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Abstract

We present an approach in this paper to the solution of parameter identification problem arising in immune
response modelling. The models are formulated as stiff systems of nonlinear delay-differential equations (DDEs).
The criteria for the best-fit solution are discussed, which are appropriate when the data to be fitted varies
considerably in magnitude. The fitting procedures are based on a combination of crude but global methods of fitting
the models to data and more accurate locally convergent techniques. An algorithm for sequential parameter
identification is based on subdivision of the total fitting interval in order to reduce the complexity of an optimization
problem. Poor initial estimates for some parameters are improved by short-cut procedures via adjusting the model
with spline functions approximating the data on the whole observation time interval. The stiff DDEs are solved by a
modification of the DIFSUB code. An example of the real-life parameter identification problem for the antiviral
immune response model in the context of the modelling of hepatitis B virus infection is presented.

Keywords: Delay-differential equations; Parameter identification; Sequential fitting; Data approximation; Optimiza-
tion, Stiff DDE solver; Immune response; Infectious disease

1. Introduction

The recent development of applied mathematics is characterized by increasing attempts to
use mathematical modelling tools in biology and medicine. It is the integrated problem of
dynamic response and optimization that brings into focus modern investigations in theoretical
biology, operating with the concepts of adaptation and evolution of multilevel, multiparameter
and multiloop biological systems. A particular interest to mathematical models has been
established in theoretical studies of the immune system and infectious diseases. A number of
mathematical models describing the immune response during infectious diseases are formu-
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lated as systems of nonlinear delay-differential equations (DDESs) characterized by multiple
constant delays, moderate size and stiffness [14,34,37,38,40,42,57]. We note also a growing
interest in delay effects and the use of DDE:s in chemical kinetics modelling [19]. Derivation of
mathematical models that are consistent with both prior knowledge and observations implies
the development of effective computational tools for parameter identification in stiff nonlinear
systems of DDEs. Considerable attention has been paid to the development of efficient
methods for parameter estimation in stiff ordinary differential equations arising in chemical
reaction modelling. The important issues of numerical identification of rate constants in
chemical kinetics models formulated as systems of ODEs can be found in [1,8,10,17,26,47,54,
60,66]. These findings provide a solid basis for treating similar identification problems in
immune response modelling.

This paper deals with some of the practical aspects of parameter identification in systems of
nonlinear DDEs, with particular reference to modelling the immune response to viral and
bacterial infections. An outline for modelling by DDEs the immune response to infections is
presented in Section 2. The “best-fit” criteria and the algorithmic approaches to solving
numerically the parameter identification problems in stiff nonlinear DDEs are described in
Section 3. Section 4 presents a real-life application example of parameter estimation for the
hepatitis B virus infection model. This example is general enough to illustrate the major
difficulties associated with parameter identification for immune response models. Concluding
remarks are presented in Section 5.

2. DDEs arising in immune response modelling

One of the clearly established functions of an immune system is the protection of a host
against various infectious agents. To describe mathematically an immune response to viruses or
bacteria, a conceptual model of the basic immune processes during an infectious disease is first
elaborated, in which the interactions between cells and molecules are described in terms of
positive and negative influences. The principal characteristic of a normal immune response is
the generation of new lymphocytes and antibodies to deal efficiently with an infectious agent
which also replicates. The response of an immune system, as well as the reaction of specific cell
clones to a certain infection cannot be represented correctly without hereditary phenomena
being taken into account. These include cell division and cell differentiation effects, residence
time of cells in various compartments of the immune system, previous antigenic experiences,
etc. In a number of ODE models the hereditary effects are modelled by introducing an
additional ‘“‘gearing up” state variable [18,53]. We consider the use of DDEs as a natural
mathematical technique for representing the dynamics of the immune response in infectious
diseases. Most of the DDE models used in immunology have constant delays, except for the
threshold model of antigen-stimulated antibody production with time- and state-dependent
delay [61] and the integro-delay differential equations model for coccidial infection in chickens
[51]. Therefore, we focus here on models with constant delays.

‘Assuming that the kinetics of interactions between cells is governed by principles similar to
the Law of Mass Action, and that durations of division processes of the immunocompetent cells
are taken into account explicitly by introducing the time lags into corresponding equations, the
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typical mathematical model of immune response during on infectious disease may be expressed
as an N-dimensional system of DDEs with multiple constant delays:

dy
— =f(t, a, y(t), Yt —7)),...,y" Wt~ 7,)),

dt
a € RE, y e RV, ylile g, 2.1)
N, <N, i=1.2,...,m, te(ty, ty+T],
y(to) =9, Y1) =¢ll1), 1€[1,—7. 1],
with y=[y®, ..., p(MJT yll=[yUo yUd  yUWIT and assigned initial functions ¢° and

o,

This particular class of DDEs with several constant delays includes the mathematical models
for antiviral and antibacterial immune responses developed during the last two decades by
Marchuk [36,37] and the HIV infection model by Nelson and Perelson [42]. Another set of
mathematical models formulated as linear multiple constant delay differential equations
appears while studying the circulation of lymphocytes through the immune system [20,44]. The
time delays appear in the transport of lymphocytes between certain compartments. These
authors argue that the linear DDEs models are better approximations to the experimental data
than the linear ODESs. The qualitative behavior of an immune network is studied by a nonlinear
system of DDEs in [6]. A time lag is introduced to make the dynamics of the model richer.

The dimension of the state space (see (2.1)), N, is about 10, while L is about 10 to 50, and m
ranges from 1 to 10. The right-hand side function f is usually k-linear, with k =1, 2, 3, 4, with
respect to the components of the state vector and linear in the parameter vector components «.
The kinetic parameter of the model « characterizes the rate of immune process realization. It
occurs over a time scale ranging from seconds (molecular interactions) to days (cellular
interactions), and an observation interval is about 100 days. Therefore, the initial value problem
(IVP) for the system of DDEs (2.1) appearing in immune response modelling is typically a stiff
one [15,38,42,57].

An important problem for real-life applications in clinical immunology is how to make the
models quantitatively consistent with experimental and clinical knowledge. To this end effective
tools for assimilating the available data into the models are required. These tools include the
numerical identification of model parameters, time delays and initial functions. The theoretical
framework for estimation of various parameters in functional equations was developed in [4,41].
Practical aspects of developing efficient techniques for numerical fitting of stiff DDEs, which
are characterized by severe nonlinearities, moderate state space dimension and a large number
of parameters with poor initial estimates, have received little coverage in the literature as yet.
This paper focuses on estimation of parameters in immune response models by fitting the
model predictions to observed data.

