOTCS B OJHOM M TOM K€ Da3uce, Temepb B MATPHUIE OMepaTopa
€CTh BCe, YTO HY2KHO JIJTd JII0OO0Tro 1moipodHoro ero uzydenus. To ke BepHo jij1d Jito60it 1pyroit
napsl 6a3ucoB f u g, ecam TobKo f = g. B arom ciayuae, koneuno, T'= S =

-1
Agg = S AS. (xx)
Marpunsl A u B HazbiBatoTcs nodobrvimu, ecin B = S™1AS 11a Kakoii-To HeBBIPOZK IeHHON

MaTpuilsl S. OYeBUIHO, CIIPABEIIUBO CJIEAYIONIee

YrBepxkaenue 2. Mampuuyv nodobHv, 6 Mmom U MOABKO MOM CAYYAE, K0204 OHU ABAAIOMCA
MOMPUUGMY 00HO20 U MO20 HCE AUHETIH020 ONEPAMOPA 8 KAKUT-MO 0a3ucax Npu Ycaosul
686L00pa 00UHAKOBHLT 6A3UCO6 68 00ULEM NPocMmPaHcmee 06pasos u nNpoobPa3os.

3apava. /Jlaubl npou3BOIbHBIE 9uCaA (1, - .., Op—1- JlOKa3aTh, 9T0 /100as AByXIuaroHAJbHAS 1 X T~
Marpuna A Buga
(03] 1
(6%} 1
A= .
Ap_1 1
79
nono6Ha HEKOTOPOit n X n-marpune B = [b;;], B kotopoit bi1 = B1, ..., bp_1n—1 = Pn-1.

Bamaua. Jlokazarh, 4To /I00as BEIIECTBEHHAsS TPEXIUArOHAJbHAA MATPUIA C JIEMEHTAMH ¢;; 7 0 mpu

|i — j| = 1 momobHa BeleCTBEHHO CHMMETPHYHON TPeXINaroHalIbHOM MaTpHIe.

28.4 IIpeobpa3oBaHue momoous

[Mycres A : V,, — V,, — suHeiiublii omepaTop B n-MepHOM ImpocrpaHcTse Vi, u A — ero
MaTpHIA IPU BHIOOPE OJHOTO M TOTO ke Da3uca B nNpocTpaHcTBe 00pa30B U npoobpa3os. B
9TOM CJIydae m3ydenne oneparopa A mojHOCTHIO CBOANTCS K H3YYEHHUIO €10 MaTpHuInhl A.
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EcrectBerHo monbiTaTbest BHIOpATh 0as3uc TakuM 0Opa3om, 9Todbl Marpuna A moaydnia
“nambosiee mpocroii” Bua. Ecau omeparop A 3aman cBoeit marpureii A B kKakoM-To Gasuce,
TO BHIOOpP HOBOrO Ga3mca JAaeT JJis TOTO Ke oleparopa Jpyryio Marpuiny B, kotopast Oyaer
mo00Ha 3a1anHoit Marpuie. [lepexon or A K momobmuoii eit marpune B = S~!AS naspiBaerca
npeobpasosaruem nodobus.

Bosuaukaer Taxoit Bompoc: K KakoMy “HamboJiee mpocToMy’ BHY MOYKHO IPUBECTH 3a,/1aH-
HYI0 MATPHUILY C IIOMOIIBIO peodpa3oBanusd moa00ua! PaKTHIeCKH MbI cefidac HaumHAeM He
OYeHb IMPOCTOfl MyTh K MOJHOMY OTBETY Ha JAHHBIH BOIIPOC.

28.5 lVuBapmaHTHBIE IIOAIIPOCTPAHCTBA

[IpoGsem met, ecim n = 1. KaxkeTcsd Tak:ke, YTO IPOIILe U3y4aTh ONEpaTOp B MPOCTPAHCTBE
MaJsoil pasmeprocTr. [losTomy maBaiiTe a1 HadaIa moM3ydaeM JeiicTBue omepartopa A Ha
MO/IITPOCTPAHCTBAX MAJIONH PA3MEPHOCTH.

[Iycts L — moanpocrpancTtBo B V,. UTo0bI m3y4daTh A, HCIOMB3YsT TOIBKO BEKTOPHI U3
L, ayxHo morpeboBarh, 4T00b Ax € L nasa Becex x € L. JI10boe MOAIPOCTPAHCTBO C TAKHM
CBOMCTBOM HA3BIBALTCH UHBAPUAHMHBIM OTHOCHTEJIBHO A.

ITyctsb vy, ..., vy — 0a3uc B moanpocrpancTse L. Torna ero MoXKHO JIOTOTHATH KAKUMU-TO
BEKTOPaMH VUgi1, - .., Uy J0 Oa3uca B V.
Yrepxkaeuune. [Iycmov vy, ..., v, — 6asuc ¢ V,, u L = L(vy, ..., v). Toeda L uneapu-
AHMHO OMHOCUMEALHO AuHetnoz0 onepamopa A : V, — V, mozda u moavko moezda, xozda
mampuua onepamopa A 6 6asuce vy, ..., v, umeem 6404HO MPeY20avHbLl 6Ud

A Ap
A = , (%)

2de Ay1 — noomampuua nopadka k.
JoxkazarenbcTBo. [lpm m3omopdusye v = [xq, ..., x,]" < z10; + ... + 2,0, BeKTOpam
u3 L COOTBETCTBYIOT T€ U TOJIBKO T€ CTOJIOIBI X, IJisi KOTOPBIX Ty = ... = &, = 0. Ecan A
uMeeT BUJ (%), TO, OYEBUIHO, I Y = [y1, ..., Yp] = Az momydaem ypy1 = ... = 4y = 0.

Suaunt, [, ”HBAPHAHTHO OTHOCUTEJIHHO YMHOXKEeHHS Ha Marpuily A = L MHBapHaHTHO
OTHOCUTEHLHO omeparopa A.

IlycTh m3BecTHO, 9TO L MHBAPHAHTHO OTHOCHTEJBHO YMHOMKeHHsT Ha MaTpuiy A = [a;;],
nunyctb y = Az, tne x4 = ... =2, =0. Torma y441 = ... =y, =0 = a;; =0 opm
1<ij<k,2v>k+1. O

3amaua. HaiiTn Bce mEBapuaHTHBIE TOAIPOCTPAHCTBA Oreparopa audpepeHInpoBaHis B TPOCTPAHCTBE

BEIIIECTBEHHBIX MHOI'OYJIEHOB.

28.6 npo m obpa3 JTWHEINHOTO OMmepaTopa

Muoxkectso kerA = {z € V,, : Ax = 0} nazsiBaerca adpom JuHeitHOro omeparopa A, a
muokectBo imA = {y € V,, : y = Az, © € V,} — ero obpasom. Pazmeprocts o6pasa
Ha3BIBAETCA panzom omeparopa A, a pasMepHOCTb sapa — ero degexmom. OGo3HATEHHE:

def A = dim ker A.

Yreepxkaeuune 1. Sdpo auneiinozo onepamopa A -V — W asasemces nodnpocmparcmeom
6 V, a e2o 0bpas — nodnpocmparcmeom ¢ W.

Hoxkazareascto. [lycts x,y € kerA. Torna A(ax + By) = aAzr+ Ay =a-0+5-0=0
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= ax+ Py € ker. Ilyers x,y € imA. Torna x = Aun y = Av aia kaknx-to u,v € V. =
ar + By = Alau+ fv) = axr+ By € imA. O

Teopema o pasmepHOocTH gapa u obpaza. Ilycmoe V xoneurnomepro. Tozoda
dimkerA + dimimA = dimV.

HokazareabcTBo. Ilycrs dimkerA = k u vy, ..., vp — Gasuc B kerA. Tocrpoum ero
KAKUMU-TO BEKTOPAMH Vg1 - . ., U, 10 Oasuca B V. OgeBumano,

imA = L(Avgyq, ..., Avy).

OcTraercs JI0Ka3aTh, 9T0 BeKTOPHl Avgi1, .. ., Av, JUHEHHO HE3aBUCUMBI.

[Mycts apr1 Avgyr + ... + @ Av, = 0 = A(ags1Vks1 + ..o +apu,) = 0 =
Qpi1Vks1 + ...t apv, Ekerd = ap vk + ...+ apv, = (1o + . ..+ OpUp A1 KAKUX-TO
qucen By, ..., fr = Qi1 =...=a,=0. O
3ameuanue. J[aHHYIO TEOpEMYy MOXKHO ObLIO OBl M HE JIOKA3BIBATH, TOCKOIBKY OHA €CTh CJIEICTBUE yIKe
u3BecrHoro Ham axra: st 00l Marpuupl A cyMMa ee paHra U pasMepHOCTH ee siapa (JIMHEHHOro HpocT-
paHcTBa pelneHuii oaHOpouHoi cucrembl Az = 0) paBua uuciy ee croibuoB. Mbl 3HaeM, 4TO PaHI COBIAJAET
C Pa3MEPHOCTHIO JIMHEAHON 000/I0YKK CTOJIOIOB MATPULBL, & IIOCJIEIHsIs, OYEBHHO, eCTh ee 0bpa3 (Kak ore-

paTopa yMHOXKEHHUS Ha JAHHYIO MATPHILY).

YrBepxkaeuune 2. [Iycmov aunetinuid onepamop A deticmeyem uz V' 6 V. Toeda ez2o adpo u
00pa3 UHBAPUGHMHBL OMHOCUMENLHO A.

JoxkazateabcTBo. VIHBAPHAHTHOCTDH Spa OUEBUIHA, MOCKOJIBKY JI000H €ro BeKTOp OTO-
opaxkaercs B 0.
[ycrs © € imA. Torna o = Au = Az =A(Au) = Az ecimA O

Bagava. lns AByX JIMHEHHBIX ONEPATOPOB, fAedicTByiommx u3 V B W, cymma szep coBmazgaer ¢ V.
JlokaxknTte, YTO 00pa3 CyMMbI 3THX ONEPAaTOPOB paBeH cyMMe 0O6pa3oB. Bepro jsm 310 B ciiywae Tpex orepa-

TOpOB?

28.7 OO6paTHbIil omepaTop

Omneparop A : V — W nHasbiBaeTcsa obpamumbim, ecau cyimectByer omeparop B : W — V
takoit, a0 A(B(y)) =y Yy € Wu B(A(z)) =z V x € V. Ilpu srom B Ha3bBaeTCs
obpamuvim onepamopom aist A.

YrBepxkaenne. Ecau aunetinwdi onepamop obpamum, mo o0O6pamuvti onepamop makxice
ABAACTNCA AUHETUHBIM.

HokazareabcTBO. JI10Obie BEKTOPHI Y1,y € W MOXKHO mpeacTaBuTh B Buie y; = Axq,
ya = Axy. TlosTomy

Blay: + By2) = B(a Ay, + BBys) = B(A(ax, + Br3)) = axy + Bra.

OcTaeTcs y4ecTb, 4TO
1y = By, x = Bys. g

Teopema. Iycmv A : V. — W — aunetnwd onepamop, a V. u W — xoneunomeproie
npocmparcmsa 00unarosol pasmeprocmu. Tozda A asasemes o6pamumvim ONEPAMOPOM
moezda u moavko moezda, kozda kerA = {0}.

HoxkazateabcTtBo. [lycrs dimV = dim W = n. CoriacHo TeopeMe 0 pa3MepHOCTH siapa
u obpasa, ecin dimker A = 0, To dimimA = n. 910 03HAYAET, ITO AT KAXKIOTO BEKTOPA
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y € W cymecrsyer x € V takoit, uro Az = y. Bosee Toro, Takoit BeKTOp = e IMHCTBeH (nHAYe
ApO cofepzkano Obl HeHyseBoit BekTop). Ompenenum onepatop B : W — V upasuiom
B(y) = x. Torma A(B(y)) =y u B(A(x)) =2 = B aBagercs 00paTHBIM OIEPATOPOM IS
A.

Eciu ke uspecrno, uro A — obparumMblil omepartop, TO €ro sijipo MOXKET ObITh TOJBKO
HYJIeBBIM (€CTH sl KAKHX-TO X7 7# Ty BHIMOJHSIOCH Obl paBercTBo Az = Axy, TO 310
IPOTUBOPEYIO Obl 06paTuMocTu omeparopa A). O

Samevanme. Ecan auneitasrii oneparop A : V — W obparnMm, To Henpemenno W = imA.
B 1o ke Bpewms, yeiosue W = imA HemocTaTouHo 11 odparuMocTu A.

3agava. Jluneiinbie oneparopel A u B TakoBbi, uTo omeparop A + B obparumbrit. Jlokaxkure, 910
oneparopbl P = (A+ B)"'Au Q = (A + B)~!B xoMMyTUpYIOT.

Bagava. Jluneitnsrit oneparop A : R™"*" — R"*™ coxpaHsieT onpeaeauTeb MaTpulbl. /JJoKazkuTe, 910

110001 TaKOi OMepaTop SIBJISETCS OOPATUMBIM.

28.8 OpToroHaJbHBIE JIOMOJTHEHUS SApa U oOpa3a

Jlaaum elrie OJTHO JOKA3aTeIHCTBO TEOPEMBI O Pa3MePHOCTH Aapa n obpasa. [Iyctes A € C™*™,
Ecmu x € kerA, to gy Jsioboro y € C™ nHaxomum

0=y"Azr = (A*y)'z = (v, A"y) = =2 limA* = kerA C (imA*)*".

[ycts Teneps x € (imA*)L. Torga (v, A*y) = y*Axr =0 V y € C™. Baas y = Axr, nonyaaem
y Az = (Az)*(Az) = |Az|>*=0 = Ar=0 = zeckerd = (imA*)! C kerA.

Nrak, kerA = (imA*)L. Mp#bI yxKe 3HaeM, 9TO Pa3MEPHOCTH OPTOTOTOHAJIBHOTO JIOMOTHE-
HUAg K imA* paBHa n — dimimA* = n — rankA = n — dimimA. O

B neiicrBuTeIbHOCTH HAMH OOHAPY:KEHO MHTEpEecHOe 0DIee CBOMCTBO sIpa MATPHUILI H
00Opa3za CONpAKeHHON MaTPHUIIBI.

Teopema. IIycmv A € C™*", Tozda C" u C™ npedcmasastomes opmozoHaAYHbMU CYMMG-
MU suda

C" = kerA @ imA*, C™ = kerA* & imA.

OTMeTHM JIBa OYEeBUIAHBIX caeACTBUsS. OHU UHTEPECHBI, MPeXKIe BCero, TeM, UYTO B TeX XKe
dOpMYJIMPOBKAX MEPEHOCATCS HA BayKHbIE KJIACCHI OIEPATOPHBIX yPaBHEHUH B I'MIbOEPTO-
BBIX IIPOCTPAaHCTBaXxX U IMIOMOTAIOT ITOJIy49aTh TaM CbaKTbI O CYImeCTBOBaHUN U € JMHCTBEHHOCTH
pemennii.

Teopema ®@pearoasma. Jas cosmecmuocmu cucmemv, Ax = b neobxodumo u docmamou-
HO, 4MobvL NPaBas 4acmov b ObLAG OPMO2OHAALHG KO BCEM PEULEHUAM Y 00HOPOIHOT CONPA-
otcennoti cucmemor A*y = 0.

AnprepuatuBa ®pexaroabma. Jlubo cucmema Ar = b umeem edurcmeennoe peuieHue
oaa A060t npasoti wacmu b, aubo oduopodnas conpascennan cucmema A*y = 0 umeem
HEHYAEBOE DEUIEHUE.

Bagaga. Ilycrp Bemecrsennas dbyukuus a(t, ) nenpepbiBua npu 0 < t,7 < 1, a V' — npocrpancr-

1
BO BemeCTBeHHBbIX HenpepbiBHbX Ha [0, 1] dynkuuit co ckanspusiv npoussenenueM (f,g) = [ f(t)g(t)dt.
0
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JIloKazKuTe, UTO KayKIblii 13 OIIepaTopOB
1 1
A:ft) — f(¥) —/a(t,T)f(T)dT, A f(r) — f(7) —/f(t)a(t, T)dt
0 0

apngercs uneiinbiM u (Af, g) = (f, A'g) ans mobbix byukuuit f, g € V. okaxure Takske, uro ker A LimA’.

Bamaua. DPynkuus a(t, 7) HeMpepbIBHA U YAOBIETBOpsieT HepaBeHCTBY —1 < a(t,7) < 1mpun 0 < ¢, 7 < 1.
JlokasKuTe, 9TO MHTETPAJIBLHOE ypaBHEHUE

z(t) — /a(tﬂ')iB(T)dT =0, 0<t<1,
0

UMeeT eMHCTBEHHOE permenne B mpocrpancree Gynkmmit z(t) € C[0, 1].
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Jleknina 29

29.1 /JIuaroHaJjm3zyeMble MaTPUIIbI

Marpunsl, mogo0HbBIEe TUATOHAJIBLHBIM MATPUIIAM, HA3BIBAIOT 0UA20HAAUSYEMbBLMU WA MAM-
PUUAMU NPOCTOTE CMPYKIMYDDL.
PacemorpuMm 3amady o0 anaroHau3alund 3 X 3-MaTPHUTIHL:

a11 Q12 a3 P11 P12 P13 P11 P12 D13 A
AP =PAN & Q21 a1z Q23 P21 P22 P23| = |P21 P22 P23 A2
a31 dasz2 G33 P31 P32 P33 P31 P32 P33 A3

JlanHOe paBeHCTBO SKBUBAJEHTHO TPEM paBeHCTBAM

a1l @12 aiz| |Pij P1j
a11 Q12 Q23 D2j| = )\j P2j| Jj=1 2, 3.
a31 azz G33 D3j P3j

[Tpenmonoxnm, 9To 3HaUeHne \; u3sectno. Toraa ameMeHTsl j-10 cToa0na MaTpuIbl P y10B-
JIETBOPSIOT OJTHOPO/IHOM CHCTEMe

ajp — /\j a2 a3 P1j 0
ar a1z — Aj a3 P2l = |[0]. (%)
as31 a3z a33 — )\j P3; 0

Jlannasi cucreMa JOJZKHA UMETh HETPUBHAJIBLHOE PEIICHUE <>  OMPeIeUTe/] b MATPHUILHI
K03 dunuenTos pasen HyJo. Takum o6pazoM, A\; yJI0BIeTBOPIeT CIeyIOIeMy yPaBHEHHIO
OTHOCHTEILHO \:

a; — A a12 13
det aiq a2 — A ass = 0. (#)
a3 a32 asz — A
D10 Kybudeckoe ypapHeHne Buja A2 — 5502 4+ 51\ — 59 = 0, e, Kak JIerko BUJIeTh,

So = @11 + Qo2 + 33,

aix a2 aix as Q2 A23

s1 = det + det + det ,
G21 A2 a31 ass az2 as3

a1 aiz2 A3
So = det a11 Q12 Q93
a31 Q32 a33

193



194 Jlekmms 29

MoKHO BCHOMHUTB, YTO BOITPOCOM O JIUATOHAJIUZAIMI MATPUIL TOPsIKA 3 Mbl 3aHUMAJIUCH
IIpU U3yYeHU! JUHUNH U MOBEPXHOCTEH BTOPOro MOPSJIKA — IIPU MOUCKE TAKOH CUCTEMbI KOOP-
JMHAT, B KOTOPOH MaTpUIa KBAIPATHIHONW JacTh (BEllecTBeHHAs] CHMMETPHIHAST MATPHUIIA
MOPSA/IKA 3) CTAHOBUTCS JTUATOHATBLHOM.

29.2 CobcTBeHHBIE 3HAYEHNS U COOCTBEHHBIE BEKTOPHI

[Iycte A — marpuia nopsiaka n U P — obparumass MaTpuia co CTOAOHAME Pi, ..., Pn.
Jlerko Bumerh, uTo paBeHcTBO AP = PA 9KBUBAJEHTHO CHCTEMe PABEHCTB

OTH PaBEHCTBA IOJABOJAT HAC K BaKHBIM IMOHATHAM COOCTBEHHOI'O 3HAYEHUS MATPHUILI U
cOOCTBEHHOI'O BEKTOpA.

