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INTRODUCTION

Since the 1960s, when early observations of the
quasi-biennial oscillations (QBOs) of the zonal wind
in the equatorial stratosphere emerged, the number of
studies of different QBO aspects has been increasing
continually. This global climatic phenomenon can be
described as slow downward-propagating westerly
and easterly phases of zonal wind alternating with a
period of about 28 months (such oscillations are
directly observed in the equatorial zone at heights
between 16 and 50 km). Figure 1 shows the time–
height plot of the zonal wind in the equatorial strato-
sphere from the NCEP data [1] for eight years. The
figure graphically demonstrates the essence of this phe-
nomenon (direction of zonally averaged wind in the
stratosphere changes periodically) and its basic proper-
ties: a period varying from 24 to 30 months, slow
downward propagation of differently directed velocity
phases (the rate of downward propagation is
1 km/month on average), the zone of propagation (at 60
to 10 mb), and the amplitude of zonal velocity and its
distribution (with maxima of about 30 m/s at 20 to
10 mb).

In a zonal direction, intense QBOs are observed in
a narrow equatorial zone (

 

≈

 

6°

 

  northward and south-
ward of the equator). The distribution of the amplitude
of velocity oscillations is approximately symmetric
about the equator and close to a normal distribution
with a maximum at the equator [2].

A detailed present-day overview of all aspects of
the QBO is given in [3].

Despite a seemingly meridional localization of this
phenomenon, there is a large amount of information

on the influence of the QBO on global climatic char-
acteristics. A major proposed mechanism of the effect
of the QBO on atmospheric dynamics is associated
with the modulation of wave-activity transport in the
extratropical stratosphere (basically by stationary
waves). This modulation can trigger sudden strato-
spheric warmings; however, analysis of observations
shows that the connection of these events is ambigu-
ous [3–5]. Modulation is also responsible for the inter-
action of the QBO with other low-frequency processes
like El Ni o, the basic manifestation of which shows
up in the impact on the amplitudes of planetary waves
in the troposphere [3, 6, 7]. Analysis of observational
data reveals the influence of the annual insolation
forcing on the QBO and the nonlinear synchronization
of the quasi-biennial and annual cycles [3, 8, 9].

It is also worth noting regional connections of the
QBO with tropical processes, for example, with the
duration of seasonal rains in the tropics and with the
activity of tropical hurricanes in the Atlantic [10].

Since the QBOs of zonal wind are directly related
to analogous oscillations of tropical stratospheric tem-
perature, the influence of the QBO on the production
of ozone and its transport toward the poles (through
the modulation of dynamic processes in the strato-
sphere) also seems logical [11–13]. Analogous ten-
dencies were found in the transport of other atmo-
spheric pollutants resulting from different anthropo-
genic impacts or volcanic activity [3, 14, 15]. The
connection of the QBO with the carbon cycle in the
atmosphere may also be of importance.

It should be noted that, in several studies [16–18],
the QBO is treated in the context of the parametric res-
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onance effect; however, such an interpretation fails to
explain some of the key features of the real quasi-
biennial oscillations of zonal wind.

Despite the significance of the QBO, only few cli-
mate models are now able to reproduce this phenom-
enon [3, 19, 20]. In particular, the Max Planck Insti-
tute’s MAECHAM5 model of high vertical resolution
reproduces the QBO rather realistically [21]. This
may be attributed to complicated and poorly under-
stood mechanisms of the formation of this process.
The explanation that the QBO of the zonal wind in the
equatorial stratosphere arises from nonlinear interac-
tion between the mean flow and equatorial waves
propagating upward now appears to be well estab-
lished.

Holton and Lindzen’s pioneering research [22]
showed that the main mechanism for this interaction
can be planetary waves—mixed Rossby–gravity
waves and Kelvin waves; however, it was found later

that the energy of these waves is obviously insufficient
and that a full spectrum of equatorial waves should be
considered down to the shortest gravity waves [3, 23].
While the mechanism for the interaction of planetary
waves with the mean flow has already been clarified in
earlier studies (this mechanism is based on the inter-
action of waves with the mean flow at critical levels
where the phase speed of the waves is equal to that of
the basic flow), the mechanism of the interaction of
short gravity waves with the mean flow is still unclear
[23, 24].

Since critical levels (or more precisely, critical lay-
ers) are narrow interaction zones, it is evident that an
adequate simulation of the interaction requires that
climate models be of high spatial (vertical) resolution,
a necessary (yet insufficient!) condition for reproduc-
ing the QBO.

Since we assume that the type of interaction of
short and long equatorial waves with the mean flow
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Fig. 1.