The parameters of the models for immune response in infectious diseases may be subdivided
into two groups: the first consists of the parameters for which sharp initial estimates are
available from various experimental data. The second group consists of parameters, notably the
kinetic rates of cell-to-cell interactions in lymphoid and pathogen-sensitive tissues, for which no
experimental estimates are available. Their initial theoretical estimates range over several
orders of magnitude. The parameters of the second group must be refined by seeking a
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minimum difference between the model predictions and the observed data on the kinetics of
the underlying processes.

3. Numerical solution of the parameter identification problem
3.1. Criteria for the best-fit solution

The identification of model parameters is generally performed by minimization of an
objective function which represents a selected fitting criterion. It is known that observations are
inexact, i.e. contain an uncertainty related to the measurement errors, random effects, nonlin-
ear effects, unknown process contribution, etc. If the data displays statistically regular features,
then the standard criteria of optimal estimation can be applied for parameter identification: the
maximum likelihood method, Bayesian analysis, etc. [5]. The essential points for a correct use
of this approach are the availability of a sufficient amount of data and the ad hoc stochastic
frame for the analysis of data to characterize the structure of the errors in the data (see
Kalman (33]). An example of this approach to the kinetic parameter estimation for mathemati-
cal models in immunology is presented in (7], with special experimental program developed to
obtain the numerous and homogeneous sets of data. However, a number of immune response
modelling problems are characterized by situations where, either the researchers have no
reason to put forward the prior stochastic characterization of data, or the data itself are
obtained by indirect estimates. In such cases the data is regarded as equally reliable.

To identify the parameters of immune response models, homogeneous and consistent data
sets are derived in the form of Generalized Pictures [14,37], which represent the typical kinetics
of a particular infectious disease. These data sets are not numerous and have uncertainties in
their values which cannot be attributed to a certain stochastic mechanism. Therefore, they are
believed to possess an equal value or have the same weight as the characteristics of the
modelled process.

The problem of quantitative description of any data characterizing a process without a priori
knowledge of their stochastic nature is usually solved by fitting of the model to data [5,33,65].
The objective function should be selected with due regard to the nature of particular
observation data, the parametric nonlinearities of the model solutions, etc.

The classical least squares (LS) criterion is commonly used for fitting a model and data. A
difference between the model predictions y()(¢;, a) and the measured data y{), ;, specified at
certain points (¢,), is expressed via the residuals, i.e., the fitness function d(a) has the following
form:

P(a) = ;

with the w;; defined by the weighting procedure, and M being the total number of different
observation times. For example, the parameters of the lymphocyte circulation model described
by a system of linear DDEs were estimated by minimizing the residual LS criterion with
reference to the experimental data [20].

Wil vy =yt @)} @)
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Some limitations of the LS approach have been observed in several applications. It is known
that the nonlinear LS fitting leads to a number of local minima. In an attempt to confront this
problem, a nonlinear Chebyshev fitting was suggested in [65] to increase the possibility of
unique global fits. It was pointed out in curve fitting problems that the ordinary LS method
unduly weights the data points with the largest magnitude [16). The last aspect of the residual
LS approach becomes critical in our case, where the typical data representing the real
processes varies considerably in magnitude. Indeed, the Generalized Picture data correspond-
ing to hepatitis B (see Table 1) are characterized by an up to the 10* increase in concentration
of cells and viruses in the course of the disease. The objective function (3.1) was modified to
meet the following requirements: it should be equally sensitive to the same relative deviations
of y¥t;, @) from yl), ; regardless of the magnitude of y{) ; and it should be equally sensitive

obs j obs j

to the same relative deviations of y(z;, @) from y{), ; (and vice versa) no matter if y(t;, ) is

higher or lower than y{) ;- To this end, we considered the relative distance least squares

criterion, expressed in terms of the ratios y{;/y(¢;, @) and y“X(¢;, a) /vy, ;, rather than the

residuals (y{, ; — y(¢;, @)). The definition domain of the state vector is supposed to be RY.

If we adopt the LS form for the fitting function

M N _ A 5
o(a)= Y ¥ [F{(yO(t, a), y&,)}]
j=1i=1
then a number of opportunities exist to select a function of the ratios, F (-, ), which should be
summetric: F(y$, ;, (¢, a)) = F(y“(t;, ), y§ ;). The following types of symmetric formu-
las for F were chosen, leading to the objective functions @(«) given below, which have been

used in our applications:

M N R (. 2
R [ R e e I o

yobsj
and

My yéij)sj ’
F(x)=log x > ®(a)= ), Y |log o~ (3.3)
j=1i=1 yO(1;, @)

The latter was proved to meet the distance requirements in RY [34]. Note that some
weighting procedure defined by a positive-definite matrix w; may be used to generalize the
objective functions (3.2) and (3.3), similar to (3.1)

There is another important aspect of the identification procedure, which must be taken into
account—the nonlinearity of the overall problem. Generally, only when regression models are
linear in the parameter «, the residual LS approach generates a linear LS problem. Otherwise,
one gets a nonlinear LS problem, especially in the case when the underlying mathematical
model is a system of differential equations. Clearly, one should prefer those fitness functions
@®(«), for which the minimization problem is characterized by a lesser degree of nonlinearity.
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This results from a superposition of the quadratic function, the function F of the ratios of
predictions and observations and the solution function y(¢, ), characterized by the exponen-
tial nonlinearities in ¢ and «. Simple reasoning (in the scalar case) may be used to prove that if
the underlying ODE is linear then, selecting the LS criterion with the logarithmic function of
the ratios (3.3), one gets a linear LS problem.

It follows in turn that to treat efficiently the parameter fitting problem for nonlinear models
the overall observation interval should be decomposed into a number of subintervals with clear
exponential kinetics of the underlying processes.

3.2. Sequential parameter identification procedure

The formulate the parameter identification problem as follows. In the DDE model (2.1)
some or all parameters appear to have poor initial estimates. Given the observed data we try to
refine the parameters in (2.1) so that the residual LS fit-to-data criterion is minimized (the
dimensions of the vectors and vector-valued functions are marked by the right upper indices):

Find

min @(a’), A" <a* <B* (3.4)
determined by the following model (the single-delay case is examined for notational
simplicity):

dyN(t

—H;(—) =f(a®, yM(t), yN(t—1)), ty<t<ty+T,

yN(t) = o"(1), to—T<I<Ut.