Onpenenenne. Ilycrs A — marpuna nopsiaka n. Uucio A € C u menysieBoit crosders
x € C", ca3anmbie cooTHomeHneM Az = Ar, HA3BIBAIOTCS COOCMEEHHLIM 3HAUEHUEM T
cobemeennvim cexmopom Matpunbl A. Ilapa A, uHOTIA Ha3bBaeTcs cobcmeennoti napoti
marpunns A.

Teopema. Mampuua A nopadka n 0ua2OHAAUYEMG MO200 U MOABKO Mo2da, K020a OHG
obaadaem AUHETHO He3a8UCUMOT cucmemot . cOBCMEERHVLT 6EKMOPOE.

HokazareasctBo. Ilyctb py, ..., p, — AUHEHHO HE3ABUCUMAs CHCTEMA COOCTBEHHBIX BeT-
KOPOB MaTpPHUIbl A, COOTBETCTBYIONINX COOCTBEHHBIM 3HAYECHHAM A1, ..., A,
A1
Ap; =Njpj, j=1, ..., n. & AP=P ., P=1p1, ..., pal
An

Marpuma A obpaTrnMa Kak MaTpHUIa ¢ JUHEHHO HE3ABUCUMBIMHU CTOIOmaMu. [

. 0 1
IMTpumep meamaromanmsyemoit maTpunbi: A = [0 0]. HortycTtum, 410

P11 D12 - 0 1| |pu pi2 _ A0 0 1| |pu pi2 _ pi1 piz| |[M O
P21 D22 0 Of |p2a1 po2 0 A 0 Of |p2a1 po2 P21 D22 0 Aof

Orcrona
P21 p22| _ |Pu Al PiaAe
0 0 P21 A1 p22)\2 '

XoTs ObI 0THO W3 YHCEST A1, Ay JOMKHO OTAUYATHCA OT Hyad. IlycTh nnsa ompenenennocTn
M#0 = piy =0 = pg; = 0. [Honyuaem nporuBopetdne, MOCKOIbKY MATPHUIA ¢ HYJIEBBIM
CTOOIOM HE MOXKeT ObITh oOpaTuMoii. [

IB Jlexmuu 20 6bLT0 JOKA3aHO, UTO 10604 6€ULLCMEEHHAA CUMMEMPUIHAA MAMPUYL A 0pMOo2oHasbHO
n00061a duazonarvroti mampuye D — 310 o3nagaer, uro A = PDP~!, rne P — oproroHasipHas MATPHIA.
DTO Ke yTBEpKIEHNE CKOPO TOSIBUTCS KaK CJIeICTBHE Oojiee OOIINX Pe3yIhTaToOB.
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29.3 CobcTBeHHBIE BEKTOPHI AJsd Pa3JIMIHBIX COOCTBEHHBIX
3HA4YEeHUMN

Teopema. Cobecmeentbie 8eKMOpvL, COOMBEMCMBYOULUE NONGPHO PASAUNSHBIM CODCTNEEHHBLM
3HAYEHUAM MAMPUYDL, ABAANOMCA AUHETHO HE3GEUCUMBLMU.

[Iycts 21, ..., x,, — COOCTBEHHBIE BEKTOPHI /I MOMAPHO PA3JTUYHBIX COOCTBEHHBIX 3HAYTE-
HUA A1, ..., A, Marpunsl A. Ilycts ayz1 + ... 4+ @z, = 0. YMHOKEM 00e 9acTu CJIeBa,
Ha MaTpuiy A:

aiMx1+ ..+ o AT, = 0.

U3 JaHHOT'O paBeHCTBa BBIYTEM HOpeAblayInee, YMHOXKCHHOE Ha )\mi
(1/1()\1 — )\m)xl + ...+ am—l()\m—l — )\m)xm_l = 0.

OTcroma sgCHO, 9TO U3 JIUHEHHONH He3aBUCUMOCTUA BEKTOPOB T1, ..., T),—1 BbIT€KAJa ObI JIH-
HellHas He3aBUCUMOCTH BEKTOPOB T1, ..., L. JlOKa3aTeslbcTBO 3aBepIIaeTcs NpuMeHeHneM
HAyKouu. O

C.TIeﬂ‘CTBI/Ie. Ecau MAMPUYQA nopﬂdna n umeem n pasdauvHblr COOCMEBEHHBLT SHCL’%GHU’&, mo
OHA dUCLZOHCL/lU()’y@MCL.

29.4 XapakTepucTudecKoe ypaBHEHUE

[Iycte A — mpousBosbHOE cobcTBeHHOE 3HadYeHue Marpuisl A. Ilpu dukcupoBamHOM A BCe
COOTBETCTBYIOIIHE €My COOCTBEHHBIE BEKTOPBI X VIOBJETBOPSIOT OJHOPOJHONR CHCTEME JIH-
HEHHBIX aJreOpanvecKuX ypaBHEHMI

(A= Az = 0.

Yucno A gaBasgerca cOOCTBEHHBIM 3HadeHMeM MaTpunbl A < JaHHas CHCTEMa HMeeT
HeTpuBnasbHoe pemenne < det(A — AI) = 0.

Ounpepenienne. Ypasaenne det(A — AI) = 0 OTHOCHTESBHO A HA3BIBACTCSA TAPAKMEPUCTIIU-
weckum ypasnenuem MaTpuibl A. JleBasg 9acTh 9TOro ypaBHEHHsI €CThb MHOTOWIEH CTEIeHH
n OT \, HA3BIBAEMbIH TAPAKMEPUCTNUYECKUM MHO20YUAEHOM MATPUIIBL A.

VrBepxkaenue. Xapaxmepucmuseckud mruozousen f(A) = det(A—AI) mampuuyn A umeem
sud
FO) = (=D (N" = 5 A" b5, 0A"2 — L+ (—=1)"s),

2de S ecmb CYMMG 8CET MUHOPOS Mampuyvt A nopadka n — k, pacnososHcenHuT Ha nepece-
YEHUU CMOADU08 U CMPOK ¢ 00UHAKOBBLMU HOMEPAMU.

HokazareabcTBo. YTOOB MONYINTh KOIDMUIUEHT S, HYZKHO Cpeau n! 4IeHOB ompee-
JINTEJIA
det(A— ) = > d,

O’ESn

BBIOPATb T€ U TOJBKO T€ 4WIEeHBI d,, KOTOPbIE COAEPKAT ITPOU3BEJCHUE POBHO k JHATOHAIb-
HBIX WJIEHOB BUJA Gj; — A (OHH M TOJBKO OHU SIBJSAIOTCSI MHOTOWIEHAMHI cTeneHd k oT \), B
KazK/IOM M3 HHX BBIICJIATDL Claraemoe crapireii crenenu suga (—\)* ¢, 1 mpocyMMmpoBaTh
noydeHubie KO3OPUIuenTo! ¢,. OUeBUIHO, ITO CyMMa BCEX C,, OTBEYAONMNX Kk THATOHAb-
HBIM 3JIeMEeHTaM B (DPUKCUPOBAHHBIX MO3UNUAX 1] < ... < ik, OYJET paBHA MUHODPY MATPHUILBI
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A, pacno/iozKeHHOMY Ha CTPOKAX M CTOJONAX, JOMOJHUTETbHBIX K CTPOKAM M CTOJ0IAM C
HOMepaMu 11, ..., l. U

B wacrooctu, s, 1 = a11 + ... + @y, — BEJHYHHA, HA3bIBaeMast cAcdOM MAaTPHUIBI A.
Ob6oznauenne: tr A. B cuny dopmyn Buera, cien paBer cymme BceX COOCTBEHHBIX 3HAYUCHUI
¢ yuerom KparHocTeil. 3amernm takzxke, 9to g = det A.

[Ipu n < 4 cobcrBenHble 3HAYeHHs (KAK KOPHM MHOPOWIeHa creneHu n < 4) MoryT
OBITH BHIPAZKEHBI B pajuKa/jax depe3 KOIDPUITMEHTH XapaKTePUCTUICCKOr0 MHOTOUJICHA U,
CJIeOBATEILHO, Yepe3 JIeMeHThl Marpuipl. [Ipu n > 5 takux (opMyn yzKe He CymecTByer
(3sHamenuThIil pesyabrar AGess, Pydbdunn u Tanya).

29.5 AJrebpanveckass KpaTHOCTb COOCTBEHHOIO 3HAYEHUS

KpaTHOCTb CO6CTB€HHOFO SHa4YeHHUd KaK KOPHHA XapaKTEPpUCTUYICCKOTO MHOI'OYJICHA HA3bIBa-
eTcs ero aazebpaudeckoli kpamuocmaro. V13 0CHOBHON TeopeMbl aareOphl cpa3y yKe BhITEKaeT
CJIeIyIomas

Teopema. Jlwbaa Komniekcrnas mampuya A nopadka n umeem n KoMNACKCHOLL COOCMEeH-
HOLET BHAYEHUT C YHEMOM aN2eOPaUYecKUT Kpammocmed.

29.6 XapakTepucTUIeCKuii MHOTOYJIEH U TOI00me

Teopema. Xapaxmepucmuueckue MHO204AEHBE NOCOOHDLT MAMPUL, COBNAOAIOM.

HokazareabcTBo. Ilycts B = P 'AP, rae P — obparnMas marpumna. Torga

det(B— M) = det(P"'AP — AP 'P) = det(P (A - \)P)
= det P 'det Pdet(A — M) = det(P *P)det(A — \)
det(A— ). O

CaenctBue. CobcmeenHbie 3HAGYEHUA U UL GA2e0PAUNECKUE KPAMHOCU OAA N0JOOHBLL
MOAMPUY, COBNAAAIOM.

3agava. Haiiru xapakrepucrudeckuii MHOro4jieH Marpuupl A =
1

nxn

3anauva. Ilycte A u B — kBaJpaTHbIe MATPUIILI OJHOTO U TOTO ke nopsiaka. /lokaxwure, uto AB u BA

HMEIOT OJJMHAKOBbIC XapPaKTEePUCTUIeCKe MHOI'O41JICHDbI.

29.7 IIpuBeneHune K mMoYTH TPEYTOJbHOI MaTpUIE

Taxum 06pa3oM, IpH BEIYUCIEHIHE COOCTBEHHBIX 3HAUEHUH MATPHIBI A MOXKHO UCIOIb30BATD
npeobOpa3oBaHus 1Moa00us JijIsi Iepexoga K MaTpuie 0o/1ee NpocToro Buja, UMeIoIeil Te ke
coOCTBEHHbBIE 3HAYEHN.

Hanmpumep, or A MoxKHO epeiiTi K TOA00HOI eif eeprreti nowmu mpey2oabHoti MATPHIIE.
Tax masweiBaerca marpuna H = [h;;], B kotopoit h;; = 0 npu i > j + 2. Takasg maTpuna
Ha3bIBaETCsI TaKyKe geprHeli reccenbep2osoi.

YrBepxkaenue. Jia npouseosvnoti mampuyvs A nopadkae n cywecmeyem HesupoHcoeHHas
mampuya P maxas, wmo mampuuya B = PAP™! aeaaemca eepxuetl noumu mpeyzoavnoti.



E. E. Toiproiiinnkos 197

Mampuuy P moocho svbpams 6 sude P = P,_o... P, 20e P, = Z,II;, — npoussedetriue
mampuys, nepecmarnosku I, u mampuys, modudurayuu cmpok Zy.

HoxkazareabcTtBo. Ecaum ay; # 0, To Iy = I. Ecim ag; = 0, HO a1 # 0 ipu ¢ > 3, T0 2-10 1
1-10 CTPOKU CJIeJTyeT ITepecTaBUTh — C MOMONIbIO YMHOXKEeHHUS Ha COOTBETCTBYIONLYIO0 MATPHUILY
nepecranoBku 1. B ciydae ag; # 0 ¢ moMombio MaTpuIibl MOAH(MUKAINE CTPOK £ HCKJIIO-
JaeM BCe 9JEMEHTHI MepBOTo cTonbna B nosunusx (i, 1) npu 3 < ¢ < n. [Ipomnmoctpupyem
nepBbIil mar s n = 4:

1 0 0 0 air a2 a3 a4 bir bz bz bus
0 1 0 0 a1 Aa22 G23 Q24 _ b1 bag baz bas
0 ==t 1 0| |as1 as2 asz asa| | O bz bsg bag|’
ot 0 1] |an as2 a3 aw 0 bz baz Dbas
bin bz biz by |1 0 0 0 €11 C12 €13 Cuia
bar baa bag bea| |0 1 0 O  Jeor ca2 co3 e
0 bz bsz baa| [0 G2 1 Of 7 10 c32 c33 c3a
0 byo baz bas| |0 22 0 1 0 ca2 c3 cas

a2

s

Baxkno, 94TO Ipm YMHOXKEHWHU CIIpaBa Ha P1_1 JIEMEHTBI IIEPBOr0O CTOJIOIA HE U3MEHSIIOTCS
= HYJH, TOTyYeHHbIe TaM paHee, COXPAHSITC.

Bropoit mar manpasien Ha mosydenue Hyseir Bo Bropom crosdne. Ecau czp # 0, TO
UCKJIIOYEHHE MPOBOJAUTCH TaKUM 00Pa3oM:

10 0 0 C11 €12 C13 Ci4 di1 dip diz dia
0 1 0 0 C21 C22 (23 C24 _ da1 dap dog doy
0 0 1 0 0 C32 C33 C34 o 0 d32 d33 d34 ?
_0 0 % 1 0 C42 C43 Cq4 0 0 d43 d44_

di1 di2 diz dis 10 0 O hir hi2 hiz hiy
dyr dyy dyz dog| (O 10 O} _ Vhoy hay hoz ho

O d32 d33 d34 0 0 1 O 0 h32 h33 h34

O O d43 d44 O O Ca2 1 0 O h43 h44

o
[
]

B ciaydae n > 5 TOYHO TakK Ke Ha TPETHEM IIare MOAy4YaeM HYJIU B HO3UIUAX TPETHEro
cronbua (i,3) npu ¢ > 5. 1 Tak ganee. O

JOINIOJTHUTEJIbHAA YACTD

29.8 Marpunbl @Ppobennyca

3ajada 0 BBIYUCICHUU COOCTBEHHBIX 3HAYCHHI MATPHUILI CBOJAMTCSA K BBIYHCICHHIO KOPHEit
HEKOTOPOT0 MHOTOWIEHA (XapaKTEePUCTHYECKOrO MHOTOUJIeHA JAHHONH Marpuiibl). BepHo s
obparuoe? MoxKHO Jiu 33/1a1y O BBIYUC/JIEHUU KOPHEH MHOTOY/IEHA CTEIIEHH 1 CBECTH K BbIUHC-
JIEHHI0 COOCTBEHHBIX 3HAYEHUN HEKOTOPOH marpuipi! OrTBer mojpoxkureabubiir. [lycts MHO-

ro4JieH uMeeT BU I
fA) = N4 a, A"+ a.

Torna waTEpecyIOMast HAC MATPUIIA MOYXKET OBITh, B YaCTHOCTH, TAKO:

0O 0 O ... 0 —ap
1 0 0 ... 0 —Qaq
0 0 O 0 —anp_2
0O 0 O 1 —Qn—1
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Marpuna Ay nassiBaercs mampuyed Ppobenuyca WIn conpososcoatoueti mampuyeti MHO-
rounena f(x).

Yreepxkaenue. Xapaxmepucmuueckut mnozouien mampuyvt Ppobenuyca Ay daa mnozo-
unena f(N) umeem eud det(Ay — N) = (=1)"f(N).

HoxkazarenbcTBo. [lpu sorauciaennn onpegenntens det(Ay — A) npubaBuM K mepBoit
CTPOKe 2-10 CTPOKY, YMHOKEHHYIO Ha A, 3aTeM 3-10 CTPOKY, YMHOXKeHHYIO Ha A%, i Tax naJee.
Bot uro monyvaerca npu n = 4:

—-A 0 0 —Q 0 —)\2 0 —apg — a1/\
1 -A 0 —ay o 1 -2 0 —aq
det |5 7\ _a =det | 7 L\ g
0 0 1 —as — A 0 0 1 —az — A
0 0 =X —ag— a1\ — as\? 0 0 0 —ag—a1A —asd? —asA® — \*
_ 1 =X 0 —aq _ 1 =X 0 —aq
=det | o 7\ g =det | o7 ) g
0 0 1 —as — A 0 0 1 —as — A

=ag+ a )+ a > +as >+ )L O

29.9 Bpruncienne xapakKTEPUCTUIECKOTO MHOTOYJIEHA

Kaxk Mbl 3HaEM, ¢ TTOMOTIBIO JIEMEHTAPHBIX TPeoOpa30BaHuil JTIOOYI0 KBAIPATHYIO MaTPUILY
MOKHO NPHUBECTH K TOJI0OHOM eif BepxHeil nmouTu Tpeyroabuoi Mmarpuie H. I[lostomy mocta-
TOYHO HAYy4YUThCS BbIYUC/IATH XapaKTepUCTUuiecKuit Muorodsien jjis H.

JLJ1s1 3TOTO BJIOYKUM BEPXHIOIO TIOUTH TPEYTo/ibHYI0 MaTpuity H — Al B BEpXHIOIO TPEYTOIb-
HYIO MATPUILy W PACCMOTPUM CAEIYIONIYIO CHCTEMY JIMHEHHBIX aJredpanvdecKux ypaBHEHU
(mycTh 11t TPOCTOTHL N = 4):

I hiu—XA  hp hi3 hi4 fi(A) 0
0 hor  haao— A hog Py f2(A) 0
0 0 hsy  hsz— A hay fs(AN) | = |0
0 0 0 has  ha— M| | i) 0
0 0 0 0 1 f5(A) 1

I_Ipe,ZLHOJIO}KI/IM7 9TO MoJAuaroHaJibHbIe 9JIEMCEHTBI MaTPHILbI H OTJIMYHBI OT HYJIA. TOI‘,ZLa
MaTpuia KO3 UIMEeHTOB JaHHOW CHCTeMBl 0OpaTniMa, => CHCTeMa MMeeT eJIMHCTBEHHOEe
pellierne, B KOTOPOM, 09eBUIHO, fi(A) Oymer MHorowtenom crenenu n+1—k ot A. Cormacuo

npasuty Kpamepa, (1)1 det(H — Al)
fi(h) = :

h21 s hn+1n

B 1anHOM MeTo/Ie JIJ1s BBIYUCIeHUs BeeX KO3 MUITMEHTOB XapaKTepHCTUIECKOIO MHOIOYICHR
MaTpulbl opsaKa n Beinongerca O(n3) apudmerndeckux onepanuii (mposepbre!).
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30.1 OgHOMepHBbIe MHBAPUAHTHBIE TTOITPOCTPAHCTBA

[Tycres L maBapuanTHo orHocuTebio A u dim L = 1. [lycrs € L u x # 0. UeBapuaHTHOCTH
o3nauaet, 9to Axr = A\xr 1715 HeKoTOporo dnciaa A. B takwx cayuasx A u x # (0 Ha3pIBaOTCS
COOCMBERHBIM 3HAYEHUEM T COOCTNEEHNBIM GeKMOopoM orepaTopa A.

Ecin  — coberBennsrit BekTop jyist A, 1o auHeiinas o6onouka L(z) 6yier nHBapUaAHTHBIM
MOJNPOCTPAHCTBOM padmeprocTh 1@ z € L(z) = z=ax = Az=(al)z € L(x).

B nanbreitiiieM 6yj1eM cYUTaTh, 9TO otiepaTop A geficTByeT Ha KOMILIEKCHOM MTPOCTPAHCT-
Be Pa3MepHOCTH n U 3aJaH cBoeit marpuneir A € C™*" B mpon3BOJBHOM (PUKCHPOBAHHOM
6azuce. Takum 0Opa30M, MOKHO TOBOpPUTH O noanpocrpancrBax B C", nHBApUAHTHBIX OTHO-
CHTEJIbHO YMHOXKeHHs Ha MaTpuiyy A (unm, kopode, orHocuTesbHO MaTpuisl A). Coxpanum
obosnavenus L u x ajg mojgnpocrpancTsa u crondma u3 C" uMeronux CMbICT YIOMIHYTBIX
Boiire L u . Mbr y2Ke 3HaeM, 9T0 cOOCTBEHHBIE 3HAYEHUS A MATPHUIBI A U TOJIHKO OHE CYTh
KOpHH XapakTtepuctudeckoro ypasuenus: det(A — A\[) = 0. 13 ocHoBHOiT Teopembl are6-
pbl BbITeKaeT, 4To Marpuna A (omeparop A) mmeer KOMILIEKCHOE COOCTBEHHOE 3HAUYECHUE.
Orcroa mosiydaeM HyKHOE HaM

YrBepxkaeuune. Jlwbas mompuya A € C™" umeem unsapuaHmHoe NOONPOCMPAHCMEO
paameprocmu 1.