 

 Zonally averaged equatorial wind from the 8-year NCEP analysis in a height range from 200 to 10 mb. Velocity is given in
m/s, the contour interval is 5 m/s, and dotted lines indicate westerly winds (negative direction).
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can be different, we may conditionally divide all equa-
torial waves into two groups. The first group includes
large-scale waves such as trapped equatorial Kelvin
waves, mixed Rossby–gravity waves, and long inertia–
gravity waves (with periods of about 1 to 5 days, zonal
wavelengths over 1000 km). Another group includes
small-scale gravity waves (with periods << 1 day and
zonal wavelengths of 10 to 1000 km). As was noted
above, despite a significant difference between these
groups, their contribution to the total momentum
transferred by them to the zonal flow is of almost
equal importance [23].

Based on the above, we have attempted to answer
the following questions in the first part of this study.

(1) The degree of the interaction of long equatorial
waves with the mean flow, which is based on the inter-
action at critical levels, must evidently depend on a
time and spatial resolution of an appropriate finite-
dimensional approximation. Mathematically, any
nonlinear model that adequately reproduces the QBO
must generate a limit cycle with a period of about
2 years in a reasonable range of the model’s parame-
ters. As such, we can also use the parameters of the
spatial and temporal approximation.

It is also interesting to discuss whether the gener-
ated limit cycle is a global attractor or if this attractor
is local.

In this paper, the basic model for investigating the
QBO arising from interaction of long waves with the
zonal flow was the Plumb model [25], which will be
described in Section 1 of this paper.

(2) Since the mechanism of wave interaction at
critical levels could not be resolved in an atmospheric
general circulation models of relatively coarse vertical
resolution, the question arises of whether it might be
possible to obtain the QBO using only a parametriza-
tion of the interaction of short gravity waves with the
mean flow. The answer to this question, certainly,
depends to a large extent on what method is used for
parametrization. In our study, the model of the inter-
action of short gravity waves with the mean flow was
that proposed by Hines [26, 27], which we have his-
torically used for describing the interaction of gravity
waves with the mean flow in the middle atmosphere.
This method will be described in detail in the corre-
sponding section; we only mention now that the prob-
lem lies in investigating the range of parameters of the
model in which it must generate the limit cycle.

(3) With a positive answer to the previous question,
the next problem is to study the relative role of equa-
torial waves of different scales in QBO formation. It is
of interest to consider which waves determine the
basic characteristics of the QBO of zonal velocity and
what contribution comes from the other waves. To this
end, the combined action of the QBO excitation mech-
anisms described above should be studied on the basis

of an extended model of the interaction of short and
long waves with the mean flow.

This paper is the first part of a cycle consisting of
two works. The second will be devoted to the simula-
tion of the QBO in atmospheric general circulation
models that are being developed at the Institute of
Numerical Mathematics of the Russian Academy of
Sciences.

1. SIMULATION OF THE QBO THROUGH 
INTERACTION OF LONG WAVES

WITH THE MEAN FLOW

As was pointed out in the Introduction, the first
mechanism for the excitation of the QBO is consid-
ered to be the interaction of long equatorial waves
with the mean flow at critical levels (layers). The orig-
inal model accepted here was that proposed by Plumb
[25]. For consistency with our atmospheric general
circulation model used below, some changes were
introduced into the Plumb model and characteristic
parameters close to those really observed in the atmo-
sphere were employed.

Before considering the Plumb model, we concep-
tually describe a mechanism of change of the QBO
phases when the zonal flow interacts with oppositely
directed waves. Let the zonal velocity be positive at
the initial time. Reaching a critical level, a wave with
a positive phase speed transfers momentum to the
zonal flow and accelerates it in the direction of the
phase speed. Because of vertical mixing, the critical
level descends until it reaches the lower level. At that
time, a wave with the opposite phase speed penetrates
the stratosphere and is absorbed at the upper levels
(this absorption condition will be specified below),
producing the flow’s acceleration in the direction of
the negative phase speed, after which this wave inter-
acts with the mean flow at critical levels, as described
above. The cycle then repeats.

We briefly describe the main assumptions used in the
Plumb model. The interaction between the basic flow
and long equatorial waves is described by the equations
of a two-dimensional (

 

x

 

, 

 

z

 

) viscous Boussinesq fluid in
the gravity-force field with thermal cooling.