The rather large dimension, complexity and nonlinearity of the DDE systems under consid-
eration, the nonmonotonic initial functions ¢™(¢) of the initial value problems and the poor
initial estimates for some of the model parameters o) make it impossible to obtain a
satisfactory fit of the model to the data just by searching for a minimum of an objective
function @(a’) calculated over the full observation interval ¢, <t <t,,. Besides, in this case it
is difficult to select the optimized parameters and to coordinate the biological meaning of an
identified parameter with the sensitivity of the objective function to this parameter. Indeed,
some parameters appear to be active over a limited time interval as compared to the time scale
of the overall process. (It is similar to stiff and nonstiff parameters in chemical kinetics: the first
are active in the boundary layer and the second are active outside it [1,58].) We have
decomposed the total optimization problem, using the idea of recursive parameter estimation
[56], within the full observation interval T, ,, = {t: t, <t <1,,}, into a sequence of manageable
optimization subproblems in consecutive subintervals T, ,, T} 3,..., T} 5, to reduce the computa-
tional complexity of optimization problem (3.4). The decomposition had its bases in the
observation data and the knowledge of biological processes which are active during a particular
time subinterval. This makes it possible to associate the characteristics of observed data within
the subintervals with the operation of a smaller number of processes from the whole set
described by the models to make a grounded choice of optimized parameters. Information on
the “natural history” for a particular infection [15,38) provides a natural biological guide for
this subdivision and the choice of parameters to be fitted. It should be noted that fitting of a
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model to data on larger time intervals may deteriorate the fitting quality for some variables as
compared to smaller time intervals. Therefore, the coordination of fitting subproblems is
required, which is performed for some of the state variables by introducing some linear
relations to couple a number of model parameters.

Another important aspect in the solution of the optimization problem (3.4) is the initial
localization of the parameter vector af in R% with respect to the global minimum point(s). The
classical minimization algorithms ensure local convergence for smooth convex functions, and
the optimal solution is generally sensitive to a starting point in parameter space. Therefore, a
computationally cheap procedure for improving the initial parameter estimates is to be involved
in the solution process of problem (3.4). Short-cut iterative methods suggested in chemical
kinetics modelling [26] and developed in [27,60,66] belong to this class of techniques. Now we
formulate the algorithmic framework developed for solving the identification problem (3.4).

Algorithm 1.

Step 1. Improve the starting estimates of the model parameters al by adjusting the model to
functions approximating the observed data globally on [¢t,, t,,].

Step 2. Select the subinterval [7,, ¢,,] and the subset o' of components of the parameter
vector a’ € RZ, which is to be fitted to data: o'~ € R!» c R,

Step 3. Find numerically a solution « ./~ to the linearly constrained minimization problem

a,'m=arg min @(a,'"),
almeD

where @,(a, /) =F,[%, , (a'), Y]is the objective function for given observation data Y on
the interval [}, £,,] and for the model solution

Dy (@) = [yO(t, aln), ...,y N, a’m)]T, t,<t<t,,.
Step 4. Update the model’s parameter vector:
a,’,;H = [aL_’*", a*lr"].

Return to Step 2 until m <M.
Let us consider the implementation of these steps in more detail.
3.3. Adjusting the model to functions interpolating the data

Simplified (short-cut) methods for the solution of inverse problems are based on globally
adjusting over the observation interval any functions approximating continuously in time the
observed data by a particular model written in the form of a differential equations system.
Therefore, instead of a nonlinear programming problem for an objective function determined
by an IVP for the differential system, a simpler LS problem is formulated for a linear or a
non-linear algebraic system with respect to unknown parameters. Two extreme cases are to be
analyzed.

3.3.1. Sufficient data case
An algorithm corresponding to the short-cut method may be formulated in the case of delay
differential systems as follows. Let aj be an initial guess for the parameter value, which is to
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be refined; let Y={{{y§}, j=J,, [}, i= , N} be an observed data for each of the N
model state variables y©(z), i=1,..., N, at “times ey gy oSt <ty <t <ty<t,+T,
with m; = (J -J, ) being the number of observations avarlable for the ith Varlable

Algorithm II.
Step 1. Transform the initial value problem for a system of DDEs into an equivalent integral
system of equations:

t
(1) =yN(tg) + [ £V (at, yN(8), yN(8 — 7)) do. (3.5)
fo
Step 2. Interpolate the observed data pairs for each of the model state variables

<y(($$1’ t}} =1 i=1,...,N,

using an appropriate spline function S{’(¢z) which is to be selected for particular aims. These
aims depend on the character of available data; smoothing (when all m, are large), least
squares approximation (all m; are large), monotonic interpolation by quasi-Hermite polynomi-
als (m; are small), etc. In this way the N-dimensional vector spline function S&(¢) is generated.
We consider the S¥(¢) as a prototype (quasi-solution) of these model solution y™(¢), which
corresponds to the unknown best-fit parameter values. The model parameter estimates may be
improved using this quasi-solution.

Step 3. Substitute the quasi-solution S¥(¢) for y™(6) and project the system of integral
equations (3.5) on given set of observation times,

{{tk}k=k1 ..... Kyt b, = max(tf,-l)’ L, = min(tjiz)}5
iy iy

to obtain a nonlinear algebraic system of equations with respect to unknown parameters a’:

¥ (a) =AY,
where the vectors AY’ and ¥, (a*) have the components
(AYJ)f =y<(){))sk _yé{))skp

(¥ (ab)), = [( N(at, sY(8), S¥(0—1))), d

i=1,2,...N, k=k, ki +1,....ky, j=(k=1)x(N+i), J=max(j).

Step 4. Find the solution to the overdetermined system of algebraic equations with respect to
at: ot 1(AYJ)

If parameters a’ appear linearly in the right-hand side of the differential system then we
obtain a linear overdetermined system of algebraic equations with respect to a’ (or to some
subset «f, I <L, depending on the number of observations and the value of L). It may be
solved easily by a number of algorithms for linear LS problems [35] to get the best LS solution

=(Wg*")*X AY™, where (¥ " )" is a generalized inverse matrix.

T he correspondmg code, suitable for fitting the DDE models to data, makes use of the
following algorithms of the IMSL package [28]: the one-dimensional quasi-cubic interpolation
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based on Hermite polynomials IQH SCU (Step 2), the one-dimensional adaptive quadrature
procedure DCADRE (Steps 1 and 3) and the LINPACK algorithm for the linear LS problems
(Step 4). This makes it possible to refine the crude estimates for some components of the
parameter vector @ providing that there are enough observation data to construct the spline
functions Sy(¢) for all components of the state vector y(¢), i=1,..., N.