3agaya. Marpuna A nopsiaka n MMeeT HEHyJIeBble IIONAapPHO pas/iM4Hble COOCTBEHHbIE 3HAYEHUS

AL, - .., An. HaiiTu cobcrBenHBle 3HAYEeHMs M COOCTBEHHbIE BEKTODbI JiMHEHHOTO oneparopa X — AXA™!
X eCr
3agaya. Marpuna A mopsiaka n UMeeT MONAPHO PA3IUIHbIE COOCTBEHHBIE 3HAYEHUS A1, . .., A,. HaiiTu

cOGCTBEHHbBIE 3HAYEHH U COOCTBEHHbIE BEKTOPLI JMHelHOro omeparopa X — AX T A, X € C"x™.

C MOMOIIBI0 N X r-MaTpunbsl B

A B
Bagaya. Marpuna A = A* nopsiika n U ee OKaiMJieHue {B* O}

ABJIAIOTCA O6paTI/IMI)IMI/I MaTpHUIIaMH. ,ZLOK&}KI/ITG, 9TO MaTpHIla

4 _[A 0o 17'[A B
~l0 BA'B| |B* 0

numeer cobcTBeHHbIe 3HaueHnst 1 n (1 + \/5) /2 amrebpamaeckoii KpaTHOCTH, COOTBETCTBEHHO, 1L — T U T

30.2 T'eomerpuyeckasi KpaTHOCTh COOCTBEHHOTO 3HAYEHUS

Dukcupyem cobCTBEHHOE 3HAYeHHE A\ omeparopa A m paccMoTpuM MHOXKECTBO L BCeX Bek-
TOPOB T Takux, 410 Axr = A.

YrBepxkaeuune. Muoocecmso L asasemea nodnpocmpaHcmeom, UHBAPUAHMHM OMHOCU-

199
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menvro A.

HoxkazareascTBo. [lyctb 2,y € L = Ax=Xx, Ay=\y = Al(azx+py) = AMazx+Py)
= ax + (y € L. UuBapuaaTHocts L odeBuaHa: ecim x € L, To Ar = x € L. O

Onpegenenune. [loanpocTpancTBo L HA3BIBAETCS COOCMBEHHBIM NOONPOCMPAHCMEOM, & €TO
Pa3MEPHOCTb — 2e0Mempueckoti KpamHocmbvro cCOOCTBEHHOrO 3HaYeHusT A.

30.3 MarpuviHoe BbIpakeHNE€ WHBAPUAHTHOCTU

Teopema. ITycmv L C C" unsapuanmno omnocumesvno A € C**™ y dim L = k. Tozda
cywecmeyrom mampuyse X € CF 4 B € CP** maxue, wmo cmoabyw X obpasyrom 6 L
basuc u evinoarsemcs pasencmeo AX = X B. Xapaxmepucmuueckuth MHO204MAEH MAMPULDL
B asasemcs deaumenem Tapaxmepucmuteckoz0 MHo204AeHa mampuuvs A.

HokazareabcTBo. O6pasyem X u3 6a3uCHBIX BEKTOPOB X1, ..., Ty JAas L. VluBapuant-
HOCTb O3Ha4aeT, 4To Az; ecTb jmuHeliHad KOMOHMHAIUA BEKTOPOB X1, ..., Tj. Oupeaeanm
MaTpuiy B Takum obpa3oM, 4To ee j-it cTonbern b; comep:KUT Ko3bhUIHEeHTE JaHHOMH JIU-
Heitnoit kombunamuu. Torna Az, = Xb; = AX = XB.

HonosanMm X KaKUMHU-TO CTOJIOIIAMEI 10 HEBBIPOXKJIEHHON MaTPHUIIBI X e cvm, Tora
~ s|B C
- 5[E
g Kakux-to 010koB C' u D. Orcrona
det(A — M) = det(X TAX — M) = det(B — AL},) det(D — M,,_;). O

C.TIG,I[CTBI/IG. Feomempu%ecmﬂ KpamH+ocims COOCMBEHH020 3HAYCHUA HE 8ble e20 a,/Lee6pa—
uneckoti KpamHocmu.

30.4 Cy2xxeHne orepaTopa Ha IOIIIPOCTPAHCTBO

Ecnu noanpocrpancTBo L MHBAPHAHTHO OTHOCHTEIBHO oreparopa A, T0 MOXKHO ONpEEUTh
smHelHbIi oneparop B : L — L npasuiom

Br = Az, =z € L.

Omneparop A umeer 6osee MUPOKYO 00aacTh ompenesenus, yem B. Ho B neiictByer Ha
BEKTOPHI U3 L Tak ke, Kak A — MOITOMY ero Ha3bIBAIOT cyorcenuem onepamopa A wa L.
ToBopsit Takxke, uro A undyyupyem na L oneparop B u HazbiBawor B undyyuposarvim

ONepPamopoM.

Ecin A — marpuma oneparopa A B KakoM-To basmuce, T, ..., T — 0a3uc B L u X =
[x1, ..., xx], TO paBercTBO AX = X B 03HauaeT, 94T0 MaTpuna B gBIgeTCs MaTpHUIeii cyKe-
Hus oneparopa A Ha L B 6asuce 1y, ..., Tj.

30.5 UVaBapmaHTHbIE TPOCTPAHCTBA W CIABUTHU

YrBepxkaeaune. Mampuun A u A — NI umerom obujue uHBAPUAHMHBLE NPOCTPAHCMEA 0N
2106020 \.

HoxkazareabcTBo. [lycts L waBapuantao ornocurebno A. Ecm x € L, to Ax € L =
Axr—Ax € L = L uaBapuanTao orHocureabuo A — \I. 3amernm tak:ke, uto A = B— N1,
e B=A—-Xl, N=-\. O
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30.6 TpeyroapHasa popma MaTPUITHI

Jlemma 1. Jlaa awboti mampuyse A € C™" cywecmesyem uHEAPUAHMHOE NPOCTPAHCITEO
paameprocmu n — 1.

JokazareabcTBo. MbI yiKe 3HaeM, UTO 00pa3 imA gBasgeTcs HHBAPHAHTHBIM IMPOCTPAHCT-
BoM. Ecjin ero pa3mepnocTs paBHa n — 1, TO BCe JIOKA3aHO.

Ecan ona paBHa k < n— 1, To imA 3aBe10MO IPUHAIIEKAT KAKOMY-TO DOJIee MIHPOKOMY
noanpocTpancTBy L pasmepHocTu n — 1, mputoMm ecin x € L, to Ax € imA C L. S3naunt, L
nHBapuaHTHO oTHOCUTETbHO A. Ecan dimimA = n, To mepeiinem kK marpuie B = A — A1,
e A — Kakoe-To cobcrBenHoe 3uadenue marpunbl A. fcuno, uro dimkerB > 1 =
dimimB <n—1 = B umeer HHBaApHaHTHOE MPOCTPAHCTBO pazmeprocTH n — 1. OHO XKe
HHBAapPUAHTHO OTHOCUTEJbHO A. [

Jlemma 2. Ilycmwv L unsapuarnmmo omuocumesvno A € C" w dim L =k > 1. Tozda 6 L
uMeemcea unsapuarmmoe omuocumenvro A nodnpocmparncmeo pasmeprocmu k — 1.

HokazarenabcTBo. CoracHo MATPpUIHOMY BhIpazkeHuio uaBapuantHoctu, AX = X B, rie
cron6mpl X obpasyioT B L 6asuc u B € CH**_ Tlo nemme 1, maTpurna B nMeeT HHBapHAHTHOE
npocTpancTBo pasmeproctu k — 1. Obo3naumm ero depe3 M u paccMOTPEM MHOXKeCTBO [N
BekTOpOB Bujga Xz, z € M. Koneuno, N C C" ecth moanmpocTpancTBo pazmepuoctu k — 1.
[Ipu stom A(Xz) = X(Bz) = N ummBapuantuo oraocurespno A. O

CaencrBue. /lis moboti mampuuyse A € C™" cywecmeyem uyenowka GA0HCEHHBLT NOO-
nPOCPAHCME
L,c...cL,=C"

Kaostcdoe u3 Komopur uHeapuarmuo omuocumenvrno A u npumom dim Ly = k.

Teopema o BepxHeii Tpeyroabuoii hopme. Jobas mampuya A € C"*"™ nodobra eeprhet
MPEY20ALHOT MAMPUYE.

HoxkazareasctBo. [locrponm 6aszuc xq, ..., &, Takum obpaszom, uto Ly = L(z1, ..., o)
(mocraTouno B3aTh 1 € Ly, JOMOMHUTH ero o Gasuca B Ly BEKTOPOM o, M Tak Jajee).
IIycts X = |21, ..., 2,]. Torna Az; ects nuHefiHas KOMOMHAINS CTOIONOB T1, ..., T; =
Az; = Xb; ana cronbma b; ¢ HylaMH B HO3UIHUAX HEXKe j-it. Taxum obpazoM, MaTpHIa
B = by, ..., by] — Bepxugs rpeyronbuag, u npu 3tom AX = XB = B=X'AX. O

BameTnm, uto ecin B = X 'AX, o B u A UMeIOT OMH U TOT Ke XapaKTePHCTHIeCKIit
MHOTOUWIEH. [ToaTomy B u A uMeroT OiH 1 TOT Ke HabOp N COOCTBEHHBIX 3HAYEHUN € yIeTOM
KpaTHOCcTeil. Ecmm maTpuna B TpeyroibHas, TO ee cCOOCTBEHHBbIE 3HAYEHUS CYTh JI€MEHTHI
IJIABHOM JHATOHAJIH.

Bagaua. Ilycrs trA = 0, a xapakrepucTudeckuii MHOro4YsIeH Marpuibl A 3anucan B Buge det(A] — A) =

A"+ an, g AN+ a, 9 A"T2 4 L+ ag. JokazaTh, 9TO @y, 1 = 0 ¥ a,_o = —trA%/2.
Bagaua. Ksaaparubie marpunbl A u B nopsaka n MMeOT COOCTBEHHBLIE 3HAYEHUS A1, ..., A\, U
Wi, - -, pn (¢ ygerom kparnocreil). Haiitu Bce cobcrBenHble 3HAUEHUsT (C YIETOM KPATHOCTEH) JIMHEHHOro

omeparopa X — AX + XB, X e C*",

30.7 CroekTpaJibHBINT paanyC

MHOKecTBO COOCTBEHHBIX 3HAYCHUI MATPUIbI YaCTO HA3LIBACTCH TakzxKe ee cnexkmpom. Han-
OOBINHIT MOIYJIh COOCTBEHHBIX 3HAYEHUI MaTpuIlbl A Ha3bIBAETCS ee CnexkmpasbHbim padu-
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ycom. Obozuagenue: p(A).

YrBepxkaeune. /ia cnekmpasvrozo paduyca umeem mecmo oyenka p(A) < ||Al], 2de || - ||
— NPOU3BOALHAA MAMPUIHAA HOPMA.

HoxkazareasctBo. [lycts Az = Az, © # 0. Torma ||Az|| = |A|z|| < ||All||lz]] =
AL <[A]l. O

Bagaua. JlokazkuTe, 9TO CHEKTPANbHEI pamyc momydaercsa kax npegen p(A) = lim [|A¥||Y/*, tme
k—o0
|- || — npomssonkHas dbukcnpoBanHas MaTpudHas HopMa. (B cniy meopeMbl 0 BepxXHeit TpeyrombHoit hopme

JIOCTATOYHO PACCMOTPETH CJIy4daii BepXHeil TpeyroibHol Marpuibl A.)

Bamaua. Jlis mpowsBonbHOM dukewpoBannoii MarpudHoil HOpMBI p(A) = inf ||[P~1AP||, rae Tounas
HUKHsisl PaHb Oepercs 110 BceM obparumbiv MarpuuaM P. (B cusy Teopembl 0 Bepxueil Tpeyrosibhoil hopme

JIOCTATOYHO PACCMOTPETH Cilydaii BepXHeil TpeyroiabHol Marpuibl A.)

3agavya. Bce anementsl KBaspaTHON Marpuilbl A HEOTPUIATEIbHbBI, & CYMMBbI 3JIEMEHTOB B KaXKJIOM
CTPOKE ONMHAKOBBI M PaBHBI A. /I0Ka3aTh, 9TO A ABISAETCS HANOOIBIINM IO MOJYJII0 COOCTBEHHBIM 3HATEHHEM

MaTpuibl A.

3ameuanmue. B obmem ciaydyae MaTpuia MOXKET HE HMETh HEOTPHUIATEIbHBIX COOCTBEHHBIX 3HATEHMIA,
nosromy p(A) He 06s3aHO ObITH COOGCTBEHHBIM 3HaueHueM Marpuilbl A. OmHAKO, 1j1s JII000H Heompuyamens-
HOT MAMPUYD, — MATPUIIBI, BCE 3JIEMEHTHI KOTOPO HEOTPHUIATEILHBI, JOKA3aHO, YTO CIEKTPAJILHBIN PaanyC
HETPEMEHHO SIBJISETCSA TAKKE €€ COOCTBEHHBIM 3HAYEHUEM (3TO OCHOBHOW PE3YJIHTAT TEOPUU HEOTPUIATE b

HbIX MaTPUL, U3BECTHBIN KaK meopema [leppona—Dpobenuyca).

30.8 Teopema Illypa

[Iycts Ay, ..., A\, — mosHBI HAOOD N cOOCTBeHHBIX 3HAYeHn MaTpuinpl A € C™*" ¢ yaeTom
kparHocteii. [lycTh dpukcupyercs nponsBobHasg HyMepalus cOOCTBEHHBIX 3HAYEHMIA.

Teopema IMlypa. /laa aoboti mampuuyve A € C" ¢ npoussoarvroti npednucannoti nymepa-

yueti ee cobCMBEHHLLT 3HaAYEHUT N1, ..., A, cyuecmeyem yrnumapuas mampuuya X € C*"
maxas, wmo B = [bj;] = X*AX ecmv seprras mpeyzosvras Mampuya ¢ JuazoHAADHBLMU
anemenmamu by; = XN;, 1=1, ..., n.
HokazareabcrBo. Ilycts Axy = My, |r1| = 1 (qymHa ompemesisieTcsi ecTeCTBEHHBIM
CKAJISIPHBIM [Tpou3BeieHreM ). [IocTporM OpTOHOPMHUPOBAHHBIN GA3MUC X1, . .., X, HAYXHAIO-
muiicss ¢ BeKTopa xy, U nycth X = [z1, ..., x,]. Jlerko mpoBeputsh, 41O

AX = X A u’ B c ¢c(r—Dx(n-1) cn-!

- ) € I u € .

0 B

Bamernm, uro det(A—AI) = (A= A)(Aa—A) ... (An—A) = (A — ) det(B— Al,,_1). 3nauur,
B umeer cobcTBeHHBIE 3HAYEHUS Ao, ..., Ay.

Paccyxias o uHIyKIUHT, NpeanoaoxuM, uro Y*BY =T, rae Y — yautapuas Marprua
nmopsaaka n — 1, a 7' — BepxXHAA TpeyroabHasg MaTpUIla MOpdAjKa N — 1 ¢ AWaroHaJbHBIMA
7eMEeHTaMu Ao, ..., A,. B utore
Mou'Y =~ 10

Y =

Tx9ax?) = |3 "] )y

N3 yaurapuocTu MaTpuiibl Y ClaeayeT, 4To Y — yuutapuas marpuna. Marpuna X Y yHU-
TapHa KaK MPOU3BEJIeHUE YHUTAPHBIX MaTpui,. O
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CdopmyinpoBanHast BbIIIIE TEOPEMa O TPEYTOIbHO (hOPME MATPHUIH SABJISETCs, KOHETHO,
caencreuem Teopembl [lypa. [Tpu arom B Teopeme [llypa yrBepkaaercs 601bIIe — TPEYToab-
Has popMa ¢ NMPEIITUCAHHBIM MOPIIKOM COOCTBEHHBIX 3HAYECHWH Ha JIMArOHAJM JIOCTUTAETCS
npeobpa3oBaHueM TOJ00NS ¢ TOMOIIBIO YHUTAPHONR MATPHUIIH.

OTMeTuM KOHCTPYKTHBHBIN XapaKTep NMPHBEJIEHHOTO J0Ka3aTeabcTBa TeopeMbl [llypa.
Kak tosbko Haligenbl cOOCTBEHHOE 3HAYEHUE A; M OTBEYAIONIHil eMy COOCTBEHHBIH BEKTOPD
1, 33712494 OIPEJIC/IEHUS OCTAIbHBIX COOCTBEHHBIX 3HAYEHUN CBOJIUTCS K AaHAJIOIHYIHOI 3a/1a49€
nopaaxa n— 1. ! Takoro poja mpuemM HOHNYKEHNS PA3MEPHOCTH HHOTAA HA3HIBAIOT dedaatueti.

Bagaua. Jlokaxkure, 4TO IJIst JIIOOONH KOMIIEKCHON MaTpuibl A MOpsaKa 3 CyIIeCTBYeT YHUTapHAas
MaTpuna () Takas, 9to mMarpuna B = Q* AQ asiasercs tpexaumaronanbuoit. (Marpuna B HasbiBaeTCs mper-

duazonanvrot, ecnu b;; = 0 npu |7 — j| > 1.) 2

30.9 leawnTenn M MOJITPOCTPAHCTBA

BesteicrBre MaTpudHOTO BhIpayKeHUsl MHBAPUAHTHOCTH, JIIOOOMY MHBAPHAHTHOMY TIOJIPOCT-
PAHCTBY MATPHUIBI A COOTBETCTBYET HEKOTOPBIA JEJUTENb €€ XapaKTepUCTHIeCKOI0 MHOIO-
qJIeHa, SIBJISIONUACT XapaKTepUCTHIeCKUM MHOTOWICHOM CyKeHns A Ha JaHHOe ITOIIIPOCT-
pancTBo. I3 Teopemsl Illypa serko BoiBecTu u odOpaTHOE.

Teopema o genurtesisgx u noampocrpaucrsax. [lyemov A € C" u f(A\) = det(A—\I) —
zapaxmepucmuveckut mruozounen. Ipednonrosicum, wmo f(X) deaumca na muozounser p(A)
cmenenu k. Toeda A umeem unsapuarmmoe nodnpocmparcmeo L pasmeprocmu k maxoe,
umo p(\) ecmov zapakmepucmuueckuds muozousen cyscenua A na L.

Jloka3zaTeabCcTBO. YHIOpPAL0YNM KOPHH MHOrodieHa f(A) takum oOpa3om, 410 mepBbie k
KopHeii OyayT Tak:ke kopHsamu geauress p(\). Cormacuo Teopeme [Ilypa, cymecrsyior X u
B taxkue, 9T0 B BepXHeil TpeyroJbHOil MaTpuiie B 1mepBble k 3J1eMEHTOB IJIaBHON JUAroOHaIN
oyayT kopasamu p(A). [lycts Xy — IpgaMoyrosibHAST MATPHUIA, COJEpKAIas mepBbie k cToa6-
nos X, a B), — 7nesblit Bepxuuii 6,10k nopstaka k B marpuie B. Tormna AX, = X B, u upu
srom det(By — AI) = p(A). O

! HuoTkyna, BIpodeM, He CIeLyeT, 9TO COOCTBEHHDIH BEKTOP MATPUILI B aBTOMATHIECKH COOTBETCTBYET
KAKOMY-TO COOCTBEHHOMY BEKTOPY MaTpuiibl A.