The two-dimensional structure of motion is
described in terms of the stream function 

 

ψ

 

 with a ver-
tical coordinate 

 

z

 

 and a horizontal coordinate 

 

x

 

 (in
these quantities, the horizontal velocity component is

 

u

 

 = 

 

 and the vertical component is 

 

w

 

 = 

 

). The

following notation is introduced: 

 

σ

 

 = –

 

g

 

 is the

buoyancy, 

 

N

 

 = 

 

 is the buoyancy frequency, 

 

μ

 

 is

the coefficient of viscosity, and 

 

ν

 

 is the thermal coef-
ficient of Newtonian cooling. In the given terms, the
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motion can be described by the vorticity equation and
by the equation for the buoyancy:

 

(1.1)

 

In this system, the Jacobian is defined as 

 

J

 

(

 

ϕ

 

1

 

, 

 

ϕ

 

2

 

) =

 – 

 

 and the Laplacian is 

 

Δϕ 

 

=  +

 

 The motion is separated into the mean and fluctu-

ating components, i.e., 

 

ψ

 

 =  + 

 

ψ

 

'

 

, where averaging is
done over the horizontal coordinate (it is this component
that determines the zonal flow).

Several geophysical approximations are made, on
the basis of which the solution for the fluctuating com-
ponent in (1.1) may be written in the form

 

(1.2)

 

These solutions prescribe the wave spectrum, with
wave numbers 

 

k

 

n

 

 and phase velocities  (in the hori-
zontal direction); the waves are assumed to propagate
from a specified source upward. The amplitude obeys
the equation

 

(1.3)

 

Solving (1.3) with the use of the WKB approximation,
we obtain the height dependence of an averaged
momentum flux transferred to the mean flow by one
wave:

 

(1.4)

 

where 

 

s

 

 is the sign of the vertical component of the group
velocity (for our model, 

 

s

 

 = +1 because waves propagat-
ing upward are of interest here). This quantity deter-
mines the evolution of the zonally averaged velocity 

The role of Newtonian cooling in the interaction of
waves with the zonal flow is very important because,
in view of the noninteraction theorem [28], this inter-
action in an incompressible fluid at 

 

υ

 

 = 0 is absent.
From (1.4), the absorption of wave energy occurs
mainly near a critical level, thereby imposing certain
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limitations on the methods of computation of the
wave-energy flux.

Thus, the basic equation to be used in computa-
tions is of the form

(1.5)

The inclusion of the vertical-diffusion term in Eq. (1.5)
is absolutely necessary to remove singularities in the
region of a critical level and, consequently, to lower it,
and to eliminate a singularity at the lower boundary of
the domain of interest. Clearly, the magnitude of this
coefficient must also be a parameter that determines
characteristics of the limit cycle of (1.5).

As in the Plumb model [25], two waves differing
only in the directions of phase speed are used as a
wave forcing. Wave parameters (wavelength, ampli-
tude) in the investigation were varied within the limits
observed for long equatorial waves [3, 28].

The problem was considered in the stratospheric
region: the lower boundary was set at the tropopause
level, a source of wave energy was placed at the same
level, and the upper boundary was at the stratopause
level (~55 km). The boundary condition at the top of
the domain was the Neumann condition, i.e., a zero

gradient of zonal velocity  = 0, and the

Dirichlet condition  = 0 was prescribed at the

lower boundary.
The initial conditions in all experiments were real-

istic velocity profiles and a standard density profile,
from which the buoyancy frequency was computed.
The choice of the initial velocity profile was unimpor-
tant because the convergence of the solution to the
limit cycle turned out to be very rapid. Therefore, it is
possible to state that it was experimentally established
for a given problem that the limit cycle in the region
of selected parameters proved to be a local attractor.

This conclusion certainly applies to a difference
approximation of the original problem described by
Eq. (1.5), which was constructed on a regular grid, with
the space derivatives approximated by central differ-
ences and the time derivative approximated by a Crank–
Nicholson scheme. The dependence of the solution on
the level of spatial resolution (Δz) was studied first. It
was shown that the closeness of the solutions obtained
was observed starting with Δz ~ 500 m; therefore, the
basic experiments on the sensitivity of the period of the
limit cycle to the variation in external parameters were
conducted with a spatial resolution of Δz = 500 m. As an
example, Fig. 2 shows the result of a numerical experi-
ment with parameters the majority of which correspond
to those really observed in the atmosphere: c1 = c2 =
30 m/s; k1 = k2 = 7.85 × 10–7 m–1; F1(0) = –F2(0) = 2 ×
10–2 m2/s2; ν = 10–6 s–1; μ = 0.3 m2/s.

u∂
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It should be noted that the amplitudes of the wave-
energy source F(0) in this experiment are well overes-
timated relative to the real ones in the atmosphere (in
[25], Plumb, relying on Holton’s research, offered a
value of about 8 × 10–3 m2/s2 for a Kelvin wave). With
such a value of F(0), the limit cycle is not excited. This
result confirms the finding of earlier studies [23] that
long waves by themselves possess no sufficient energy
to produce the QBO.