3.3.2. Deficient data case

The typical situation in mathematical modelling of infectious discases is when the available
observation data allow one to construct the spline function S$$(¢) only for a number (n) of the
N model state variables (n < N). In this case, the model system of the DDEs is decomposed
into two subsystems with dimensions # and N — n. The second subsystem is used to generate
the “quasi-solution” for data-deficient variables. To this end, the components of the spline
function S§(z) are substituted instead for y"(¢) in the following reduced system of DDEs:

dy™™(1) 1 N N
—ar =f(a=n, S§(t), yN (), Syt —7), yN (1t —71)), ti<t<ti+T,
a'v-re Rix- cRE, yNT () =N (1), t¥F-T1<i<1.

The interval [¢F, ¢t + T*] is chosen according to available observations at times {f,: k =
k..., k,}. Integrating numerically the IVP for the reduced DDE system we obtain a solution,
which is used instead of the unavailable (N — n) continuous functions S ;" “"(t). The N-dimen-
sional quasi-solution vector-function is obtained then by combining the data-generated quasi-
solution and the model-generated one: 7 (1) =[S§(1), §)Y~"(1)]". Now, using the S} (1), the
initial estimates for the model parameter af may be refined by applying Steps 3 and 4 of
algorithm II. In this way the model DDEs are used to fill in the data set and the applicability of
Himmelblau’s method is extended.

It must be noted that it is quite common in chemical kinetics modelling for the parameters
used in a full set of equations to be obtained from reduced data on subsystems. A sequential
equation procedure based on the singular perturbation approach to estimate the nonstiff and
stiff parameters in chemical reaction systems [58] gives an example of the attempt to reduce the
number of equations which are used to generate good initial parameter estimates for subse-
quent refinement.

Spline functions approximating continuously an observed data for the n state variables,

$(2), give a similar opportunity for the simplification of the parameter refinement process.
Indeed, the vector-function S§(z), or some of its components may be used to reduce the
dimension of the model differential system by excluding (via direct substitution) those equa-
tions, which do not contain the parameters varied to solve a particular minimization problem in
Step 3 of Algorithm I, i.e., a/, I < L. This leads to the following problem of reduced complexity:

Find
minF(yN‘d(al), YN"’), Al<a' < B,
dyN_d(t)
—
yMRAHE) =M e), - T<< L.

N a!, SE(r), yNTUe), Sy(t—T)yN Tt = 1)), to<t<ty+T,
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This technique is helpful in decreasing the sensitivity of partial optimization subproblems
with respect to the dimension of the model. The particular choice of the state vector
components y‘)(¢t) is to be fixed and replaced by the data-derived spline functions depending
on the particular fitting subproblem to be solved.

3.4. Numerical solution of the function minimization problem

It has been noted above that the problem of identifying model parameters was reduced to a
sequence of minimization subproblems for the nonlinear function ®(a'r) subject to simple
two-sided bound constraints:

a'y = arg min &(a’"), A'»<a'm<B™. (3.6)
It should be pointed out that the two-sided inequality constraints improve the convergence of
minimization algorithms, because they allow the scaling of variables to pass from primary units
of parameters to new ones which are of the same order and, therefore, suitable from a
computational point of view [24].

A search for a minimum was performed by a two-step procedure: (1) searching for a crude
estimate of the minimum point by a simplex method and (2) precise localization of the
minimum by a quasi-Newton (QN) method.

Smoothness properties of the objective function ®(a’) are the major characteristic required
to decide whether higher-order optimization methods can be applied. Using the results on the
differentiability of the solutions of IVP DDEs with respect to parameters, it can be shown that
for the twice continuously differentiable right-hand side function, f(¢, a, y(¢), y(¢r — 7)), with
respect to all arguments and for strongly positive initial conditions to objective function, ®(«a),
given by (3.2) or (3.3) and determined by an IVP for DDEs is also twice continuously
differentiable in R%. Therefore, the gradient g(«) and the Hessian matrix H(a) exist and are
continuous in R%. Two algorithms—the simplex method and quasi-Newton method—realized
in the MINUIT system [31], as well as the QN method for nonlinear function minimization with
the specified accuracy of function evaluation, ZXMIN [28], have been used to solve the
minimization problem (3.6). The MINUIT package provides a comfortable environment for
function minimization, even though it requires the objective function to be calculated with the
full accuracy. If the two-sided linear constraints were imposed on parameters, then the
following transformation was used to make the optimization problem unconstrained; y® =
arcsin(2(a? — A®) /(B® — 4D) — 1),

The simplex method is a derivative-free heuristic method, which uses only the information of
the minimized function values and is less sensitive to the errors in the function evaluations. It
was started first for obtaining better estimates of parameter values followed by the launching of
the more efficient QN method. The ON method is considered to be very efficient for
unconstrained minimization of nonlinear functions, when the dimension of the parameter space
is not too high. It requires, however, more precise evaluation of the objective function. For
evaluation of the gradients and the hessian matrix of the objective function, a finite-difference
approximation was used. In this case, the smoothness of the numerical solution of the IVP for
DDEs, y,(t, ), which is used for evaluations of ®(«) with respect to a becomes a delicate
problem. Indeed, it determines the differentiability of @,(a”) and, hence, the precision of the
approximations g,(«) and H,(«) and, consequently, the behavior of the minimization code.
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The most effective numerical methods for systems of differential equations are the adaptive
variable step/variable order algorithms. However their smoothness properties are poor, be-
cause two slightly different values of any parameter of the IVP can generate different
sequences of integration steps and approximation orders, resulting in small jumps, about
Of(tolerance), of solution values [5,23]. Generally, the discontinuities arise as the change of a
parameter causes the code to employ a different execution path. As a result, the numerical
solution y,(t, ) is a piecewise smooth function of the parameter « with frequent jump
discontinuities. There are a number of approaches to handle the smoothness problem of the
numerical solution [5,23,24,39,47]: using an equally spaced integration mesh, or using a fixed
mesh /order sequence; integration of a set of variational equations; simultaneous integration of
both the perturbed and basic system of equations; the more accurate sohution of the IVP to
decrease the level of noise in the estimation of the objective function, etc. We used the last of
these approaches because it is easier to implement for multiparameter models.