2HenasHO GBLIO JOKA3aHO, YTO TO K€ BEPHO Jis Moboif KoMmaekcHoi marpuisl nopsaka 4 (V. Pati,
2001) u 970 CyLIECTBYIOT MATPULbI HOPsI/IKA 5, KOTOPbIE HE IPUBOILATCH K TPEXJIUAIOHAJILHOMY BUJLY IIPE0d-
pa30BaHUEM MOJOOUsT C TTOMOIIHI0 YHUTAPHON MaTPHUIIHI.
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Jlektima 31

31.1 MHoro4jieHbl OT MaTPHUIIbI

Ecmu f(A) = ag+a1A+. ..+ @A™ — MHOTOWIEH OT A, TO 7181 JTI000# KBAIPATHON MATPUITHI
A nmMeeT CMBICJI BbhIpa2KEeHUEe

f(A) = CLOI + CL1A + ..+ CLmAm.

Ono HazpIBaETCA MH020uAeHOM 0m mampuub, A. 1 Zeno, uto f(A) — KBagparHas MaTpuia
TOrO Ke nopsijika, 9ro u A.

Ecaun f(A) = 0, To roBopsT, 410 MHOTOUWIEH f(\) ABAACTCS GHHYAUPYOULUM MHO20UAE-
nom nas A. Hyers A — marpuma nopsinka n. Torma cucrema marpun [, A, A%, ..., A™
OyJeT JuHelHO 3aBucuMoii (moyemy?) = Jist 06O MATPUIIBL TIOPSAIKA 1 UMEETCST AHHY-
JMPYIOMIKI MHOTOYJICH CTeIICHH He BhIIIe n’.

B JeflcTBUTEILHOCTH BCEria MMEeTCsl AaHHYTUPYIONTH MHOTOUWIEH CTemeHn 1 (MBI CKOPO
JOKAZKeM, 9TO XapaKTePUCTHIECKHI MHOrOWIeH s A siBiasercs anHyaupyomnmMm). Mrorma
MOZKHO HaifiTH aHHY/JIUDPYIONME MHOTOUIEHBI €Ile MEHbIIell creneHn. AHHYTUPYIOIMA MHO-
rOYJIeH MUHUMAJIHHON CTEIIeHN HA3BIBACTCI MUHUMAALHOIM MHO204AEHOM TS A.

[Ipn momcke WHBAPHAHTHBIX MOAMPOCTPAHCTE MHOTOUIEHBI OT MATPUIB A WHTEpPECHBI
reMm, uto ker f(A) u imf(A) Bcerna nHBApHAHTHBI OTHOCUTETBHO A (J0KayKuTe!).

31.2 KopHeBble IPpOCTPAHCTBA

[Ipeamosioxum, aro marpuma A € C*™*™ umeer m nomapHO pa3IUIHBIX COOCTBEHHBIX 3HA-
qeHuit A1, ..., A, anaredpawdeckoit KpaTtHoCcTH ki, ..., k,,, COOTBETCTBEHHO. DTO O3HAUAET,
q9T0

) =det(A=A) = i(A) . (N, fi) =N =N)F, 1<i<m; N#N, i # ]

[omnpocrpanctea K; = ker fi(A) = ker(A — A\ 1)k naswisatorcs xopresvmu npocmpancmea-
Mu MaTpunbr A.

Jlemma 1. Kopresoe npocmpancmso K; uneapuanmmo ommocumenvro A u umeem pasmep-
nocmu ki Xapaxmepucmuueckuti mrozounen cyscenus A na K; ecmo fi(X) = (N — M)k,
Cyocenue A — ol wa KC; npu a # \; asasemces o6pamumvimM 0Nepamopom.

HokazarenscTBo. usapnantnocts: ecin fi(A)r =0, 1o fi(A)(Ax) = A(f;(A)x) = 0.
ITo Teopeme o BepxHeii TpeyroibHOi (opMe, cymmecTByeT 10100Has A BEPXHSS TPErO/Ib-
nag Marpuna B = X 'AX ¢ snementamn

bij =N, 1<7<k, bij XN, ki+1<7<n. (%)

!Muorousen or Marpuipl A uMeer ckaiaapHble Koadduipenter. TepMun mMampuunotti muozo4aer OObIYHO
HCIIONIB3YETCS /st OD03HAUEHVST MHOTOUIEHA OT A, KOI(D(DUIIUEHTHI KOTOPOTO SIBJISTIOTCST MATPHUI[AMHA.

205
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Ouepuano, C = B — Nl = X Y A- )X = Ck =(B- Nk = X"1(A-NIFX.
Samumem C' B 0J104HOM BUIE
oo &

0 R

rie P u R — BepxHue TpeyrojbHble MaTpuilbl nopdjaka k; u n — k;. Ilpu stom P umeer
HyJIeBYIO TJIABHYIO qMaroHaib => P = ( (mpopepseTcd HemocpeIcTBeHHO: B MaTpuie P2
K HyJIeBOH IJIaBHOI IuMaroHaau 100aB/IgeTcsd elle OjlHa JUaroHab, B P3 — eme ogHa, U Tak
nagee).
CiietoBaTeIbHO,
ki ) o)
Ok = PfoQ — 0 @

0 Rk 0 RF|’
IJIe BCe JUAroHaJbHbIE 3JeMeHTHl BEPXHETro TPeyroJbHoro 6uoka R* mopsanka n—k; OTIHYHBI
ot uyJsist. Biiok () — xakoii-to 6,10k pa3mepos k; X (n—k;). HezaBucumo ot ero Bua, HaXo UM

rank C%" =n —k; = rank(A— NI =n—k = dimker(A— NIk =k,

Marpuna cyxenuss A Ha IC; npejcrapisier coboit JieBblit BepxHuil 6JI0K MOpsIAKa k; B MaT-
puie B = X 'AX. Cornacno (*), Bee 3/IeMEHTBI ero TJIABHOf JUaroHa d paBHbLL \;. 1TOObI
MOJIyIUTh MATpuIly cyxkenns A — ol wa IC;, Hy’KHO 3aMEHHUTH JUATOHAJIbHBIE SJTEMEHTHl Ha
Ai — a. Ilpu o # \; 910 OyIeT HeBBIPOXKIeHHAS MAaTpUia. O

Jlemma 2. FEcau L unsapuanmmo ommuocumenvho A u cystcenue A wa L umeem ceoum
rapaxmepucmuseckum mmozovaenom fi(N), mo L = K;.

Hoka3zareabcTBo. Ilyers M € CFXF — nmarpuma cywennst A na L B KakoM-TO Gaswice.
CortacHo TeopeMe 0 BepxHeil TpeyrojbHoi ¢hopme, 3TOT 6a3uc MOXKHO BBIOPATH TaK, ITOOLI
M obL1a BepxHeit TpeyronbHoii. Torna M — \;I — BepXHsisd TpeyrojbHas MaTpHIIA ¢ HYJI€BO
riasHoil quaronanpio = (M -\ =0 = (A-\NDFr=0V z€L = LCK,.
[Tockosbky dim L = dim KC;, monyuaem L = K;. O

31.3 HwuabmoTeHTHBIE OTIEPATOPHI

Omeparop A : V — V masbiBaerca nuavnomenmuoim, e A¥ = 0 mag xakoro-to k. Tax
JKe Has3bIBaeTcd Marpuna A Taxasd, uto A = 0.

YrBepxkaenune. Mampuuya A nopsadka n wusvmomenmua moz20a U moavko mozda, ko2da
ee zapaxmepucmuueckuti mruozouaen umeem eud det(A — X\I) = (=)™,

HoxkazareascTBo. llycts A =0, Azx =Xz, 1 #£0 = Az =Mz =0 = X\=0.Eum
A nMeeT cOGCTBEHHOE 3HAYEHUe HYJIb KPATHOCTU 7, TO, II0 TeOpeMe O BepXHeil TpeyrolbHOi

dopme, oHa 1000HA BepxHEll TpeyrojabHOit mMarpuie B ¢ HyJIsIMU Ha TJIABHON JuaroHaJu
= B"=0. O

Caencteue. Cyocerue A— NI na kopresoe npocmpancmeo K; asasemesn HUAGNOMERMHBIM
onepamopom wa IC;.

Bamgada. JJoka3aTh, uTO MaTpHia A SBISETCS HIIBIOTEHTHOH TOIA U TOIBKO TOTHA, Korga trA* =0

JIJIST BCEX HATYPAJILHBIX K.

_ A1955
3amaua. [na kpagparHbix Marpuil A u B BeimonHsieTcs paBenctso AB — BA = A . okazarh, 9TO

MaTpHuIla A HUJIBLIOTEHTHAS.
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31.4 KopHeBoe pa3jioxKeHue

Teopema o kopHeBOM pasjioxkeHuu. [lycmv mampuuya A € CY" umeem m nonapHo
PABAUYHBLL COOCTNBEHHLE 3HaveHUT arzebpauveckots kpammocmu ki, ..., ky, a Ky, ..., Ky
— omeeuaroujue um Kopreswe npocmparcmea. Toeda C" pasaazaemces 6 npamyo cymmy

C"=Ki+...+Kn. (+)

HoxkazareabcTBo. Jlokaxkem, aro cymma Ky + ... + K, ssBastercs mpsimoit. [lycts
4. Hr,=0 xz€K, 1<i<m =

(AA—/\QI)'IC2 ...(A—Aml)k7'L<$1+...—I—l’m) = (A—/\QI)kQ (A—)\m])kml‘l = 0.

3/1eCh MBI UCIIOIB3YEM TO, 9TO JIOObIe MATPUUIHbIE MHOTOUIeHB! 0T A KomMmMmyTupyor. B cuny
Jlennint 1, cysenne kaxaoit nz marput (A — \1)%, 2 < i < m, na K| asasercs oGpaTuMbiv
omeparopoM = x; = 0. AHAJOTUYIHO JOKA3BIBAETCS, 9TO Ty = ... = &, = 0. OcTaercsa
y9IeCThb, ITO

dim/C; + ... +dimC,, = n. O

Pazsoxkenne (x) HHOTIA HA3BIBACTCS KOPHEBLLM PASAOHCEHUEM MATPUIIBI A.

[Tycrs A paccMmaTpuBaeTcst Kak MaTpuIia JuHeiHoro oneparopa A : V,, — V,, Ha KOMILIEK-
cHOM n-MepHOM MpoctpancTse V,,. CobcTBeHHble 3HAYEHUS \; U HX aJredpamdecKue Kpar-
HOCTH k; He 3aBHCAT OT BBIOOpa Oasmca 114 npeactapienus omeparopa A. [loxg kopaeBBIMEI
mpocTpaHCcTBaME ollepaTopa A moHmMaloTcsa noanpoctpanctsa ker(A — \I)* C 'V, (3mech
I — roxpecrBenusiii oneparop). IloaydeHHOll HAMH TeopeMe MOKHO JaTh W OHEPATOPHYIO
dOpMyIUPOBKY.

OmnepaTopuas ¢popMyJTUPOBKA TEOPEMBI O KOPHEBOM pazjoxkeHuu. Cymma m xop-
HesuT npocmparcme onepamopa A asasemces npamot u coenadaem ¢ V,:

Vo =ker(A— DM + ...+ ker(A— A\, D)k

31.5 buaouno auaroHaJgabHada (popMa MaTPUITHI

CorytacHo TeopeMe 0 KOpHeBOM pazioxkenunu, 6asuc B C" MOKHO BBHIOpaTh Kak 00beInHe-
Hue 6a3ucoB B KOpHEBBIX mpocTpaHcTBax KC;, 1 < ¢ < m. Ilycrh sTror 6asuc mpeacraBiien
cronbnamu MaTpunbl X . Torma, BCIeICTBHE TEOPEMBI O KOPHEBOM PAa3JIOXKEHUH,

By
X TAX =
B,

[Topsinok 610ka B; paBeH ajrebpandecKoil KpaTHOCTH COOCTBEHHOIO 3HAYEHUS \;.
SamMeTuM, 4TO, B CHJIY TeOpeMbl O BepXHeil TpeyroabHoit dhopme, X MOXKHO BHIOpATH
TaKUM 00pa30oM, 4TO KaxK/Iblil 010K B; Oyier BepxHeil TpeyroabHoi MaTpuiei.

An
0

ook Aj; € C" XM u Ayy € C™2%™2 He mMeIoT OOIINX COOCTBEHHBIX 3HAUEHUH. [JOKasKUTe, YTO CYIECTRYET

A
3anava. Ilycts BepxHsis TpeyroabHAsS MATPUIA TOPSIIKA N = N1 +Ng UMEET BU { A12 U IIPU 3TOM
22
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varpuna X € C™*"2 rakas, 910

I X|[An AR] [T X170 [An 0
0 I 0 A22 0 I B 0 A22 '

31.6 Teopema 'amuabToHa—K31am

Teopema Tlamuabrona—Kamau. ITyems A € C™" — npoussoavras mampuya u f(A) =
det(A — M) — ee zapaxmepucmuneckuti mrozousen. Toeda f(A) = 0.

JlokazaTteabcTBO. [lycTh mMeeTcss m TONAPHO PA3JUYHBIX COOCTBEHHBIX 3HAYEHUIT
A1y vy Ay @siredpamdeckoit kpatuoctu ky, ..., ky,. Tormaa

f(A) = (=D™(A—=XD* . . (A= N\, I).

JTio6oit Bektop x € C" umeer Bum & = 1 + ... + T, tae (A — NIz, = 0. Ocraercs
saMeTuTh, 9T0 Marpuusl (A — N\ 1)% u (A — \;1)* kommyTupyror. O

3ameuanme. [Ipu jjokazarenbeTse TeopeMbl [amuabrona—Kaam 06110 HCTOIB30BAHO KaHO-
HUYECKOE PA3JI0KeHNe KOMILIEKCHOIO MHOTOWIEeHA (XapaKTepUCTHIECKOTO MHOTOUIeHA MaT-
punsl A) U cBA3aHHBIN ¢ HUM pe3yabTar o pacteniennn C" B OpsMyr cyMMY KOPHEBBIX
npocrpancTs Mmarpuisl A. OnHAKO, XapaKTEPUCTUIECKUN MHOTOMIEH UMEET CMbICT JIJIST MaT-
PHUIIBI HAJ JIIOOBIM [TOJIEM, TTPUYEM ITO Oy1eT MHOTOUIEH ¢ KO3 DUIUEeHTaAMU HMEHHO U3 3TOT'O
nosisi. B obmem ciydae, mpaBia, OH MOXKeT He WMeTh HHM OJHOTO KODHS B 3aJaHHOM MOJIE.
Tem ne menee, Teopema 'ammibrona—Kanm octaercs cipaBeIuBoil U B 00IIEeM CJIydae.

B cirygae mpow3BOIBHOTO OIS MOXKHO MPEJJIOKUTH, HAIIPUMED, TaKoe paccyxkaenre. Q0o3HAYNM Yepe3

B()\) marpuity, sjeMeHTaMi KOTOPOI SBJISIOTCH MHOIOWIEHbI OT A M IIPU 9TOM B HNO3ULMU i, HAXOJUTCH
anrebpauyecKoe JIONOAHEHHe K 3JIeMeHTY B no3uuuu j,7 marpuusl A — AI. Torma

(A= ADB(\) = BO\(A—-X) = fOI,  f(\) = det(A— ). (+)

JlaHHBIE PABEHCTBA MPEACTABIISIIOT COOON PABEHCTBA HEKOTOPBIX MAMPUUYHHLE MHOZ204%AECHOE — MHOTOUJIEHOB
OT A, B KOTOPBIX KOI(MPUIMEHTHI ABISIOTCSI MATpPUIaMU 00X pasmMepoB. CTemeHbi0 MATPUIHOIO MHOTO-
anena F(A\) = AgAF + Ap AP+ .+ Ay, rae Ay # 0, maspBaerca aucio k. Kak n parbime, Gymem mucaThb
deg ' = k. Herpyamo moka3aTh, 9TO CYIIECTBYET M €IMHCTBEHHO MIPE/ICTABICHIE

FQA) = (M = A)Q(\) + R(N),

rae mbo R(A) = 0, 6o deg R < k — 1. fdcno rakxke, yro F(A) = R(A). Ocraercs 3aMeTHTD, 9TO B CHILY
(*) marpuunslit MaorowieH F'(\) = f(A\)I menntcsa naneno va AI — A, nosromy F(A) =0 = f(A4)=0.
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32.1 MwuHuMaJibHO€ MHBAPUAHTHOE IMOJIIPOCTPAHCTBO

[Torpobyem caenars Hostee crenuaabHBINR BEIOOP Oa3nuca B KOpHEBOM IPOCTpaHCcTBe KC;, TO3BO-
JAIOMKHA pacmenursb K; B IPIMYIO CYMMY HHBapUAHTHBIX MOIIIPOCTPAHCTB ¢ MAKCUMAJIBLHO
BO3MOXKHBIM YUCJIOM CJIAraeMbIX.

[TockoIbKY HWHBapHAHTHBIE TOANPOCTPAHCTBA HE MEHSIIOTCS IIPHU CABHUTE, X MOYKHO CTPO-
uth A1 B = A—\; 1. Eciu A umeer nmonapHo pa3andabie COOCTBEHHDBIE 3HAYEHUS A1, . .., Ay,
TO B mnojydaer monapHo pa3udHble COOCTBEHHBIE 3HAYCHUS [l = A1 — Ajy «+ vy fhmn = A — A;
C TeMH Ke ajrebpamdecKuMH KpaTHocTaMU. B gactHoct, B nuMeer cobcTBEeHHOE 3HAYEHUE
1; = 0 anrebpandeckoit KpaTHOCTH k;.

[Ipeamonoxum, aro £ C K; nHBapuanTHO OTHOCHTENHHO B, n yctb © # 0, x € L. Torma
L cojepuT Bce BeKTOpHI Buna x, Bx, B2z, ... . Tlockonbky K; = ker B* | 3akmouaem, 4ro

Blz =0 upu 1> k.

O6osnaunm uepes k = k(r) mauvennmuii Homep Takoif, uro B¥z = 0. Byzem naswisath k
6uLCOMOT 6eKMOPa T B KOPHEBOM TIPOCTPAHCTBE KC;.

JlemMMa 0 MEUHMMAJIBHOM MHBAPUAHTHOM IIOANPOCTPAaHCTBE. [[ycms x € K; — sexmop
swcomu, k. Toeda

Ly = L(x, Bz, ..., B¥'z) C K;

ABNACNCA HAUMEHOULUM UHBAPUGHIMMHBILM TOINPOCMPAHCEOM, codeparcausum . IIpu smom
sexmopu T, Bx, ..., B¥ 'z aunetino nezasucumoL.

dokazarenbcTBo. llHBapumaHTHOCTH OvYeBHIHA. [IycTh
a1+ aoBr + ...+ B e = 0. (#)
Vuu0xKEB 06e wacTu ciaesa Ha B! maxomum B¥1Bx = B¥1B%2y = ... = B¥ 1Bz =0

= Bz =0 = o =0. Jamee, ymHoxxus obe gactu (#) ciesa na B¥ 2 maxomum
as = 0, u Tak gaJsiee. Takum obpasom, dim Ly = k. O

32.2 2KopmaHOBBI LIEMOYKN

3amymepyeM BeKTophl «, Bz, ..., B¥"'x B obparnom mopsanke: x; = BFlz, x, =
B¥2x, ..., x,_1 = Bz, z, = x. Torna
BSL’l = 0, Bl’j = Tj-1, 2 S] S k. (*)

209



210 Jlekmus 32

Cucrema BEKTOPOB T1, . .., T, 00JaJA0MMX CBOHCTBAME (%), HA3BIBAETCS HCOPIaHo60l ue-
noukol daunw k, nawunarowelcs ¢ eexkmopa r1. B cuty onpenenenus: B, paBencTsa ()
SKBHUBAJIEHTHBI PABEHCTBAM

Al’l = )\Z’.Tl, Al’j = )\iZUj + Tj—1, 2 S] < k. (**)
[Iycrs X =[xy, ..., ) u Jp — Marpuna nopsiika k, onpejejeHtas PaBeHCTBOM (Mar-
puna cyxennss A va Ly B 6asuce xq, ..., xy)
AX = X J,.
B cuy (%),
1 -
A1
Jp =
A1
Ai

Marpuna Buga Ji, HaszbBaeTcst scopdanosoti kaiemkoti (KOPIAHOBBIM OGJOKOM, YKODJAHOBBIM
AMMKOM ), OTBEYAOIIEii COOCTBEHHOMY 3HATEHUIO \;.