It was shown in [23,24] that to estimate the partial derivatives

¥y(t, a)/0a®, s=12,

of the IVP solution with the precision O(8) using the finite-difference interval Ae, the
corresponding IVP should be solved numerically with tolerance O((Aa)®8). Therefore, an
adaptive and robust code for the numerical integration of stiff [VP DDEs within a wide range
of tolerances is required. The description of our approach to the numerical solution of the IVP
for stiff DDEs is given below.

3.5. Algorithm for solving numerically the stiff IVP for DDEs

A conventional approach to numerical integration of IVP DDEs is based on adapting the
standard techniques developed for ODEs. Two major concerns are the inherent derivative
jump discontinuities of the analytical solution [45,46,52,64] and the need for continuous
approximation of delayed variables by an interpolation method which should be consistent with
an ODE-related discretization scheme being adapted [3,25,29,45,63]. A variety of numerical
methods have been proposed for solving the IVP for DDEs, mainly for nonstiff problems. The
first widely available code for finite-difference equations was the DMRODE [43,44]}; then,
experimental solvers based on Runge-Kutta methods, including the DELAY-2, STRIDE, etc.,
have been proposed [3,11,25,48-50,59]. The multistep integrators for DDEs based on the
composite methods, as well as the Adams or BDFs, were developed in [9,32,55,62]. The recent
contribution in this field is the general-purpose Adams-formulas-based code DELSOL devel-
oped according to NAG standards [63].

For treating a stiff IVP for DDEs, an adaptation of the A-, A(a)- or stiffly stable methods is
required. An IVP for DDE:s is referred to as stiff if, for a given tolerance, the stepsize taken by
a numerical method is restricted by stability rather than accuracy requirements [9,30,62]. There
are a number of references to codes suitable for solving stiff DDEs [9,32,55]; however the codes
themselves are not readily available [19].

For numerical integration, in a wide range of tolerances, of a stiff IVP for DDEs having
several constant delays we developed an adaptive code, the DIFSUB-DDE [12,13], using Gear’s
DIFSUB [21,22]. The Nordsieck history arrays are utilized as natural interpolating polynomials,
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being locally consistent with the underlying ODE’s method, for continuous approximation of
the delayed variables. To approximate delayed variables in the vicinity of the mesh point 7,,
Nordsieck’s p,th-order polynomial is applied as follows:

y(it—7)=C(a) 'y, + O((a-hn)pH) +C(a)-&,, yeER, (t—7)e(t,_1,t,),
with

RPe ey T
- , n n
y, = yn,h,,yn,---,T ,
. (I—T_tn)
C(a) =diag[1, a,...,a™], a=——>- Jal<1.
tn—tn—l

Because only constant delays are considered, the derivative discontinuities points, up to the
order (p + 1), are calculated in advance and are included amongst the integration meshpoints.
A stepsize /order selection strategy employed in the DIFSUB code is kept unmodified except
for an additional control of stepsize and order to pass smoothly trough the jump points. The
original DIFSUB’s error control criterion was modified to be based on a relative error criterion
above a certain threshold. Integration stepsizes are not limited explicitly by particular delay
values within those time intervals in which the corresponding analytical solution is sufficiently
smooth. Test calculations are given in [13].

4. Applications in immune response modelling

The presented approach to treating the parameter identification problem was elaborated in
applications of mathematical models to quantitative description of immune response in a
number of infectious diseases: acute hepatitis B virus infection [38], uncomplicated influenza A
virus infection [15], acute pneumonia [34] and T cell proliferation [57).

We present here an example: we apply the methods developed in the previous section to the
identification of several parameters in a mathematical model of antiviral immune response by
the data on the kinetics of acute hepatitis B. The following notation is used for the state
variables of the model; free virus population, V(¢); antigen-presenting cell population, M,(¢);
helper Thl cell population, H(¢); helper Th2 cell population, Hg(t); cytotoxic T cell popula-
tion, E(2); B cell population, B(¢); plasma cell population, P(t); antibody population, F(t);
virus-infected sensitive tissue cell population, C(#); destroyed sensitive tissue cells, m(¢). The
interactions in which these species participate are represented by the model, which is a system
of ten nonlinear DDEs with several constant delays:

dVy/dt =vCy +nbopCy E = yyeViF — yyu Vi — vy Vi(CF = € —im),
dCy/dt = oV(C* — Cp—m) — beyCLE — b, Cy,
dm/dt=b..C,E+b,C,—a,m,

E(m)=1-m/C*,
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dM,/dt = 3y, M*V; — ayy M, ,
dH./dt =b5[§(m)Png(t - 75)HE(I - 715) _MVHE]
— b}eM, H.E + afy(Hf ~ Hy),
dHp/dt = b (m)pfMy (1 — ) Hy(1 = 74) — M, H]
—blsM, HyB +al(H; — Hp), |
dE/dt =pr[§(m)PEMV(t ~7g)Hp(t —72) E(t — 7p) _MVHEE]
~bgcCyE+ag(E*—E),
dB/dt =b/[¢(m)psMy(t = 75)Hg(t — 75) B(t —75) = My Hy B] + ay(B* — B),
dP/dt =ble(m)p, M (t — 1p)Hy(t — 7p)B(t — 7p) + ap(P* — P),
dF/dt =pgP — ye, FV;—a,F.

To describe the onset and development of an infectious disease in a healthy organism
following virus exposure the following initial conditions are specified:

Vf(0)=VfO7 MV(O)=M19’ HE(0)=H§, HB(O)=H§‘, E(0)=E*,
B(0)=B*, P(0)=P*, F(0)=pp-P*/ap, C,(0)=0, m(0) =

M, (t)Hg(t) =0, for —7f <1 <0,
M, (t)Hg(t) =0, for Tg< <0,
My (t)H(t)E(t)=0 for —7.<t<0,

My (t)Hgz(t)B(t)=0, for —max(TB, Tp) <t <0.

In this type of immune response modelling, experimental data is never taken on all variables
of interests in a single set of experiments. Available sets of data, partial and incomplete, are

Table 1
Data of the Generalized Picture of acute hepatitis B virus infection
T V; (pt/ml) C, m M, H, H, E B P
Cc* Cc* M* Hf  Hj E* B* P*
0 1 -10° 0 0 0 1 1 1 1 1
60 0.5-108 - -~ - - . - - -
70 0.2-10° - - - - - - _ -
80 0.8-10° 0.02 - - - - - _ -
90 - - 0.008 0.1 - - - - -
100 0.5-10%° 0.15 0.06 - 10 10 2 1.5 -
105 - - - 0.5 100 100 20 15 10
110 0.6-1010 0.04 0.2 - 10° 10° 2-104 0.15-105 10*
120 10 - 0.09 - - -~ _ _ _

130 - - 0.02 - - - - - -
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Table 2

The set of the model parameters allowing to simulate quantitatively the kinetics of acute hepatitis B virus infection

(“d” denotes day)

G.A. Bocharov, A.A. Romanyukha / Applied Numerical Mathematics 15 (1994) 307-326

Parameter Value Parameter Value [Initial estimate]
M* 107" M PEs Pg 16
Hf 1078 M op 3
H} 107 M P 1.7%10® molec.(cell xd) !
E* 107 M bE 2.7x 10 M~1d! [10]
B* 1078 M bj 2.7x10 M~id! [10%5]
P* 43x1072 M bt 53x10P M~2d! [10°?]
F* 83x107* M by 8.0x10% M~2d~! [107?]
C* 05x1072 M by L7x10*° M~2d"! (10%?]
ay 12471 Vv 9.4x10° M~1d ! [10%]
ak 1.0d°1 Vv 8.6x10' M~1d~?
al 1.0d7! T 23x10°M'd? [2.5%10%]
agp 04d! beg 6.6X10"* M~ 1d™! [1.6X10%)
ag 0.1d°! b,, 0.052d7! [0.01)
ap 044! a, 0.15d°! [0.12]
ap 0.0434d°! v 83d-! [6x103%]
Th 0.6d Yve 25%x10" M~ 1d~!?
rH 0.6d Yvm 0441
T 20d YvF 3x10Mt M-1d!
s 20d b 53x107 M™2d"!
T 3.0d bis 8.0x10% M~2d~!
PF 2 PH 4
bee 1.6x101 M~ 1d~! n 5 [2x10%]
12 29x1071% M
130
time(days)

sequence of solution
components being fitted
to observation data

................

T
Fig. 1. The flowchart of sequential model parameter identification based on the “natural history” of an infection.
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specially organized to represent the kinetics of an infection under modelling in the state space
of the model. Table 1 lists the data points representing the typical kinetics (Generalized
Picture) of immune response in hepatitis B virus infection.

04, w 1605 wae -
///
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/f? P
e \ Ve
07 2 Y IR
A\ /
A
days
100 et N dqys. Tl ) S— S »
0 20 40 50 B0 100 120 140 160 180 200 ) 20 % 6 80 100 120 140 160 180 200
109 ¢ Heter 105 ¢ HoM
} /’
/
2 /" 2 o
10 r ///J"'l' MR S /// 7
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- r [ doys 10! C ' days
T R 5 10 10 140 160 180 2 0 20 40 60 80 100 120 140 160 180 200
0wl e 07y Be
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D 20 40 60 B0 100 120 140 160 180 200

Fig. 2. Model solution for the initial parameter guess and the data on kinetics of the acute hepatitis B virus infection.
The uncertainty boundaries for the data points are marked by the dotted line.
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Parameters of the model are listed in Table 2. They span thirty orders of magnitude. Some of
them are taken directly from experiments, the others are derived from theory (see [14,37] for
details). The last estimates can be incorrect by orders of magnitude and need to be refined by

fitting to the data.

012 W 100
—
221\ 5
§ \ -
10 \ 10
\
\\ d d
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10 0 T T l+ 3 Gy‘sl 10’10 T T —rr yl
0 20 40 60 80 100 120 140 160 180 200 b 20 40 60 80 100 120 140 160 180 200
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Fig. 3. Model solution fitted to the observed data on kinetics of the acute hepatitis B virus infection. The uncertainty
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In this particular example, twelve parameters characterizing the rates of immune precesses
in lymph nodes and viral spread in liver, were identified. A detailed fitting protocol is given in
[38], and the sketch of the sequential parameter identification approach is displayed on Fig. 1.
The identified parameters in Table 2 are distinguished by their initial estimates given in square
brackets. The solution of the antiviral immune response model for the initial guess parameter
values is pictured in Fig. 2. The fitted-to-data parameters give the solution shown in Fig. 3.

Calculations were performed in double precision on HP-1000. The IVP for DDEs was solved
with a relative tolerance of about 10™#% by the stiff version of the DIFSUB-DDE. As large as
3000 times the IVP was solved to identify several parameters, giving the quality of fit shown on
Fig. 3. Simplex and quasi-Newton procedures implemented in the MINUIT package [31] were
utilized for numerical minimization of an objective function over the sequential subintervals.

Another example of parameter identification for an immune response to influenza A virus
infection, which is a faster process as compared to hepatitis B, is given in [14,15]. A
combination of crude but global fitting methods (Algorithm II) and locally convergent tech-
niques was required to identify ten model parameters.

The presented strategy of treating the parameter identification problem for nonlinear
multiparameter DDE models gives, in a strict sense, nonunique parameter estimates or may
involve ill-conditioned stages. Therefore, parameter identification results need further biologi-
cal validation [38,57]. Nevertheless, this approach allows the allocation of the iterative process
of model fitting between the crude but computationally cheap “global fitting” method and
exact but computationally expensive “local” optimization methods to be made more effectively.
Usually, a stochastic sensitivity analysis was performed to obtained a measure of confidence
with respect to certain characteristics of model solutions for the identified parameters [15,38].
The ill-conditioning results from the character of the data are available for the processes under
study: they are valuable from a biological viewpoint and poor from a formal or statistical point
of view. We have addressed the problem of homogeneous data requirement to reliably estimate
the model parameters in [14,38].

5. Concluding remarks

Heavy computational work is inherent to parameter identification problems for stiff nonlin-
ear DDEs with constant delays arising in immune response modelling. They could be effectively
solved by carefully developing the tools and experience from another branches of computa-
tional mathematics. In turn, the methodology elaborated in treating complex immunological
processes may be useful for other problems in mathematical biology, as well as for these studies
in chemical kinetics which use the delay effects and the DDEs for representing the dynamics of
reactions [19].

Acknowledgement

The authors would like to thank Professor J.C. Butcher for an opportunity to take part in the
SCADE 93 Conference and visit the Department of Mathematics and Statistics of the



324 G.A. Bocharov, A.A. Romanyukha / Applied Numerical Mathematics 15 (1994) 307-326

Auckland University. The authors are indebted to the referees for their help in improving the
presentation of the material of the paper. The advice of the Editor, Dr. P.W. Sharp, concerning
the exposition of the content of the manuscript is also highly appreciated.