32.3 2XKopmasnoBa ¢popma MaTpPUIbI

[ToampocTpancTBO Ly, HATSIHYTOE Ha YKOPJAHOBY IEIIOYKY BEKTOPOB BIA () WH (), HHOT-
Jla HA3BIBAETCS UUKAUNECKUM nodnpocmparcmeom B K;, oTBedaronumM cOOCTBEHHOMY 3Hate-
uuio \;. Hama Ommkaiimas meap — mokas3aTh, 9To K; MOXKHO IIPEICTABUTH B BHUIE MIPSIMOit
CYMMBI IIUK/JIMIECKAX TTOAITPOCTPAHCTB.

Torma, o6beuHUB 6A3UCH MUKJIXIECKUAX IIONPOCTPAHCTB, Hoay4daeM B K; Takoii 6as3uc,
B KOTOpOM MaTpura cyxkeuusg A #a KC; umeer OJI0YHO JUATOHAIBHBIA BUJI, T KaXKIbIiT O,10K
€CTb KOp/aHoBa KJjaeTKa. ClaenaB TO Ke s KayKJI0r0 KOPHEBOT'O MPOCTPAHCTBA, B PE3Y/Ib-
Tare o0beuHeHnsT DA3UCOB BCEX MUK/INIECKUX MOMPOCTPAHCTB MO/IyIaeM TaK HA3bIBAEMBIN
stcopdaros basuc: B HeM Matpuria A mosydaer ¢Bow 2opoaHosy Phopmy — CTAHOBUTCS OJIOUHO
JIMAroHaJILHOW MaTpwulleil, B KOTOPOW KaKJblil OJIOK IJIaBHON JIMArOHAJN SBJISETCA YKOP/la-
HOBOH KJIETKOH HJId KAKOTO-TO €€ COOCTBEHHOIO 3HAYCHUI.

Marpuna J 6Ji04HO JguaroHaJibHOro BuJa ¢ OJjokamu Jy, ..., Jy Ha3piBaeTcss npsamotl
cymmoti ceoux 070k0B Ji, ..., Jy. Obo3HAUEHHE:
J1
JIN

B s70it TepMuHOTIOTEH KOpAaHOBA (hOPMa TPEACTABAIET COOON TPSIMYIO CYMMY »KOPIAHOBBIX
KJIETOK.

32.4 WMuaekc coOCTBEHHOTO 3HAYEHUSA

Ouesnano, kerB C kerB? C ... . B KoHeuHOMEpHOM HPOCTPAHCTBE IIOAMPOCTPAHCTBA HE
MOT'YT PACHINPSATHLCH HEOTPAHWYEHHO, MO3TOMY s HEKOTOPOi cremenn kerB* = ker BFf!.
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MuHnMaIBHBLT HOMED Kk ¢ TAKEM CBOHCTBOM HA3bIBAETCS UHIEKCOM COOCMBEHH020 3HAYEHUA
A; (mamomuum, uro B = A — \;1).

Vreepxaenue. Fcau kerB¥ = ker B*!, mo kerB! = ker B! npu scex | > k.

HoxkazareabctBo. Ilycrs z € kerB™"! = BMI(BIThz) =0 = B¥B'*z)=0 =
r €kerBl. O

CaenctBue. Hudexc ne boavuwe arzebpauneckoti kpamuocmu dannoz2o cobcmeertozo 3Ha-
YEHUA.
Jloctato4no ydects, 9o k < dimkerB* u kerB*¥ = kerB¥*! = ... = ker B¥:,

32.5 2KopmaHoB 6a3uc B KOPHEBOM ITPOCTPAHCTBE

IIycts k — ungexc );. Torna s = dimkerB* — dimkerB¥~! > 0. IlosToMy cymecTBYIOT S
JMHEIHO He3aBHCHMBIX BEKTOPOB T, .. ., T, JOMOMHSIONNX KaKoi-HuOyab 6azmuc B ker BF 1

110 6asuca B ker B¥:
kerB¥ = kerB* ' + L(zy, ..., x,).

(1) BekTopsl 21, ..., Ts HMEIOT BBICOTY k U MOPOZKIAIOT IUKIXIECKHUE IO IIPOCTPAHCTBA
Lli = L(l’“ B[Ei, Cey Bkilxi), 1 S ) § S.
(2) Cymma Lyg + ...+ Lis gBageTcst NpAMOil, TIOCKOTBKY BEKTOPBI
zy,Bxy, ..., B¥ 2y, ..., x,,Bzxs, ..., B¥ 2,

JINHEIHO He3aBUCUMBI. B caMoM Jiesie, mycThb

s

k
Z Z oziij_lxi = 0.

i=1 j=1

VYMHOKIB 00e JacTH ciepa Ha B maxommm
S S
k=1, _ k—1 _ .
anB" e, =0 = a;nx; € kerB = a;1;=0 1<i<s.
i=1 i=1

VMHOKHB 3aTeM obe yacTu ciaesa Ha BF72 110 Toil ke npuunHe noayunM oy = 0, 1 < i < s,
U TaK Jajee.

(3) Cymma kerB*=2 + L(Bzy, ..., Bx,) sBasercs npsaMoii.

(4) Ecmu ona ne cosmagaer ¢ ker B¥~! o maiiayTcs t muHeiiHO He3aBUCHMBIX BEKTOPOB
Y1, ..., Y TAKHX, 9TO

kerB* ' = kerB*? + L(Bxy, ..., Bxs, y1,..., ),

OpUYeM CYMMa SBJISIETCA MPSMOI.
(5) BexkTophl i, ..., Yy UMEIOT BHICOTY k — 1 U MOPOKIAAIOT IUKJINYECKHE MTOIIPOCT-
PAHCTBA
Ly = L(y;, Bys, ..., B* %y;), 1<i<t

(6) Cymma Ly; + ...+ Lis + Loy + ...+ Lot aBasiercst npsimoii. JlokazareabcTBo
AHAJIOTHYHO JOKA3ATEIbCTBY Hpemaozkenns (2).
(7) Cywmma kerB*=3 + L(B2xy, ..., B?x,, By, ..., By;) saBisercs npsamMoii.
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(8) Ecnu ona me copnamaer ¢ ker B¥~2 neiictByeM no anamoruu c marom (4).
U tak naiee.

JIist HArJIsIIHOCTH TOCTPOEHHBIE BEKTOPHI PACIOJIOKUM B BUJIE CJAeAYIONIEl TabInIIh:

T Ts
Bz, L. Bz Y1 L. Yt
B2z, .. B2z, By o By

Bk=1gy ... Bk-lgp, B2y .. BF2y .. oz .. 2z

BexkTops! nocieaneii crpoku 0d6pa3yior 6asuc B sape kerB. 9To cobcTBeHHbIE BEKTOPDI, OTBE-
Jarorie cobcTBeHHOMY 3Hadenuio \;. [lomxmpocrpanctso kerB = ker(A — \; /) na3eiBaercs
cobCcmBeEHHbIM NOONPOCTPAHCINGOM JIJIT \;, & €r0 Pa3MEPHOCTb — 2e0MEMPUIECKOT Kpam-
HOCMbI0 cObCTBEHHOTO 3HAaYeHus \;. [1o mocTpoenuio, obIee YucjI0 BEKTOPOB TaOIUIbI PABHO
aJredpanmIecKoil KpaTHOCTH ;.

YrBepxkKaeHne. Bce sexmopul yra3annoti mabauybl AUHETHO HE3ABUCUMDL U 00pa3yrom 0a-
suc 6 IC;.

HdokazareanbcTBo. PaccMoTpuM paBHYIO HYJIIO JTUHEHHYIO KOMOMHAIIMIO BCEX BEKTOPOB Tab-
JHAIBL. YMHOXKEB ee ceBa Ha BF~!, 3aMeTnM, 9T0 Bce BEKTOPHI, KpOMe MEPBOH CTPOKH, 06pa-
MA0TCst B HyJib. OCTaeTCs JINIIb JInHEHHAS KOMOMHAINS BEKTOPOB BEPXHEH CTPOKH, KOTOPYIO
marpuna BF ! nepeBoauT B Hysb. BhIBO/: JHMHeitHAsS KOMOHHAIINS BEKTOPOB BEPXHEH CTpO-
Kn npuHaIeknT ker B! 3naunt, K03 dUIIenTH IpH BEKTOPAaX BepXHeHl CTPOKH PaBHBI
aymo. C moMompio yMHO:KeHHs Ha BF 2 Haxoamm, UTO JHHeHHad KOMOHHAIMA BEKTOPOB
BTOPOH CBepXy CTPOKH MpuHaeskuT ker B¥~2. IlosToMy cooTBeTcTByIOMIe KO3bDMHITEHTDHI
paBubl nysio. U tak manee. O

Bekropb kaxoro crosibia Jannoi Tabjuibl 00pa3yior 6a3uc NUKJINYECKOIO HOAIPOCT-
parcTBa. COOTBETCTBYIONINE »KOPAAHOBBI MEMOYKH MOAYYAIOTCS IPH HyMepalu UX B KarK-
JIOM CTOJIOIE CHU3Y BBEPX.

32.6 CymiecTBoBaHUE U €JIMHCTBEHHOCTH YKOP/IAHOBOI (DOPMBI

Teopema. Jhobas mampuua A € C"" nodobra npamoti cymme HcopoaGHOBHLL KAECMOK
szl@...@JN,

20€ YUCAO U PABMEPDL HCOPOAHOBHLT KAEMOK OAA KAHCI020 CODCMBEHHO20 3HAMEHUS ONpede-
AAOMCA 00HO3HAUHO No mampuye A.

HokazareabcTBo. MBI TOJMBKO 9TO YCTAHOBHIN, YTO KOPHEBOE IIPOCTPAHCTBO K; €CTh Mpsi-
Masl CyMMa IUKJIMIeCKUX MOANPOCTPAHCTB. KaxK it cTo/i0err moJiydeHHON Bblllie TaOJIUIIbI
oTBeYaeT OHON »KOPJAaHOBOH KjaeTke. 113 310i »Ke TabJaMIBI MOXKHO HAHTH YNUCI0 YKOPIAHO-
BBIX KJIETOK 3aJIaHHOTO TTOPSIKA.

OGo3HaunmM 9epe3 m; 9NCI0 KOPAAHOBHIX KJIETOK JIIA \; MOpAaKa j. 3aMeTHM, B 4acT-
HOCTH, UTO My = S, Mp_1 = t 1 my = r. PasaMepHOCTD s/pa MaTPHUIIBl 9aCTO HA3BIBAETCS €€
deghexmom n obosnadaercs def = dim ker. B obmiem ciyuae

my = defB* — defB* 1,
Mp_1 + My = defB¥ ! — defB*2,

mi+...+MmMg_1+mg = def B.
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Orcroga HAXoauM (€ y4eToM TOro, YTO defB° = 0)
m; = 2defB? — def B! — def B’ 1< j<k.

CureoBaTeILHO, YUCI0 U IMOPAIKA KOPJAHOBBIX KJIETOK JIJIS \; OIPEIEISIOTCS PA3MEPHOCTSI-
v siep ker(A—\;1)?, a snaunt, u panramu matput (A—\;1)7. To ke BepHO /7151 ZKOPITAHOBBIX
KJIETOK KasK/JI0I0 KOPHEBOIO HpocTpaHcrea. O

CaenctBue. Mampuyv, nodobror mozda u moavko moz2da, k0204 oy uMewm 00UHAKO8Y0
ocopdanosy Popmy ¢ mowrocmvro do NePecmanosky HCoOPAGHOBHLT KALMOK.

3ajmaua. Bceerma am MOXKHO TOCTPOUTH KOPAAHOB 6a3HC, COAEPKAIIHI ITPON3BOIBHO BHIOPAHHDBIE OA3UCHI

B CODCTBEHHBIX MOAIIPOCTPAHCTBAX?

3angava. Ilycts J — 2kOpmaHOBa KJIETKA MOPsIKA 1 C HYJIEBbIM COOCTBEHHBbIM 3HadeHnueM. Jlokakure,

uro ypasuenue X2 = J ornocurensno X € C™*" me umeer pemrenuii, eciu n > 2.

32.7 IuBapuaHTHBIE HOAIIPOCTPAHCTBA JIJisd BEeIlleCTBEHHBIX MaTPUIL

Ecmun marpuna A mopsizika n BelecTBeHHAs, TO MOYXKHO TOTPeOOBAThH, U4TOOBI €e WHBAPU-
aHTHBIE MTOJIITPOCTPAHCTBA BhiOUpaauch Toibko B R™. Tlpu ganHoM orpaHuyeHun MOYKET He
HAWTHCh HU OJIHOIO HHBAPUAHTHOIO MOANPOCTPAHCTBA pa3MeprocTH 1 (npuseaure mpumvep!).
Tem He MeHee, cpaBeIJIIBO

YrBepxkaeuue. Mampuuya A € R™™ npu n > 2 umeem uHBaPUGHMHOE NOONPOCTPAHCITNEO
L C R"™ pazmeprocmu 2.

HoxkazareabcTBo. Ilycth A = a + ib — coberBennoe 3nadenne ¢ MHUMON dacTbio b # 0.
[IpencTaBuM coOCTBeHHBIH BeKTOp A1d A B Buae x + iy, rae x, y € R™. Torna

Alx +iy) = (a+1ib)(z +iy) = Axr=ax—by, Ay=br+ ay.

Orcroaa nosydaeM takixke, 9ro A(x —iy) = (a — ib)(z — iy). Bexropw! = + iy u « — iy nuneii-
HO HE3aBHCUMBI, TAK KAK OTBEYAIOT Pa3HBbIM COOCTBEHHBIM 3HauYeHuAM Marpurpl A. [Tycrsb
azx+pPy =0 = (a—if)(z+iy)+(a+if)(z—iy) = 2(az+Py) =0 = a—if=a+if=0
= «a = 3 = 0. CrenoBaresbHo, JuHeliHas 060104Ka L(x,y) ABIIETCs JIBYMEPHBIM HHBAPH-
AHTHBIM ITIOJNPOCTPAHCTBOM OTHOCHTEIbHO A. Ecjin KOMIUIEKCHBIX COOCTBEHHBIX 3HAYCHUIT
HeT, TO 0A3UC, OYEBUTHO, MOXKHO COCTABUTH U3 BEIIECTBEHHBIX BEKTOPOB. [

32.8 BemiecTBeHHBIIT aHAJIOT »KOP/IaHOBOI (DOPMBI

[Iycts A € R™™ umeer KopanoBy KJeTky J mopsjaka k Jjisg KOMILIEKCHOTO COOCTBEHHOT'O
3HaYeHust A = a + ib ¢ MOuMol Jacthbio b # 0. DT0 03HAYAET CYIECTBOBAHUE YKODPIAHOBOM
[ETTOYKH

A’Ul = )\Ul, A’Uj = )\’Uj —|—Uj,1, 2 S] < k.

[IpeacraBum Kazkaplit BEKTOP v; B BUje v; = x; + 1y;, rae x;, y; € R". Toraa naxonum

A[xhyh T2, Y2, -y Sck,yk] = [Ihyl, T2, Y2, -y wk,yk]M%
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rjie
T a b 1 0 7
—b a 0 1
a b 1 0
—b a 0 1
My, = c € REH*CH), ()
a b 1 0
—b a 0 1
a b
L =b a J
Bamernwm, uro auHeiHas obomouka L(xy, y1, - .., Tk, yx) C R" apisiercs nHBApUAHTHBIM 10/

IPOCTPAHCTBOM Pa3MEPHOCTH 2k, COBIMAJAIONINM C MPAMOI CyMMOM’ JIBYX HOJIPOCTPAHCTB —
KOPHEBOTO MPOCTPAHCTBA MATPUIBI A JJIs COOCTBEHHOIO 3HaYeHUd \ = a + ib U KOpHEBOTO
IPOCTPAHCTBA [/ CONPAZKEHHOTO COOCTBEHHOTO 3HAUCHH \ = a —ib (B CIUTy BeIIeCTBeHHOC-
i K03 DUIIEHTOB XaPAKTEPHCTHIECKOTO MHOTOUIEHA, \ H \ 004 SIBJISIIOTCS COOCTBEHHBIMIT
3HAYEHUsIMUA MaTpHIBl A OIMHAKOBOI KpaTHOCTH). /13 cKa3aHHOTO BHITEKAET

Teopema. Jlwbas mampuua A € R™™ ¢ nomowpro sewecmseennoz2o npeobpasosarus nodo-
ous npusodumcs K Npamot cymme 8eULELCNBEHHBL HCOPIAGHOBHLT OA0K06 U 8EULECTNEEHHBIL
6a0k06 uda (*).

32.9 BpruucieHnue >k0paaHOBOI (bopMbI

[TPUMEP 1. BbIgcHHTH AUATOHAJIM3YEMOCTH MATPHIIBI

-1

A=17%

0

OO = =
_ e
_ =

B cunty 6/109HO auaroHaJIbHOTO BHIA 33JAHHON MATPUIHI, €6 COOCTBEHHBIE 3HAYEHUST MOXKHO MCKATh TIO
OTHEJBHOCTH JJist 0j10KOB A1 = {:} ﬂ u A, = E ﬂ Marpuna A umeer cOOCTBEHHbIE 3HAYEHHS A = 2
kparHoctu 1 u A = 0 kparuoctu 3.

CobcTBeHHBI BEKTOD /1711 A = 2 eCTh HeTpUBHAJIbHOE pernenne cucreMbl (A —2- Iz = 0. Paur Mmarpuirst
ko3 duimenToB paser 3, HodITOMY (DyHIAMEHTAJIbHAS CHCTEMA PELIEHUH COCTOUT 13 0JHOro BeKTopa. Cober-
BeHHbIE BeKTOPbL Ayt A = 0 — 310 HerpuBuasbhbie pemenus cucreMbl (A — 0 - )z = 0. B nannom ciyuae
paHr MaTpuiibl KO3 MOUIMEHTOB PABEH 2, TO3TOMY B (DyHIAMEHTANBHON cucreMe 2 BEKTOpa => HMeercs
CHCTEMa POBHO M3 JBYX JIMHEHHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB myist A = (. Takum obpasom, Ga3u-
ca u3 COOCTBEHHBIX BEKTOPOB HE CYIIECTBYET, MOITOMY Marpuia A He MOxKeT ObITH MOJ00HA, JUATOHATIHHOM

Marpuue.

[IPUMEP 2. Haiitu xopaanoBy (opMy # COOTBETCTBYIONIUI KOPJAHOB OA3MC I

A:

OO O
SO~ O
o= O
=)

JlaHHas MaTpUIa nMeeT coOCTBEeHHOe 3HaueHme A = 1 kparnoctu 4. Bce mpocrpancrso C* apmnsercs
KOPHEBBIM it coOCTBeHHOro 3Hadenus A = 1. C momompio capura nepeiigeMm K marpune B = A—1-1 u
[IOMHTEPECYEMCS €€ CTEIIEeHIMU:

B? = B3 =0.

S o OO
o O OO
o O O
oo = O
o O OO
S O OO
o O O O
oo O
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BHauKUT, YUCIO KOPJAHOBLIX K/IeTOK 1opsaika 3 pasuo dimkerB? — dimkerB? = 4 — 3 = 1. lmeercs raxzxe
OIIHA KOPJAHOBA KJIETKA TOPsIKa 1.

ITpuHaIeKHOCTh BEKTOPA & = [T1, T2, X3, x4]T anpy ker B? onuceiBaeTca ypasHerneM x4 = 0. IlosTowmy,
B3 x = [0,0,0,1]T, momygaem mpamyio cymmy

kerB® = kerB? + L(z).
BekTop = umeer BbICOTY 3 U MOPOXK/IAET HUKJIMIECKOE IOAIPOCTPAHCTBO, HATIHYTOE HA BEKTOPDI
x, Bx=10,0,1,0]", B%r=1[0,1,0,0]".