References

[11 R.G. Aiken, Stiff estimation, in: R.G. Aiken, ed., Stiff Computation (Oxford University Press, New York, 1985)
335-350.

[2]1 R.C. Allen and S.A. Pruess, An analysis of an inverse problem in ordinary differential equations, SIAM J. Sci.
Statist. Comput. 2 (1981) 176-185.

[3] C.T.H. Baker, J.C. Butcher and C.A.H. Paul, Experience of STRIDE applied to delay differential equations,
Numerical Analysis Report No. 208, University of Manchester (1992).

[4] T.H. Banks and P.K. Daniel Lamm, Estimation of delays and other parameters in nonlinear functional
differential equations, SIAM J. Contr. Optim. 21 (1983) 895-915.

[5] Y. Bard, Nonlinear Parameter Estimation (Academic Press, New York, 1974).

[6] U. Behn, J.L. van Hemmen and B. Sulzer, Memory B cells stabilize cycles in a repressive network, in: A.S.
Perelson and G. Weisbuch, eds., Theoretical and Experimental Insights into Immunology, NATO ASI Series H 66
(Springer, Heidelberg, 1992) 250-260.

[7]1 A. Bertuzzi, C. Bruni, A. Gandolfi and G. Koch, Maximum likelihood identification of an immune response
model, in; G. Marchuk, ed., Modeling and Optimization of Complex Systems, (Springer, Berlin, 1979) 1-14.

[8] J.G.B. Beumee and H. Rabitz, On the use of filtering theory for the inversion of temporal chemical systems:
mathematical formulation, SIAM J. Appl. Math. 48 (1988) 925-935.

[9] T.A. Bickart, P-stable and Pla, B]-stable integration/interpolation methods in the solution of retarded
differential equations, BIT 22 (1982) 464-476.

[10] H.G. Bock, Recent advances in parameter identification techniques for ODE’s, in: P. Deuflhard and E. Hairer,
eds., Numerical Treatment of Inverse Problems in Differential and Integral Equations, Progress in Scientific
Computing 2 (Birkhauser, Basel, 1983) 95-121.

[11}] G.A. Bocharov and A.A. Romanyukha, Numerical solution of delay-differential equations by Runge—-Kutta—
Fehlberg methods, Preprint No. 99, Institute of Numerical Mathematics, Russian Academy of Sciences,
Moscow (1985) (in Russian).

[12] G.A. Bocharov and A.A. Romanyukha, Numerical solution of delay-differential equations by linear multistep
methods: approximation, stability, convergence, preprint No. 116, Institute of Numerical Mathematics, Russian
Academy of Sciences, Moscow (1986) (in Russian).

[13] G.A. Bocharov and A.A. Romanyukha, Numerical solution of delay-differential equations by linear multistep
methods: algorithm and programme, Preprint No. 117, Institute of Numerical Mathematics, Russian Academy
of Sciences, Moscow (1986) (in Russian).

[14] G.A. Bocharov and A.A. Romanyukha, Mathematical modeling of the immune response during acute viral
infections, in: A.S. Perelson and G. Weisbuch, eds., Theoretical and Experimental Insights into Immmunology,
NATO ASI Series H 66 (Springer, Heidelberg, 1992) 309-321.

[15] G.A. Bocharov and A.A. Romanyukha, Mathematical model of antiviral immune response, IIl: influenza a virus
infection, J. Theor. Biol. (submitted).

[16] P.T. Boggs, R.H. Byrd and R.B. Schnabel, A stable and efficient algorithm for nonlinear orthogonal distance
regression, SIAM J. Sci. Statist. Comput. 8 (1987) 1052-1078.

[17] G.D. Byrne, A.J. De Gregoria and D.E. Salane, A program for fitting rate constants in gas phase chemical
kinetics models, SIAM J. Sci. Statist. Comput. 5 (1984) 642-657.

[18] R.J. De Boer and A.S. Perelson, Size and connectivity as emergent propetrties of a developing immune network,
J. Theor. Biol. 149 (1991) 381-424.

[19] LR. Epstein, Delay effects and differential delay equations in chemical kinetics, Internat. Rev. Phys. Chem. 11
(1992) 135-160.

[20] Z.H. Faroogi and R.R. Mohler, Distribution models of recirculating lymphocytes IEEE Trans. Biomed. Engrg.
36 (1989) 355-362.



G.A. Bocharov, A.A. Romanyukha / Applied Numerical Mathematics 15 (1994) 307-326 325

(211 C.W. Gear, Numerical Initial Value Problems in Ordinary Differential Equations (Prentice-Hall, Englewood
Cliffs, NJ, 1971).

[22] C.W. Gear, DIFSUB for solution of ordinary differential equations D2, Algorithm 407, Comm. ACM 14 (1971)
185-190.

[23] C.W. Gear and T. Vu, Smooth numerical solutions of ordinary differential equations, in: P. Deuflhard and E.
Hairer, eds. Numerical Treatment of Inverse Problems in Differential and Integral Equations (Birkhauser, Basel,
1983) 2-12.

[24] P. Gill, W. Murray and M.H. Wright, Practical Optimization (Academic Press, London, 1981).

[25] E. Hairer, S.P. Norsett and G. Wanner, Solving Ordinary Differential Equations I: Nonstiff Problems (Springer,
Berlin, 1987).

[26] D.M. Himmelblau, C.R. Jones and K.B. Bischoff, Determination of rate constants for complex kinetic models,
Indust. Engrg. Chem. Fund. 6 (1967) 539-543.

{271 L.H. Hosten, A Comparative study of short cut procedures for parameter estimation in differential equations,
Comput. Chem. Engrg. 3 (1979) 117-126.

(28] IMSL Library Reference Manual 1-3 (IMSL, Houston, TX, 1980).

[29] K.J. in ’t Hout, A new interpolation procedure for adapting Runge—Kutta methods to delay differential
equations, BIT 32 (1992) 634—649.

[30] K.J. in ’t Hout, The stability of §-methods for systems of delay differential equations, Report Series No. 282,
Department of Mathematics and Statistics, University of Auckland, New Zealand (1993).

[31] F. James and M. Roos, MINUIT-system for function minimization and analysis of the parameters errors and
correlations, Comput. Phys. Comm. 10 (1975) 343-367.

[32] D. Kahaner and D. Sutherland, DDEs version of SDRIV (private communication by S. Thompson).

[33] R.E. Kalman, Identification of noisy systems, Uspekhi Mat. Nauk (Moscow) 40 (244) (1985) 27-41 (in Russian).

[34] A.V. Karpov, Mathematical modeling of immune response during destructive pneumonia, Ph.D. Thesis,
Institute of Numerical Mathematics, Russian Academy of Sciences, Moscow (1993) (in Russian).

[35] C.L. Lawson and R.J. Hanson, Solving Least Squares Problems (Prentice-Hall, Englewood Cliffs, NJ, 1974).

[36] G.I. Marchuk, Mathematical Models in Immunology (Optimization Software, New York, 1983).

[37]1 G.I. Marchuk, R.V. Petrov, A.A. Romanyukha and G.A. Bocharov, Mathematical model of antiviral immune
response, I: data analysis, generalized picture construction and parameters evaluation for hepatitis B, J. Theor.
Biol. 151 (1991) 41-70.

[38] G.I. Marchuk, A.A. Romanyukha and G.A. Bocharov, Mathematical model and antiviral immune response, II:
parameter identification for acute viral hepatitis B, J. Theor. Biol. 151 (1991) 41-70.

{39] M. Minkoff, Approaches to optimization/simulation problems, Appl. Numer. Math. 3 (1987) 453-466.

{40] R.R. Mohler, Z. Farooqi and T. Heilig, Lymphocyte distribution and lymphocytes dynamics, in: A. Balakrishnan
et al., eds. Vistas in Applied Mathematics (Optimization Software, New York, 1986) 317-333.

[41] K.A. Murphy, Estimation of time- and state-dependent delays and other parameters in functional differential
equations, SIAM J. Appl. Math. 50 (1990) 972-1000.

[42] G.W. Nelson and A.S. Perelson, A mechanisms of immune escape by slow-replicating HIV strains, Preprint
91-10-039, Santa Fe Institute (1991); also: J. AIDS (to appear).

[43] K'W. Neves, Automatic integration of functional differential equations, An approach, ACM Trans. Math.
Software 1 (1975) 357-368.

[44] K.W. Neves, Algorithm 497, automatic integration of functional differential equations [D2], ACM Trans. Math.
Software 1 (1975) 369-371.

[45] K.W. Neves and S. Thompson, Software for the numerical solution of systems of functional differential
equations with state-dependent delays. Appl. Numer. Math. 9 (1992) 385-401.

{46} K.W. Neves and A. Feldstein, Characterization of jump discontinuities for state dependent delay differential
equations, J. Math. Anal. Appl. 56 (1976) 689-707.

[47] U. Nowak and P. Deuflhard, Numerical identification of selected rate constants in large chemical reaction
systems, Appl. Numer. Math. 1 (1985) 59-75.

[48] H.G. Oberle and H.J. Pesch, Numerical treatment of delay differential equations by hermite interpolation,
Numer. Math. 37 (1981) 235-255.



326 G.A. Bocharov, A.A. Romanyukha / Applied Numerical Mathematics 15 (1994) 307-326

[49] J. Oppelstrup, Delay-2—a fourth order method for delay-differential equations, TRITA-NA-7619, Royal
Institute of Technology, Stockholm, Sweden (1976).

[50] J. Oppelstrup, The RKFHB 4 method for delay-differentional equations, in: R. Bulirsch, H.D. Grigorieff and J.
Schroder, eds., Numerical treatment of differential equations, Proceedings of the Conference held at Oberwolfbach,
1976, Lecture Notes in Mathematics 632 (Springer, Berlin, 1978) 133-146.

[51] S. Parry, M.E.J. Barratt, S. Jones, S. Mckee and J.D. Murray, Modelling coccidial infection in chickens;
emphasis on vaccination by in-feed delivery of oocysts, J. Theor. Biol. 157 (1992) 407-425.

[52] C.AH. Paul, Developing delay differential equation solver, Numerical Analysis Report No. 204 University of
Manchester (1991).

[53] R. Rose and A.S. Perelson, Immune networks and immune responses, Preprint 92-12-058, Santa Fe Institute
(1992); also in: S. Levin, ed., Lecture Notes of Biomathematics 100.

[54] H.H. Rosenbrock and C. Storey, Computational Techniques for Chemical Engineers (Pergamon Press, Oxford,
1966).

[55] M.G. Roth, Difference methods for stiff delay differential equations, Ph. D. Thesis, Report UIUCDCS-R-80-
1012, Department of Computer Science, University of Illinois, Urbana-Champaign, IL (1980).

[56] G.N. Saridis, Self-Organizing Control of Stochastic Systems (Dekker, New York, 1977).

[57] LA. Sidorov and A.A. Romanyukha, Mathematical modeling of T cell proliferation, Math. Biosci. 115 (1993)
187-232.

[58] V. Srinivasan and R.C. Aiken, Singular perturbation approach to stiff estimation, in: X.J.R. Avula et al. eds.,
Mathematical Modeling in Science and Technology (1984) 154-165.

[59] S. Thompson, Stepsize control for delay differential equations using continuously imbedded Runge—Kutta
methods of Sarafyan, J. Comput. Appl. Math. 31 (1990) 267-275.

[60] J.M. Varah, A spline least squares method for numerical parameter estimation in differential equations, SIAM
J. Sci. Statist. Comput. 3 (1982) 28-46.

[61] P.A. Waltman, Threshold model of antigen-stimulated antibody production, in: G.I. Bell, A.S. Perelson and
G.H. Pimbley, eds., Theoretical Immunology (Dekker, New York, 1978) 437-453.

[62] D.S. Watanabe and M.G. Roth, The stability of difference formulas for delay differential equations, SI4AM J.
Numer. Anal. 22 (1985) 132-145.

[63] D.R. Willé and C.T.H. Baker, DELSOL—a numerical code for the solution of systems of delay-differential
equations, Appl. Numer. Math. 9 (1992) 223-234.

[64] D.R. Willé and C.T.H. Baker, The tracking of derivative discontinuities in systems of delay-differential
equations, Appl. Numer. Math. 9 (1992) 209-222.

[65] J. Williams and Z. Kalogiratou, Least squares and Chebyshev fitting for parameter estimation in ODE’s (1993).

[66] A. Yermakova, P. Valko, and S. Vajda, Direct integral method via spline approximation for estimating rate
constants, Appl. Catal. 2 (1982) 139-154.