[IpuHaITesKHOCTh BEKTOPA 2 = [21, 22, 23, 24] | COOCTBEHHOMY TIOAMPOCTPAHCTBY ker B OTMHCHIBAETCS CHC-
Temoi#t ypaBHeHuil z3 = z4 = 0. I[losTomy, manpumep, z = [1,0,0,0]T SIBJISIETCSI COOCTBEHHBIM BEKTOPOM,
JIMHETHO He3ABUCHMBIM C y¥Ke HalJIeHHBIM cobcTBeHHbIM BekTopoM B2z = [0,1,0,0]". OkonvaTenbHo,

0 1
0 1
J= 0 , X = [B*z, Bz, x, z].
0
O6paTuM BHEMaHWE Ha TO, 9TO *KOpAaHoBa ¢opma J u MaTpura X KOpIaHoBa 0a3mca doasicHbL COOM-
semcmeosamsb apyr apyry: AX = XJ. Dro 3HaunT, 9TO JasKe U3 TPABUIBHO HANIEHHBIX BEKTOPOB NMEETC s

BO3MOXKHOCTb COCTaBUTH HEIPABU/IbHYIO Marpuuy X (3a cuer HeBEepHON UX HyMepaluu).

[TPUMEP 3. Hunbnmorentnasa marpuna J nopsaka n = 10 uMmeeT aBe KOPJTAHOBBI KJIETKN
HOPSIJIKa 3 U JIBE KOPJAHOBBI KJIETKH MOpsiaka 2. Tpebyercss BHIYUCANTD KOPAAHOBY (bopmy
marpuns A = J2.

HunsnorernTHocTh o3uadaer, ato J mmeer cobcrBennoe 3uHadenne A = 0 kparnoctu 10. To ke BepHO n
st Marpuibl A = J2. Berancasiem pasmepuoctn saep: dimkerA = 8,  dimkerA? = 10. CrnenoBaTenbHo,
kopaanoBa (popma marpuiibl A cocrour u3z me = 10 — 8 = 2 kiteTok nopsijika 2 u my = 2-8 — 10 = 6 KieToK

nopsijika 1.
Bamaua. Issecrno, uro APt = A, k> 0. Jokaxkure, uro marpuna A japaronaiusyema.

3agaua. JlokaxkuTe, 9TO MATPUIA MOPSAKA N > 1 WMeeT KOHEYHOE UNCJIO0 WHBAPUAHTHBIX TOIITPOCT-
PaHCTB B TOM ¥ TOJIbKO TOM CJIy4ae, KOrJa KaKJOMy COOCTBEHHOMY 3HAYEHHUIO COOTBETCTBYET POBHO OJ/IHA

KOpPpJaHOBa KJI€TKa.
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33.1 HopmajgbHble MATPUIIHI

OcHOBY MATPUYIHONH TEXHMKH COCTABJIAIOT MpeoOPa30BaHUS U PA3JIOKEHHS MATPHI] 00IIero
BUJIA, IOJIyYaeMble IPU IIOMOIIY CHENUAIbHBIX KJIACCOB MAaTPHIL.
KpajparHas KOMILTeKCHasg MaTpuiia A Has3bIBaeTcss Hopmaavhot, eciu A*A = AA*.

Teopema. Mampuua A € C™™" HopmasvHas moz0a u Mosbko mozda, k0206 048 HEKOMOPOT
yrumaproti mampuuvs Q € C" mampuya Q*AQ asasemcesa dua2oHarvHOT.

JoxkazareabcTBo. Ilo Teopeme [lypa, cymecrByer yautapuast marpuia (), npuossimas A
K BepxHeMy TpeyrosbHoMmy Buay B = QAQ*. PasenctBo A*A = AA* paBHOCHIBHO paBeHCT-
By B*B = BB*. Octaercs MOoCMOTpPeTh, YTO OHO O3HAYAET B CAydae BepxXHell TpeyroabHoi
MaTpHIbl B:

bi bir b1z ... bin bir b1z ... bin bin
biz b2 b2 ... ban b2 ... ban biz bz

Bin B - bun b band |Bin B oo Bun
[TpupaBuuBasg 31eMenTsl B no3unun (1, 1), moxydaem
bui|® = [bul* + b2 4+ ... + [bia]> = b =...=by, =0.
YUauTHIBast 970, IPUPABHUBAEM 3JIEMEHTHI B MO3UIHA (2, 2):
|boa|® = [bao|® + |bag]® + ... + [ban]® = bay=...=by, =0.

N tax ganee. BoiBoa Takoii: BepXHASA TPEYrogbHAs MAaTPHUIA SBASETCS HOPMAJIbHON TOrIa 1
TOJIBKO TOIJIA, KOTJA OHA SIBISETCSA IHaroHaJbHOW. 3Ha4uT, papeHcTBo A*A = AA* BBINON-
HsIeTCS B TOM M TOJBKO TOM CJIydae, Korja B — nuaroHajibHag Marpuna. O

CaenctBue. Mampuua asaaemes HOPMAALHOT 8 MOM U MOALKO MOM CAYYGE, K0204 OHA
obaadaem opmoHOPMUPOBAHHBIM DA3UCOM U3 COOCMBEHHBLT EKMOPOS.

[Iycre A = Q*AQ) — amaronanbaas marpuia. CTogbipl yHHTAPHONH MaTpuibsl () obpa-
3YIOT OPTOHOPMUPOBAHHBIH 6a3uc u, B cuty paBeHcTBa AQ) = QA, aBasioTcst cOOCTBEHHBIMT
BeKkTOpaMu Marpuinsl A. O

Kak BuanMm, mobasi HOpMaabHas MaTpHUIA M0A00HA JUAroHAJIbHOMN, MpudeM 1npeodpa3o-
BaHWe NOJ00Us PEAJM3YeTCs C MOMOIIBI0 YHUTAPHONH MATPHIBl. B TaKUX CIydasX TOBOPSAT
00 yrnumaprom nodobuu.

Ecin A* = f(A) naa nekoroporo muorodnena f(\), To marpuna A, 09€BUIHO, HOPMAaJTb-
Has. Bepro n obparnoe. IIpeanonoxum, aro A mMeeT m monapHO Pa3JIHIHBIX COOCTBEHHBIX
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3HAYEHUA Aj, ..., Ay, ¥ BO3bMeM B KadecTBe f(A) MHOIOWIEH CTeleHu He Bbile m — 1, npu-

nuMaromuii npn \; 3nauenne ;. Torma A* = f(A) = A* = QA*Q* = Qf(MN)Q* = f(A).

Bagaga. lokaxure, 4TO CHEKTPAJIbHBINA PaAUyC (MAKCUMAJIbHBII MO/YJib COOCTBEHHbBIX 3HAYEHUIT) HOP-

MasbHON Marpuiubl A nomyckaer npezcrasienue p(A) = m%( |a* Ax|/|z* x|
x

33.2 YHuTapHbIEe MAaTPUIIHI

A1
[Iycte A — HOpMaJsibHAs MaTpuna, A = = Q*A(Q) — muaroHaJIbHas MATPHUILA U3
An
ee cOOCTBEHHBIX 3HAYEHUIT U () — yHUTApHAS MAaTPUIA U3 €€ COOCTBEHHBIX BEKTOPOB.

Hanmomunm, ato kBajpartHast marpuna A HasbiBaeTcs yHumapHotl, eciu A*A = 1. U3
OmpejiesIeHtsl sICHO, ITO JII00as YHUTApHAS MATPUIA ABJIsIeTCsT HOPMAJIbHOM.

YrBepxkaeHue. HopmarvHas MAMPuua AGAAEMCA YHUMAPHOT moz20a U mosbko mozda,
K020a 6ce ee cOOCMBEHHBIE 3HAYEHUA NO MOOYAIO PAGHL 1.

HokazarensctBo. A*A=1 & ANA=] < |N=11<i<n O

Qll Q12
Q21 Q22

3angava. YuurtapHas Matpuna Q = [ ] mopsAKa 2n pas3duta Ha OJ0KM TOpsaka n. Joka3ars,

qTOo |det Q12| = |d€t Q21|.

33.3 Marpuiibl oTpakeHnd U BpallleHUusd

YHUTApHBIE MATPUIILI 3AHUMAIOT, OECCIIOPHO, 0c000Ee MECTO B BHIYUCJIUTEILHON ajaredbpe: Bo-
MEePBBIX, OHU 33JAI0T OPTOHOPMHPOBAHHBIE OA3UCHI; BO-BTOPBHIX, NPH YMHOXKCHHH Ha HHUX
COXPAHSIOTCsI JIJTUHBL CTOJIONOB (U J1azKe UX CKaJsipHble Tpon3Benenns). Cpein HUX BbIeJs-
I0TCAd ABa O4Y€HDb ITOJIE3HbIX JIA BbIYMCJICHU A NOoAKJIaCCa: MaTpUulbl OTpazKeHUA U MaTpPpHUILbL
BpAlllCHUA.

Mampuuet ompascenua (Marpuneii Xaycxonaepa), opoxkaeHHoil Bekropom v € C™ enu-
HUYHOI AJIMHBI, HA3BIBaCTCA MaTpHUIla BHIA

H=H(v) = I—2w", lv| = 1.
Ouesuuno, H* = H w H*H = H? = [ — 4vv* + 4v(v*o)v* = I.

Haspamnue Bnonne ompasnano. [lycts xlv = o'z = 0. Torna Hr = x — 2v(v'z) =
= nomnpocrpanctso (L(v))l sBisercs coBCTBEHHBIM MOAMPOCTPAHCTBOM [Isi COOCTBEH-

HOTO 3HaveHust A\ = 1 kparnoctu n — 1. Kpome toro, Hv = v — 2v(v'v) = —v =
BEKTOD ¥ OTpazKaeTcd OTHOCUTeLHO IojanpocTpanctsa (L(v))L u onpejenser ognomepHoe
coOCTBEHHOE TIOANMPOCTPAHCTBO JJIsI COOCTBEHHOI'O 3HaUeHHsda A = —1 KpaTHocTH 1.

Takum obpaszom, B HEKOTOPOM OPTOHOPMHUPOBAHHOM Oa3mce MAaTPHUIA OTPaYKEHUA WMeeT
BU/I,

-1

Bewecmeennoli mampuuet epawernus (Marpuneit TuBenca) mopsiaka n, onpeaessieMoii
yrioMm ¢ u Homepamu 1 < k < | < n, HazwiBaercst marpuria W = W (o, k, 1), otnaatomasicst
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OT eJMHUYHON JIMIIb dIeMEHTaMu 2 X 2-TIOJIMATPHIbl Ha MepecedeHur CTPOK U CTOJIOIOB C
HOMepaMu k W [; 1aHHasT TOAMaTPHUIlA UMeeT BH]L

[ cos¢p —sing }

sing  cos¢

[lox, xomnaexcroti mampuuetd epauienus MOKHO TOHUMATh MATPHILY TAKOTrO *Ke BHJA, B
KOTOPOH yKa3aHHas 2 X 2-1M0JMaTpUIA MOXKET ObITb YMHOXKEHA CIpaBa U CJIeBa Ha ITPOU3-
BOJIbHBIE NAarOHAJbHBIE YHUTAPHBIE MATPHUIIHI.

YHUTAPHOCTH BeNeCTBEHHBIX W KOMILIEKCHBIX MAaTPHI] BPAIlleHUsd MPOBepAeTcs Helo-
CPeJICTBEHHO.

33.4 SDpMUTOBHI MATPUIIHI

HamomunMm, uTo maTpuna A HasbBaeTcs 3pMuUTOBOI, ecin A* = A. OueBHIHO, JT100ast SpMU-
TOBa MaTpHUlla ABJIAETCA HOpMaJIbHOfI.

YrBepkaeuue. Hopmasvhas mampuya ABAAEMCA IPMUMOBOT M020a U MoAbKo mozda,
K020a 6ce ee COOCMBEHHBIE 3HAYEHUS GEULECTIBEHHDL.

JokazarenbctBo. A=A < A=A & M=)\, 1<i<n O

Bagaua. Ussectno, uro A2 = A u kerA L im A (OpTOroHATBHOCTH OTHOCHTENBHO €CTECTBEHHOTO
CKaJIAPHOrO mpou3sejenusd). Jlokaxkure, yro A = A*.

3agaua. [lamo moampocrpancrso L C C™. Jlokaxkwure, 9To cpean Bcex marpul] A takwx, 9yto imA = L
u A? = A, nauMenbluee 3HadeHne 2-HOPMbI JOCTUIACTCH 1 HEKOTOPOII SPMUTOBON M IIPUTOM TOJIBLKO OIHOM

Marpuubl A.

Bagaua. [lokazkure, 9To 714 110608t spMuToBoit MaTpuisl H marpuna Q = (I—iH) "' (I+iH) asnsercs

yHHTapHO#. JI100yI0 /I YHUTAPHYIO MATPHUILy MOXKHO HMPEJICTABUTH TAKUM 0Opas3oMm?

Bamaga. pmurossr Marpunsl A, B € C" takosbl, uTo A’ = A mw B? = B. JlokaxKure, 4TO ecin
[|A — Bl|l2 < 1, To rankA = rankB.

33.5 DpmMUTOBO pa3jIO’KeHUE

Banucek marputel A BBuge A = H+iK, tne H* = H, K* = K, Ha3bIBaeTCs €€ apMUMOBbIM
PA3AOAHCEHUEM.

Teopema. Jlasa awboii mampuuyve A € C™" apmumoso passoscerue cyuwecmeyem u
edUHCMBEHHO.

HokazarenbcrBo. Emmacreennocrs: A =H +iK = A*=H —-iK =
1 1
H:§(A+A*), Kz;(A—A*). (%)
i

CymecrBoBanue: nycte H u K onpenenstorcest bopmyaaMu (*); OHE, OYEBHIHO, SPMHTOBbI
unpusrom A= H +iK. O

Samernm, ato mMarpuria B = iK gBIsgeTCs K0CoapMumosoti — TaK HA3BIBAIOTCA MATPHUITHI
B co croiictBom B* = —B.
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33.6 HeorpuiiarejgbHast U TOJIO2KUTEJIbHAS OMPeaeJeHHOCTh

Marpuna A € C" ™ HazplBaeTCA HEOMPUUAMENLHO (NOAOHCUMEABHO) onpedenennol, ecu
x*Ax >0 (x*Az >0) V x€C" z#0. Obosnauenne: A >0 (A > 0). Heorpunaresanbuo
onpeJieJIeHHbIe MATPUIIBI HA3BIBAIOTCS TAKIKE NOAONHCUIMEALHO NOAYONPEICAEHH LM

Teopema. /laa Heompuyamenvrol (noasoscumensvroti) onpedesennocmu mampuuv, A €
C™™ neobxodumo u docmamourno, 4mobove oHa 6vLAG IPMUMOB0T, MAMPUUET ¢ HEOMPUUI-
MEALHBMU (NOAOHCUMENDHBMU) COBCTNEEHHBLMU 3HAYEHUAMU.

JokazarenbcTBo. Vcmonb3ys apMuToBo passnoxenune A = H + 1K, mHaxonum
¥ Ar = (z"Hz) + i(z" Kx).

Yucno x*Ax BemectBenHo aasg jawoboro x =  r*Kx = 0 gaa Becex x. OTCiofa BbITEKAET,
ITO SPMHUTOBA Marpuia K mMeer TOJBKO HyJeBble cOOCTBeHHBIE 3HadeHus: Ko = Az, x # 0
= 'Kz = ANz*z) =0 = X = 0. Byayun nogobua uyJseBoii marpuie, Marpuma K
MOZKeT OBITHb TOJMBKO Hy1eBoii = A= H. Ecmu Hr = Av,x # 0, ro 2*Hx = A(z*z) > 0
= A>0. Ecim X*Hz > 0, To, KoHegHo, A > 0.

Tenepsb npeamnoaokuM, 970 A — 3pMHUTOBA MATPHUIA ¢ HEOTPUIATEIBHBIMEA COOCTBEHHBIMH
3HAYEHUSAMUA A1, ..., A\, © ODTOHOPMUPOBAHHBIM O6A3UCOM COOCTBEHHBIX BEKTOPOB V1, . . ., Up.
[Iycts x = aqvy + ... + a,v,. Torma Arx = ag Aoy + ... + a, \yv,. Otcrona

r*Ar = (Az,z) = Mo + ...+ AJan? > 0.
B ciayaae \; > 0 maxomum x*Ax > 0 mpu  # 0. O

Bagava. Ilyctb A = H + iK — spMmuToBo pasinoxkenue Marpulbl A. JJoKaxKuTe, 4TO BelleCTBeHHbIe
YaCTU CODOCTBEHHBIX 3HAYEHUN MATPUILI A 3aKJIIOYEHBI MEXK/y MUHUMAJIBHBIM U MAKCUMAJBHBIM CODCTBEH-
HBIMF 3HAYEHUSIMA IPMUTOBOU MATPUILI H, 8 MHUMBIE 9aCTH — MEXKJy MUHUMAJIbHBIM U MAaKCHUMAJIbHBIM

COOCTBEHHBIMU 3HAYEHUSIMU 3PMUTOBONH MATPHUIIHI K .

3amaua. Jlanbl KBaApaTHbIE MATPHUILI A 1 B OZHOTO TOPsIKa, IIPH 3TOM MaTpHUIA B HEBBIPOXKICHHASI.
JIokaxkure, 9TO M3 HEOTPHUIIATEIHLHON OMpeIeIeHHOCTH MATpuIlbl B* B — A* A BBITEKaeT, 4TO CeKTpasIbHbIl

pamuyc marpuupsl B 1A ne 6ombime 1.

Sagaua. IlycTh 3a7aHBI BEIMIECTBEHHAS MOJIOKATEIHLHO OMpeneIeHHas MaTpuna A mopsaaka n 1 BeKTOp
b € R™. Hokazarb, uyro ¢yukuuonan f(z) = (Az,z) + (b,z) upu x € R™ orpanuyeH cHu3y u CylIeCTByer

€JIMHCTBEHHAs TOYKA T(, B KOTOPOil f(xo) ecTh €ro MUHMMAJILHOE 3HAYEHHUE.

33.7 KBajgpartHbIii KOPpEHB

Ecim A = S?, 10 S ecTecTBeHHO HAa3BIBATDL K6a0PATIHBIM KOPHEM U3 MATPHIB A.

Teopema. Jlaa aw0boti neompuyamenvro onpedesennot mampuuyve A € C™*" cyuecmeyem
eOUHCTNEENHAA HEOTPULAMEAbHO onpedeaennan mampuya S € C™™ maxas, wmo S? = A.

JokazareabcTtBo. Marpuma A 5pMuTOBa M MO3ITOMY YHHTAPHO TOZ00HA BEIECTBEHHOM
JUaroHAJIbHON MaTpure A ¢ JAuAroHATbHBIMU dj1eMeHTamMu \; > 0 (BCJeJcTBHe HEOTpHIA-
TesibHOIT onpeenennocTr): A = QAQ*. [lycre D — nuaroHasibHasg MATPUIA € JIEMEHTAME
Vi. Torna D? = A u, oueBunno, S = QDQ* — HeoTpHUIATETHHO ONpeIeTeHHBI KBaIpaT-
HBIH KOpeHb u3 A.

[IpuBenennoe mocTpoenue AOKa3biBaeT cylecTBoBanue. Ho equHCcTBEHHOCTL TpEdyeT J10-
noJIHUTEILHOrO paccyxaenus. Eciu SQ = QD, to AQ = QD?. Tlyers Q = [q1,...,q,] 1
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D umeer nmaroHaJbHBIE 3yeMeHTH d;. IlycTb & —- cOOCTBEHHBIH BEKTOpP MATpUIBl A /s
cobcTBeHHOTO 3HaYeHus A. Torma st HEKOTOPBIX KO3Mh(DUIIHEeHTOB «;

T = Z o = St= Z ai\/Xin\/Xx.

di=vV'A di=Vx

Taxum obpazom, aeficTBue S 0JHO3HAYHO ONPEIeIeHO Ha BEKTOPaX JIIoboro basuca u3 cober-
BEHHBIX BEKTOPOB MaTpuipl A. O

JI1s HeoTpHIIATEIHHO OIPENeJeHHOIO KBAJIPATHOTO KOPHS S U3 HEOTPHUIATEILHO OIIpe-
nestennoit Marpuisl A ynorpebisercs oboznadenne S = A2,

3amaua. Marpunst A u B 06e 3pMUATOBBI, TIpH 3TOM A TOIOKUTEILHO ONpeaeieHnas. /JJokakuTe, 910
cobcTBeHHBIC 3HAUEeHW MaTpull, AB n BA BelecTBeHHBIE.

33.8 buaouyHo amaroHajJbHass ¢opmMa BEMIECTBEHHOII HOPMAJIbHOI
MaTPUIIbI

[Tycte A — BemecTBeHHAST HOPMAJIbHAS MATPHUIA. B cujly HOPMAJIBHOCTH, BCE YKOPIAHOBBI
KJIeTKH — mopgaka 1.

[Ipemonozxkum, 9410 A = a + ib — coOcTBeHHOE 3HAYEHHE C HEHYJIeBOH MHUMOI 9acThio b,
U IMyCThb

Alx +iy) = (a +ib)(z + iy) = (ax — by) +i(bx + ay), z,yeR". =

Atel=lead| 5 1] ()

3ameTnM, 9TO COMPSIKEHHOe YUCI0 A = a — ib Toxke OyaeT cOOCTBEHHBIM 3HAYEHUEM, OTBE-
YJAIOIUM COOCTBEHHOMY BeKTOpY « — iy. [l1g HOpMaJbHON MAaTPHUIBI cCOOCTBEHHBIE BEKTODBI
JIJI PA3JUYHBIX COOCTBEHHBIX 3HAYEHHH OPTOTOHAIBHBI =

(r+iy,z—iy) = (z,2) — (y,y) +i2(z,y) =0 = (2,9)=0, |z|=|y|

Orciofia cJie/lyer, 9T0 PABEHCTBO (%) COXPAHHTCS MPH 3aMeHe T U Y Ha HOPMHPOBAHHBIE 1
OPTOTOHAJBHBIE BEKTOPHI /s u y/s, s = |z| = |y|. Takum obpaszom, umeer mecTto

Teopema. /[aa moboii seutecmserioti HOPMAALHOT MAMPUYDBL CYULLCMBYEM, EULLCTNEEHH LT

OPMOHOPMUPOBAHHBLT 6a3UC, 8 KOMOPOM OHG ABAACMCA NPAMOT CYMMOT BeULECTNEEHHBILT

b
ba0%08 nopadka 1 u eewecmeeHnur 6,40K06 nopadka 2 euda [ .

33.9 DbBuaouHo nuaroHaJbHad (popMa OPTOTOHAJILHOI MaTPUILHI

CobcTBeHHbIE 3HAYEHUsI OPTOTOHAIBHON MaTpHIbl Mo MOy 0 paBubl 1. [TosTomy anasor
YKOPJAHOBOiT (DOPMBI B JJAHHOM CJIy9ae IpeACcTaB/IsieT COOOH HMpAMYI0 CyMMy OJIOKOB IIOPSI-
Ka 1, OTBeYAIONINX BEIIeCTBEHHBIM COOCTBEHHBIM 3HAYeHUsIM, paBHBIM 1 min —1, u GJI0KOB
HOPSLIKA 2, OTBEYAIONINX TapaM KOMILIEKCHO COMPSIKeHHBIX cOOCTBEHHBIX 3HAUECHU A\ = a-+ib
u\=a—ib, b#0. Bamernm, uro a®> +b> =1 = cortacuo (%), Kazxbiil 610K HOPSIKA 2
B JJAHHOM CJIy4ae eCTh BEIECTBEHHAS MATPUIA BPAIEHUSI.

Teopema. /[aa 410607 0pmo20oHaAbHOT MAMPUYLL CYULLCMEYEM BEUWECTNEEHHBIT OPMOHOP-
MUPOBAHHBIT 6A3UC, 8 KOMOPOM OHG ABAAEMCHA NPOUZCEICHUEM BEULLCTMBEHHLT MAMPUY, O~
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DAACEHUA U BEULLCTMEEHHBLT MAMPUY, BPGULEHUSA.

JokazarenabcTBO. I3 CKa3aHHOI'O BbIIIE SICHO, YTO B HEKOTOPOM OPTOHOPMHUPOBAHHOM Oa-
3UCe MOJIy4YaeTcs OJIOUHO uaroHaIbHAsT MATPHUIA C BEIIECTBEHHBIMHI OIOKAMU TOpsaKa 1 mjist
COOCTBEHHBIX 3HaUeHHi +1 m OJ0KaMu TOpsiKa 2, KOTOPhIE OKA3bIBAIOTCA BEIIECTBEHHBIMI
MaTpHuiamMu Bparienus. /loctaTodno 3aMeTuTh, 9T0

My My 1 1
Mo I Mo I

M, I I My,
Teopemy MOXKHO MPOUHTEPIPETHPOBATD TAKUM 00pa3oM: aunetinoe omobpascenue ¢ R™,
coxpanauLee dauHbL, C600UMCA K KOMNOSUUUL OMPAdHcenuti U 8paweHul.

3amaua. Jlokaxkure, 9T0 100as BEIECTBEHHAS MATPHUIIA BPAIEHUs sSIBISETCS MPOU3BEICHUEM IBYX

BEIIECTBEHHBIX MaTPHUI OTPaKEHHA.
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34.1 Marpunia ®Pypse

WcKI0unTeIbHO BayKHBIH KJIACC VHUTAPHBIX MaTPpHUIl B MaT€MaTUKE U IPUJTOZKECHUAX — 3TO
ClienuaJIbHbI€ MaTPHUIIbI BaH,ZLepMOH,ZLa, INOCTPOEHHbIC Ha KOPpHAX M3 ¢UHHUIDLI. HyCTb

( 27T> L ( 27‘(‘)
g = cos| —— 4+ 1sm|(——|.
n n

OT0 MepBOOOPA3HBI KOPEHb M3 eJMHuIBI cremenn n. - Marpuma Bamgepmonga aad 4u-

cen &) el ..., " nasmiBaercs Taxxke marpuneil (mpgamoro) duckpemmozo npeobpasosanus

Dypwve, nnu, Kopoue, mampuuet Pypve nopsika n. Odo3HaUeHHE:

1 1 1

1 et gz . gl

1 8(77,—2)-1 8(n—2)-2 o 6(n—2)~(n—1)
1 5(n—l)-l 8(n—l)-2 o 6(n—1)~(n—1)

YrBepxkaeuune. Mampuua Pypve obpamuma u npu 3Mom 00PamHaA MAMPUUA UMEEM 6UJ

n

Ft o= 1R
n

JloKa3aTeqabCTBO. DJjleMeHThbl Ipou3Bejenns Marpul F ¥ F), JIerko BBIYUCISIOTCS KaK CyM-
MBI 9JIEHOB T€OMETPHUUYECKO MPOrPeCcCui:

—_

n—

n—1 n—1 i . .
(FpF)y = Y ehiebl = Y e = Z(g(ﬂ‘*“)k _ { =0, LF
k=0

n 1= 7.
0 k=0 ’ J

e
Il

Takmm obpazom, FiF, = nl. O
Bamaua. [lokazats, uro Fit = n?l.

Bamaua. Haiitn Makcumasnbroe 3Hadenne dbynkuun f(A) = |det A| Ha MHOXKeCTBe BCEX KOMILIEKCHBIX

marpmr] A ¢ snemenTaMu |a;;| < 1.

IMunyc — nanb croxKuBleiics TPaJUIUIKE ONPEIEICHNs IPSIMOro U obparHoro npeobpasosanuii Pypoe:
MWHYC — JJIs IPSIMOTO, TIII0C — JIJIsT OOPATHOTO.

293
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34.2 IlupkKyJagaHTHbIEe MATPUIIbI

Kpacusbiit u mojie3nbiii Kjacc HOpMaJbHBIX MaTPHUIL — MaTPUILhl BU/IA

ag an—1 an—2 e a2 ay
ai ag ap—1 ... a3 az
A— as a1l ag ... a4 a3
an—-2 Gnp—-3 Q4pn—4 ... 4aQ an—1
an—-1 Aapn—-2 Ganpn-3 ... a1 ao

Marpuma A Ha3bLIBACTCS UUPKYAAHMHOT Mampuyel WA Yupkyssnmom. B dacTHOCTH, TpH

n = 4 nonydaeM
ap a3z a2 ai
A _ ay ap az a2
a2 ai aop a3
a3z a2 ai ag

Kak Bujanm, MupKyJISTHTHas MaTPUIlA HOJHOCTHIO OIPEJIeJIsSieTCs JieMeHTaMu JIF00o# cBoeil
crpoku wian Joboro cronba. Ee mepsbiii crosiber ecth a = [ag, a1, . . ., an,l]T.

Yrobbl HaiiTh cOOCTBEHHBIE 3HAYEHWS] W COOCTBEHHBIE BEKTOPHI MATPHUILI A, BO3bMEM
[IPOU3BOJIBHBIH KOpeHb & cTeneHn n u3 eauHuibl (§" = 1) 1 paccMOTPUM YHCIIO

A= )\(5) =ap+ 5(11 + ...+ fn_lan_l.

IlocneoBaTesbHO yMHOXKAA obe gacTu Ha 1, £, €2, ..., £, maxomum
/\1 = Qo +§CL1 ++ S”’lan_l,
/\5 = Qp_1 +§CLO + ...+ f”flan_g,
A 52 = Qp-2 + gan—l +...+ gn—l QAp—3,
/\'gn—l = a +€CL2 + ...+ 5”_1a0.
CrenoBare/bHO,
AL 7 = [1,6 .., A (%)
Bribepem ¢ = cos(—27/n) + isin(—2n/n). PasencrBo (*) cmpasemmmso npum £ =
1, e, €% ..., " ! u, cenoBaTe bHO, JAaeT CUCTeMY PAaBEHCTB, KOTOpas B MATPUIHON 3aIllCH
UMeeT BHJ
AF, = F,A,

rae F, — marpuna Oypbe nopsaka n, A — auaroHajgbHas MaTpPUIA BHIA

A1)
Ae)

A=

Aem1)

Urak, AFf = FA = cronbupl Matpunbl F' cyTh cOOCTBEHHBIE BEKTOPHI MATPHIIDI
A, orBedalomue cCOOCTBEHHBIM 3HAYCHUSAM, PACIOJOKEHHBIM Ha JuaroHam Marpunbl A. 3a-
MeTuM, 4T0 F¥ momydaercs u3 F),, mepecTaHOBKOW CTOJOIOB: IePBBIt CTOJI0EN OCTaeTCs Ha
MecTe, a CTOJOIBI CO BTOPOTO IO MOCASHIH CTaBATCS B 00paTHOM mopsake. [loaromy MOXKHO
YTBep:K1aTh, YTO OA3UCOM U3 COOCTBEHHBIX BEKTOPOB IMUPKYJIAHTHONR MaTpunbl A aBigroTca
cToab1sl MaTpuibl Pypoe F,. [lomydennbie pe3yabrarsl ¢chOPMYJIUPYEM B BUIE T€OPEMBI.

Teopema 0 mUpPKyAdHTaX. [lycmov A — QUPKYAAHMNHGA MATNPULG C NEPEBM CTNOAGUOM
a=lag, ..., ay_1]". Toz0a

A—l

n

F*AF,, (#)
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2de F,, — mampuua DPypwve nopadka n u A — duazonarvhas mampuya cobcmseennbxr snaue-
Hutl suda
M A1 ao
A= ol =FE
>\n A" an—1

Hecsio:KHO TPOBEPHUTH, UTO JJIsi JIIOOBIX Aq, ..., A, MaTpHIa B IPaBOi dacTu (#) sBJs-
eTcsd MUPKYJITHTHON MaTpureit. OTciona fCHO, 9TO NPOU3Be/IeHNe IMUPKYJIAHTHBIX MATPHUIL
0oCTaeTCd MUPKYJIAHTHOW MaTpULECH.

Marpuna, obpaTHas K HEBbIPOXKJICHHONH MUPKYJATHTHON MaTpPHIIE, TAKZKe SIBJISACTCA IHP-
KYJIAHTHOM.

34.3 Aunrebpsl marpwiy

Jliobas yimHeiinasg KOMOMHAIMA NUPKYJISHTOB €CTh IMUPKYJASHT. TakuM oOpa3oM, MHOXKECT-
BO IUPKYJISTHTOB TOPSIJIKA N SBJISIETCSA N-MEPHBIM JIMHEHHBIM MPOCTPAHCTBOM, Ha KOTOPOM
omnpejeieHa onepanusd YMHOXKEeHUS 3IeMEHTOB, KOTOPast BMECTe ¢ ollepalineil cJI0XKeHus Tpe-
BpalllaeT JJaHHOe JIMTHEHHOe TPOCTPAHCTBO B KOJIBIIO.

[TycThb B inHEiiHOM HpocTpaHcTBe V' Onpeesiena onepanus yMHOKEHHs! 3IeMEHTOB, KOTO-
pasi JieJ1aeT ero TakyKe KOJbIOM € eJIMHUIEH, ¥ MyCTh YMHOYKEHHE MPOU3BOIbHBIX 3JIEMEHTOB
a v b W YMHOXKEHHE Ha YHCJI0 (v CBsA3aHbl akcnomoii a(ab) = (wa)b = a(ab). B Takux ciydasx
IPOCTPAHCTBO V' HA3BIBACTCS aA2ebpot.

3aMeTnM, 9TO YMHOXKEHHE IUPKYJISHTOB KOMMYTATUBHO — MOITOMY OHHU JAIOT MpPHUMEP
KoMMYymamueHot anzebpo, MaTpull. Bece MHOXKeCTBO MaTpHIl (PUKCUPOBAHHOTO MOPSIIKA 1 —
npuMep HEKOMMYTATUBHOM aarebpbl.

Teopema. [lycmo M — anzebpa mampuy u A € M — neswpoosicdennasn mampuya. Tozda

Al e M.

HoxkazareabcTBo. I[lycts A € M. Ilo Teopeme 'amumabrona—Kaau, A aHHy IMpyeTCs CBOUM
XapaKTePUCTHIECKAM MHOTOUIeHOM: ol + a1 A+ ... + a1 A" P+ A" = 0. Ecim A — neBbI-
pOZKJIeHHAS MAaTPUIla, T0, yMHOKas 06e dactu Ha A~! u yuursiBas, uto ag = (—1)" det A # 0,
oIy IaeM

1
Al = - (a1[ +asA+ ... a, 1AV 2+ A”fl) e M. O
0

[To amayioruu ¢ MUPKYJIAHTAMEI, MOYKHO MOCTPOUTH MHOTO JPYTUX KOMMYTATHUBHBIX MaT-
PUYHBIX aJreop.

YrBepxkaeuue. /Jlia awoboti purcuposarnoti nesviposcdentoti mampuuysv, () € C™*™ esce
mampuus, suda QAQ™1, 20e A — npoussosvras QuazonasbHaA MAMPUYA NOPAOKA N, 00Pa-
3YN0M KOMMYMATMUSHYI aN2e0D1.

JlokazaTeabCTBO. YKa3aHHOE MHOXKECTBO MaTpuIl 0603HaunM yepes M. Ecin A, Ay € M,
o A1 = QA1Q 7Y, Ay = QA>Q ! nag kakux-To amaroHa’bHBIX Marpun A; m A,. Torma
OéAl + /BAQ = Q(Al -+ AQ)Q_I S M u A1A2 = Q(AlAg)Q_l S M a

3ameuanme. Jlannoe yTBepzKjieHHUE OMUCHIBACT HE BCE BO3MOKHbBIE KOMMYTATUBHBIE aJTre0-
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pol marpui,. Hanpumep, nycrs M cocTrout u3 Bcex n X n-MaTpHil BHIA

al ao

A== o o (%)
an—2 Aan-—-3 cee al aop
an—1 an—2 an—3 ai ao

Hecnoxkno mpoBeputnb, 94To M gBIsieTcs KOMMYTAaTUBHON anarebpoit, Ho B M mmeroTcs
He[maroHan3yembie MaTpuipl (mokazxure!). Eme onns npumep KoMMyTaTHBHON anrebGpbl —
MHOXKeCTBO Marpui A takux, uro A1 € M.

3amaua. Jlama kopmaHoBa KieTka J mopsaaka n. JloKaykwTe, 9TO MHOMKECTBO BCEX 7T X N-MaTPHWII,

KOMMYTHPYIOMIX ¢ J |, COBMAJAET ¢ MHOYKECTBOM MATPHIT BUA (*).

34.4 OgHOBpEMEHHOE MpPUBE/IeHNE K TPEYTOJIbHOMY BUY

Teopema. Jlas npousdsosvholi Kommymamuerot aseebpor mampuy, M cywecmeyem obpa-
mumaa mampuya () maxaa, wmo oaa moboti A € M mampuya Q1AQ asasemesa seprnet
mpeyz204oH0U.

HoxkazareabcTBo. Ilycrs marpumer Ay, ..., Ay € M C C"*" o6pasytor 6a3uc B JTUHEAHOM
npoctpancTse M. /lokazkeM, 9TO OHM UMEIOT OOMINi cOOCTBEHHBIH BEKTOP.

O603Ha4uM depe3 L coOCTBEHHOE HOANPOCTPAHCTBO MaTpulbl Ay jijist COBCTBEHHOIO 3HA-
qenust \;. [lycrs Ajz = Mz, © # 0. Torna

Al(A2I> = AQ(Alﬂf) = )\1(142.%‘) (*)

Cnenoparenbno, Asx € L. Bonee Toro, Abx € L ana seex | = 1,2, ... [lyctrb M — mu-
HUMAaJIbHOE HOJMPOCTPAaHCTBO, coldepzKallee Bece BeKTophl Buaa Abr. Ouesmano, 370 MUHE-
MaJIbHOE MOJANPOCTPAHCTBO, MHBAPHAHTHOE OTHOCHTEILHO Ao U comepkaiiee x. B cuy (%)
zaksodaem, uto M C L. B M obs3arenbHo uMeercst cOOCTBeHHBIN BeKTOp i As, OH ke
OyJeT cCOOCTBEHHBIM BEKTOPOM U s Aj.

Hamee mo uaaykiun. Ilyers L — comepxkamiee © # (0 mepecedeHne COOCTBEHHBIX IOJI-
npocTpalcTs Ly, ..., Lj, OTBEYAIOIINX COOTBETCTBEHHO Marpuiam A, ..., Ap_1, a M —
cojiepzKaliiee & MAHIMAIBHOE MOANPOCTPAHCTBO, HHBAPUAHTHOE OTHOCHTEIbHO Aj (0ueBmI-
HO, OHO COCTOUT M3 BEKTOPOB BUa P(Ay)x 1Jisl BCEBO3MOKHBIX MHOTOUJIEHOB p). JIerko mpo-
BepuTh, uT0o M siBAsieTcss (HeHyseBbIM!) TOANPOCTPAHCTBOM JJIsT KayKJIO0TO M3 CODCTBEHHBIX

noAIpocTpancTs Ly, ..., Lg. [Tostomy M C L, a conepxkamtuiicss B M coOCTBeHHBIT BEKTOD
g Aj aBisieTcss cOOCTBEHHBIM BEKTOPOM Takxke Iasa Aq, ..., Ap_1.
Nrak, mycrb © — obmumit cobcreenubiit BekTop st Aj, ..., Ag. Ilycrs P — mobas

obparumas MaTpulla, IepBbii crosbern KoTopoit papen x. Torma KaxkKiaas W3 MaTPUIL
PAP7Y ..., PA,P~! mveer G10uHbI BUI

P_lA'P _ >\z UiT B, € C(n—l)x(n—l)
1 0 BZ Y K3 .
HemocpencrBenno nposepsiercst, uTo MaTpuiibl By, ..., By KoMMyTupyior. Ecau onu 0IHOB-

PEMEHHO MPUBOJAATCA K BEPXHEMY TPEYTOJBHOMY BUJY C TIOMOIIBIO OOPATUMON MaTpUIbl Z
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nopsaxa n — 1 (kaxkgas u3 Marpun, Z ' B;Z aBjisercs BepxHeil TPeyroabHoil), T0 MaTpuua

1 0
=P
OJHOBPEMEHHO NMPHUBOIUT K TPEYTOAbHOMY BHAY KaxKayioo w3 marpui, Ap, ..., Ap. To xe
BEPHO U JIJ/IsI IIPOU3BOIbHOMN JnHeHOW KoMOnaanun Marpun, Ay, ..., Ag. O

3agaya. Marpuupt A u B nopsaka n KOMMyTUPYIOT. JIOKaxKuTe, 4TO CyIIeCTBYIOT HEBBIPOXKIEHHbBIE
varpunbl P u () takue, uro PAQ = {% ](\)/'} u PBQ = ﬁ)( 3} , te osioku I, X u N, Y mMeroT mopsaok

k mu n — k, COOTBETCTBEHHO, U, KPOME TOrO, MATPUNA [ equHndHast, & [N HAJIbIOTEHTHAS.

Bagaua. g marpun A, B € C"*" cymecrsyer umcio A takoe, uro det(AA — B) # 0. Jlokaxwure,

YTO CYILIECTBYIOT HEBLIPOXKIEHHbIEe MaTpulbl P u () takue, yro PAQ = ﬁ;“ Z(\)f] n PBQ = FO( I 0 },
n—k

rae 6soku Iy, X u N, I,,_j, ©UMeIOT TOpsioK k u 1 — k, COOTBETCTBEHHO, U, KPOME TOTO, MATPUILI [ u [,

CINHUYHBIC, a N HUJILIOTEHTHAS.

JOITOJIHUTEJ/IbHAA YACTD

34.5 Dbrictpoe npeobpa3oBanune Pypbe

Yuuoxxerane marpuibl Pypwe F,, Ha BekTOp-cTom0en x € C" Ha3BIBACTCS NPAMbIM NPeobpa-
306anuem Pypve BeKTOpA I.

Knaccuueckoe npaBuio yMHOKEHHS MATPHUIIBI HA BEKTOD JAaeT aJTOPUTM C YUCJIOM OTie-
pammii nopaaka n’. OJHAKO, CIeNHAJbHBIH BHJ MATPUIB F), MO3BOJIAET YMHOMKATH €e Ha
BekTOp ¢ 3arparoil umb O(nlog, n) apudmerndeckux omneparmii!

AJIropuTMBI ¢ TAKUM CBOHCTBOM (6bicmpoe npeobpaszosarue Pypve) HAYATH BHEAPATHCA
B IIPAKTUKY BhIUucIeHuit B 60-x romax 20-To BeKa U MpoU3BeIn OyKBAILHO MEPEBOPOT B psijie
pa3iesioB NPHUKIaIHONl Maremaruku. 2 Tak mim mmaue, GuicTpoe mpeobpasosanne Dypne
CTAJIO0 OCHOBHOM KOMIIOHEHTOH MHOT'HX OBICTPBIX aJrOPUTMOB B 3a/a4ax JUHEHHO aareOphl.

[peanonoxum, uto n = 2L u m = n/2. Byaem mymepoBaTh cTPOKH 1 CTONOIB MATPUTIHI
F,, aucnamu or 0 1o n— 1. Ot F,, nmepeiigem K MaTpuie ﬁn, B KOTOPOI CHavYaJIa UAYT MOIPST
BCe CTPOKM F), ¢ YeTHBIMH HOMEPAMH, & 3aTeM — BCe CTPOKHU ¢ HEYETHBIMU HOMEepaMu (SICHO,
9TO ﬁn = P,F,, rie P, — COOTBETCTBYIOIAsI MATPUIIA EPECTAHOBKY). PaccMoTpum ﬁn Kak
OJIOYHYIO 2 X 2-MaTpHuIy:

- [€2kl]m><m [€2k(m+l)]m><m
F, = , 0<EkIl<m-—1.
[5(2k+1)l]m><m [5(2k+1)(7n+l)}mxm
Samernm, 9TO
[€2kl]mxm _ [€2k:(m+l)]mxm _ ij
[6(2k+1) l]mxm — FmDm7 [5(2k+1)(m+1)]mxm — —FmDm,

2Hauamo “mepeBopoTa’ oTcumThIBaeTCa ¢ 1965 roma — €O 3HAMEHHTON pabOTHI aMepHKaHIes Kymm m
Teioku. BriocsieictBun 66110 BBISICHEHO, YTO ObICTPbIE AJIrOpuTMbI ObLn Onucanbl Pyure eme B nagase 20-ro
Beka; 6osiee Toro, I'. CTpaHT yTBEp:KIaeT, YT0 OOHAPYKUJI UX MPOTOTUTHI ere v Laycca.
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rie
1
61
D,, =
gm—l
CanenoBaTenbHO,
Fn_Pn[ ’ FmHO DmHIm _Im}, m=n/2.

Taxkum 00paszoM, 3aja4a yMHOXKEHUS MaTpuibl [, Ha BEKTODP CBOAMUTCH K JIBYM aHAJIOIHY-
HBIM 33Ja4aM JJisd MaTpumpl ), ;5. IT0o0bI 0CyIecTBUTh peAyKIu0, TpeOyeTcs BBIIOIHUTD 7
CJIOYKeHUTi-BBIANTAHNH 1 n/2 yMHOXKeHUiT (Ha 3IeMeHTsl Auaronanbuoit Mmarpuust D, ). O6o-
snadnM depe3 Sy (n) u Si(n) obiee YUCITO CIOKEHHA-BRIYUTARUH W yMHOKeHUiT. UT0OB UX
OLIEHUTDH, HYKHO ITPOCYMMUPOBATH 3aTPAaThl Ha PeIYKINIO 3a1a4 /1js Bcex L = log, n maros
PeKypCHuu:

Si(n) = n + 2(n/2) + 2*(n/2%) + ... + 27 (n/2"Y) = nL = nlogyn,

1
Si(n) = §nlog2n.
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35.1 CunryagpHbIe Y1CJIa U CUHTYJISIPHbIE BEKTOPHI

[Tycte A € C™ ™. Torma A*A € C™*" — 5pMuUTOBa HEOTPUIIATEILHO OIpeIe/IeHHAs MATPUIIA:
(ATA)" = A*(A")" = A" A, rA*Ar = (Ax, Az) = |Az|* >0 V € C"

[TosToMy Bce ee cOOCTBEHHBIE 3HAYECHHST HEOTPHUIIATEIbLHBI.

HeorpunareabHble KBaJgpaTHble KOPHH U3 COOCTBEHHBIX 3HadYeHMi MaTpuibl A* A Ha3bI-
BAIOTCST  CUHRYAAPHOMY wucaamu MaTpunbl A. Cunrynspreie uncaa o; = o0;(A) npunsTo
HYMepOBaTh O HEBO3PACTAHUIO:

o, > 0y 2 ... 2 0p > Opp1=...=0,=0.

ByﬂeM CYUTaTDh, 9TO A umeer r HEHYJIeBbIX CHHI'YJIAPHBIX YHCEJI.

IIycTts uq, ..., 4, — OPTOHOPMHPOBAHHBIA 6a3uc COOCTBEHHBIX BEKTOPOB MaTpuibl A*A
TaKOU, 4TO
2 .
A*Au_ Uiui7 1§ZST7
1 - .
0, r+1<i<n.

[Tonoxum v; = Au;/o;, 1 < i < r. Torma (v;,v;) = 0 mpu @ # j u (v;,v;) = 1. Jononaum
CUCTEMY V1, ..., Uy BEKTOPAMH Up11, - . ., Uy, IO OPTOHOPMEUPOBaHHOTO Oa3uca B C™. 3amMeTnm
Tak»Ke, ITO mpu j > r + 1

A'Au; =0 = uwjA"Au; =0 = (Au;)"(Au;) =0 = [Auyl=0 = Au; =0
B uTore nomrydyaem

01

Alug, ..y up) = [v1, ..., U = AU =VE,

rie U = [uy, ..., uy) u V. = [vg, ..., vy] — yHHTADHBIE MATPUIBI, & Y — JAUATOHAJIbHAS
IPAMOYTOILHAA MATPHIA TEX JKe PA3MepOB, 94TO U MaTpuna A.

Crosoupt marpun, U u V' obpasytor cuneyaspruvie basucv, marpuinpl A. Crosoust U Ha-
3BIBAIOTCS NPAGHLMU CUHZYAAPHBLMY BEKMOPAMU, & CTOJOUBI V — AE6bLMU CUHZYAAPHBLMU
sekmopamy, MaTpuibl A. CBs3b MeEXKy CHHTYJISPHBIMH BEKTOPAMU W HEHYJIEBBIMH CUHTY-
JISIPHBIMH YHCIAMH YCTAHABJIMBAETCSA COOTHOIIECHUSIME

Aui = 0,0, A*Ui = O;Uy;, 1 S 1 S r.

2909
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Kpowme Toro,
Au; =0, r+1<i<n, A, =0, r+1<i<m.

Wrax, MBI JOKa3aJH, 9TO 044 410601 mampuuyv A € C™ " umeem mecmo paseHcmeo
AU =VY (%)

oas wexomopwux yHumaprux mampuy U € C™" V€ C™™ u duazoHasvhol npamoy2ons-
HOT Mampuybl pasmepos m X n ¢ wucaamu o; > 0 npu i = j. 3anucap (*) B Buie

A=VYU", ()

HO/IydaeM IIPeICTaBIeHIe MATPUIILI, HAZLIBACMOE €€ CUHRYAAPHYIM PA3AOHCEHUEM.

Eciau KaKuM-TO €OCOGOM TOJYUYEHO DA3JIoKeHHe (k%) ¢ YHHUTApHBIME Martputamu U u
V, 10 A*A = U(X*E)U*. Ilosromy ecam ¥ — auaroHajbHas OPsSMOYTOJbHAS MATPUIA C
HeoTpulaTe/JIibHbIMU 3JIEMCHTaMU, TO €€ HEeHYJIEeBbIC€ 3JICMCHTbLI OllpeAe/ieHbl OAHO3HAYHO.

Bagaua. Haiinure cunryaspHoe pa3iozkeHue 2 X n-MaTpuibl A = E 1 ﬂ '

35.2 IloagpHoe pa3Jio>KeHmeE

Ecan m = n, To MOXKHO 3anucarh (*%) B BUIE
A= (VEV")(VU") = HQ,

rae H = VXV* — HeoTpHIATEIbHO ONpe/ieJieHHas (TI09TOMY TaKyKe 3DMHUTOBA) MAaTPHUIA, a
Q = VU* — yunrapuas Marpuna (Kak npousBejieHne YHUTAPHBIX Marpul). [IpencraBiaenue
mvatpuribl A B Buge A = H() ¢ HeorpumareibHO onpeaeaertoit H u yaurapHoit () Ha3bBaeTcs
ee NOAADPHM PA3NOHCEHUEM.

[Tongproe pazyioykeHWe MATPHUIBI MOYKHO CUYUTATH AHAJIOTOM TPUTOHOMETPHIECKOH hop-
Mbl KOMILJIEKCHOI'O YUCJIA.

35.3 BpIBOABI U3 CUHTYJISAPHOTO PA3JIOYKEHUS

(1) Yucao HEHYAEBVT CUHRYAAPHBIT WUCEN T PABHO DaH2Y MAMPulb A.

(2) Cuneyaaproe pasaosicerue conparcernots Mampuyb, umeem 6ud

A =UX"V*.

(3) imA=L(vy, ..., v), kerA= L(tupsq, ..., tuy).

(4) imA* = L(uy, ..., u,), kerA* = L(vyq1, ..., Up).
B kauecTBe CI€ACTBHS MOXKHO HOIYYUTH NMPEACTABIEHHS IIPOCTPAHCTB B BHIE OPTOrO-
HATBHBIX CYMM

C" = kerA @ imA*, C™ =kerA* @ imA.

1Ono GBITIO TTONYYEHO COBEPIIEHHO IPYTHM CIOco60M B Jlexmum 27.
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T T
(85) A=) opvguy, A" =D opugvy.
k=1 k=1

(6) Ecaum=mn=r (mampuya A neswposrcdennas), mo

n

n
B 1
A= E opvguy, A 1— E — UV
Ok

k=1 k=1

(7) Iycmov oy > ... > 0, — cuneyaaprvie wucia Hesvposcdennot mampuyse A.  Tozda
ol > ... > 07" — cumeyraprvie wucaa mampuyve AL

(8) Al =01, [[Allr = oi+...+ 0k

Croekrpasbaas u GpobeHnYCOBA HOPMBI SBASIOTCS YHUTAPHO WHBAPUAHTHBIME. [losToMy
I|All2 = ||Z||2 m ||Al|lF = ||Z]|F. OueBunno, ||Xz||y < o1||z||2; paBercTBO MOCTHTACTCS, ecn
x uMeer 1 B nepBoit mo3uruu 1 0 B OCTAJAbHBIX.

deno Takxke, uro ||X||p = +/oi+ ...+ 02 O

Bagaga. J[lana kBagparaas marpuna ¢ Hopmoil |[A]le < 1. Jokaxkure, 94TO CyIIECTBYIOT KBAJAPATHBIE

B .
marpunel B, C, D takue, 910 MaTpuna O | ABIACTCA YHHTADHOL.

Bagaua. Ilycrs A — kBagparnas marpuna u Hy = (A + A*)/2 — ee spmuroBa wactb. Jlokaxkure,

9TO JIJIst TPOM3BONBHON SPMUTOBOW MaTpHIbl H TOTO ¥Ke MOPSiIKA WMeeT MeCTO HepaBeHCTRO ||A — Hlls <

1A = Hll2.

3anmava. okaxwure, uyro ecsiu H — 3puwmroBa, a U — yHWTapHAsi MATPHIA TOrO K€ MOPsiIKa, TO
(1 = I|l2 < |[H = Ullz < [[H + 12

35.4 CuHryJsapHOe Pa3J/IoXKeHUE N PelleHne CUCTEM

YrBepxkaeuune. Peuwenue cucmemv, Ax = b ¢ neswpootcoennoti mampuuetd A umeem sud
n
_ Bk S N o
T = l;l SEuy, 2de B, = vpb = (g, b) — Koadpuyuermor pasioscenus sexmopa npasot wacmu
b NoO CUHRYAAPHDLM BEKMOPAM V1, . .., Up,.

JokazaTeabcTBo. Bripaxenue jis « cpady ke noaydaercs u3 (6). Ecau b= v +... +
Bnn, 10 (b,vr) = Br(vk, vk) = B (BCaeaCTBHE OPTOHOPMUPOBAHHOCTH CHCTEMBI BEKTOPOB
Vi, ooy Up)e O

JlanHoe yTBepzKIeHne MPOsSCHSIET POIb HAIPpABJICHUS BOZMYIIEHUI IPH PEIIEHUN CUCTEM.
Ecnn kosddunument [y, 3amensierca Ha [ + £, T0 KO3(PPUIMEHT IPU Uy B PA3IOKEHAN T
o 6asucy uq, ..., U, BO3MYINAETCS HA BEJIUIUHY €/0). UeMm MeHbIIe oy, TeM CHJIbHEe MO-
JKeT m3MeHnThes perienne. [Ipu masiom o, “0cobeHHO omacHbl” BO3MYIIEHUS BEKTOPA MPaBoit
JacTu b B HAIIpABJIEHUH BEKTOPA Us,.

35.5 Meroa HauMeHbIINX KBaJIpPaTOB

Ecnn cucrema Ax = b HecoBMmecTHa, TO paBeHCTBO Ax = b He BBINOJHAECTCA HEU I OJHOIO
BEKTOpa . B 3TOM ciiydae, TeM He MeHee, IIBITAl0TCA MHTEPECOBATLCA TAKUMU I, TIPU KOTOPHIX
BekTOp b — Ax (ero Ha3bIBAOT HesA3Kol IS T) WMeeT MUHWMATIHHO BO3MOYKHYIO JJIHHY.



232 Jlekmus 35

Bekrop = HasbiBaercst ncesdopewenuenm cucreMbl Az = b, ecan
[|b— Azx||s = mzin [|b — Azlls.

B nammom merose ompejesierusi “000DIIEHHOTO peIlleHUs] B BEIECTBEHHOM CJIydae pedb
ﬂeﬁCTBI/ITeJIbHO naeT O HauMCEHbIIEM 3Ha4YeHUU CYMMbBI KBaJIpaTOB (OTCIO,H& Ha3BaHUE Me-

TO/IA)
m

Ib— Azl[3 =) (b — anz1 — ... — in2n)”.

i=1

Yreepxkaenune. [Tyemov A — mampuya pasmepos m X n u parea r. Muoscecmso ncesdo-
pewenuli cucmemovr Ar = b ecmo aunetinoe MH02000DA3UE, PASMEPHOCTL KOMOPO20 PABHA
n—r.

JokazareabcTBo. llycts h — mepueHauKyJsp, ONYyIIEHHbI 13 BEKTOpa b Ha MOIIPOCT-
paHCcTBO imA, a y € imA — cooTBeTCTBYIOIAs OPTOrOHAJbHAs mpoeknus. Torga cucrema
Az = y coBMecTHA, U €CJTH 2 — ee TIPOU3BOJIbHOE perrenne, 10 |h| = |b— Az| < |b — Az| nna
BCEX & TAKWX, 9T0 Ax # y. SHAYUT, MHOKECTBO MCEBIOPEIIeHHI COBIAIALT ¢ MHOZKECTBOM
perenuit copmectnoii cucremsr Az =y. 0O

Cpenn Bcex TCEBIOPEIIEHni BhIIEIAeTCs TICeBI0PeNTenre & MUHIMAJIbHOW JJIMHBI — OHO
HA3BIBAETCS HOPMAALHULM Ncesdopeuteruem. | eOMeTpUIecKH SICHO, 9TO T €CTh TepIeH IHKY-
JISIp, ONYIIEeHHBIH Ha kerA w3 J0O0TO YACTHOTO PEIeHHsl z COBMECTHO cucreMbl Az = y
(BeKTOp Yy — oproroHajbHas npoexiust Bekropa b Ha imA). Takum obpasom, nopmasvroe
ncesloPeweHUE CYUECTNEYEm U edUHCMEEHHO.

Cunry/spHoe pa3JioyKeHne MO3BOJSgeT JaTh ABHBIN BUJ HOPMAIBHOTO ICEBIOPEIIeHHS:

R Y
Po=) (%)

g okasaTesbCTBa JOCTATOYHO MPOBEPUTH, UYTO b — AT 1 imA u = L ker A.

[Ipocrora dopmysibl He HOMKHA CO3JABATHL BIEYATIeHHE 00 OTCYTCTBHM MPOOJEM MPHU BBIYUCIEHUU I.
TnaBuas upobiiema, cobCTBEHHO, B TOM, 4TO B cjyydae 7 < min(m,n) pasr 7 MOXKHO [OBBICUTb CKOJIb YI'OJHO
MaJIbIM BO3MYIIEHUEM SJIEMEHTOB MATPHUIIBI, 8 9TO 03HAYAET, YTO HOPMAJIHHOE TICEBIOPEIIeHNEe, HECMOTPS Ha,
dakT CyIecTBOBAHUS U €IUHCTBEHHOCTH, HE ABJISETCS HENPEPLIBHON (DYHKIIHEH OT 3JIEMEHTOB MaTpHIlhl A.
Hanpuwmep, mycts m = n = 1 u paccmarpuBaercsa cucreMa 0 - x = 1. Ee HOpMaIbHOE TICEBIOPEITIEHNE €CTh,
oueBuHO, & = 0, & HOPMaJIbHOE IICEBIOPEIIeHre BO3MYIIEHHON cucrembl € - = 1 ecrb &(e) = 1/e. Kax
BuauM, &(€) He crpemurca K & upu € — 0. Cama 3a1a4a O BbIYUCJIEHUU CTOJb HEYCTOMYUBOIO 00bEeKTa He
KayKeTCs OUEHB V3K OCMBICIICHHOM.

B To0 k€ Bpemsi, 3a1a91 TAKOrO PO/Ia TOCTOSHHO BOZHUKAIOT B MPUJIOXKEHUX, U OT HAC TPEOYIOTCs KaKue-
TO MeTOAbI X pernenns. [Ipu MOCTPOeHNH TAKUX METOIOB CIEAyeT MMETb B BHUIY, UTO 3TO JOJIZKHBI OBITH,
MIperK/ie BCETro, Memodo, ud