Further studies of Eq. (1.5) were concerned with an
investigation of the dependence of the period of the
limit cycle on the key parameters of the problem (in
our opinion, this problem has not received sufficient
attention in the cited works). From a large number of
experiments, it was found that a general dependence
of the limit cycle on parameters of the problem can be
written as

(1.6)T
kc
F0
-----.∼

However, it is worth noting that the range of values of
the parameters F(0) and μ in which the solution had the
form of a limit cycle with such a dependence of the period
is relatively small, and this circumstance means that the
characteristics of the QBO are very sensitive to the varia-
tion of these parameters. A fairly large number of experi-
ments were conducted in which strictly linear depen-
dences on k and c were obtained in a relatively broad range
of their variation (2π/(4 × 107) m–1 < k < 2π/(5 × 106) m–1;
15 m s–1 < c < 45 m s–1) (see Figs. 3b, 3c). This region cor-
responds to long equatorial waves and to their parame-
ters comparable with their real values [3, 28]. As for
F(0), there is a rather nontrivial dependence of the period
on this parameter (Fig. 3a). Note that dependence (1.6)
was obtained for the minimum possible values of F(0) at
which the limit cycle still arises. For superlarge F(0) val-
ues, the physics of formation of the limit-cycle period at
small μ will already be governed by the time of a diffu-
sion process within which velocities close to the phase
speed of the wave will be established at a given height.
Therefore, the dependence of the period on the initial
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F(0) will be inverse. However, this case has little bearing
on reality and is of interest only from a mathematical
point of view on the study of problem (1.5).

For the diffusion coefficient μ, the QBO is obtained
in a narrow range (0.2 m2/s < μ < 0.3 m2/s), and the
period in this range is independent of its value
(Fig. 3d). As for the thermal dissipation coefficient ν,
the period varies hardly at all over a broad range of its
values (Fig. 3e).

It is worth noting that the period and amplitude of
the oscillations obtained in a simulation of the interac-
tion of long waves with the zonal flow are in propor-
tional dependence, which agrees with the results of
analysis of the actual QBO data [29].

Since one of the basic problems formulated in the
Introduction is to examine the generation of the QBO
by waves of different ranges, it is important to under-
stand which of the key parameters of these waves are
responsible for the period and amplitude of the QBO.
Within the framework of the problem of wave–mean
flow interaction at critical levels, this can be done by
considering not two but more planetary waves as forc-

ing. For this purpose, another two oppositely directed
symmetric waves with a smaller initial momentum but
with a higher horizontal wave number were added to
the wave forcing. As a result, zonal-velocity oscilla-
tions with the period controlled by waves with a larger
initial momentum flux were obtained. The other
waves contributed to the amplitude of zonal velocity
and its vertical distribution. In a real atmosphere, a
significant portion of the initial momentum flux is
accounted for by a Kelvin wave and a mixed Rossby–
gravity wave, which determine the duration of the
QBO phases. Being absorbed by the mean flow at
higher levels, shorter waves carry a smaller flux and
maintain the QBO up to the upper levels of the strato-
sphere.

2. SIMULATION OF THE QBO THROUGH 
GRAVITY-WAVE OBLITERATION

The interaction of small-scale gravity waves with
the background flow is rather difficult to treat on the
same basis as the interaction with long waves at criti-
cal levels. One must turn to small scales and take into
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account the statistical character of small-scale distur-
bances and the presence of an actually continuous
spectrum of vertically propagating gravity waves,
which transfer momentum and energy to the mean
flow, interacting with each other. In general circula-
tion models, this is a subgrid-scale process, and the
interaction problem is solved in modern climate mod-
els with parametrizations of gravity-wave drag.

One of the recent parametrizations of this process
has been developed by K. Hines and is being used in
many general circulation models (for a detailed
description, see [26, 27]). This parametrization is
based on the theory of the Doppler shift of the middle
portion of the spectrum of gravity waves toward
higher vertical wave numbers, at which wave obliter-
ation and momentum and energy transfer to the mean
flow occur. This parametrization is of a semiempirical
nature because part of the characteristics essential to a
theoretical consideration is derived from statistical
data processing.

A study of the mechanism of excitation of zonal-
velocity oscillations by gravity-wave drag is carried
out with a simple one-dimensional model analogous
to that considered in Section 1. Since all distinctions
between these two mechanisms lie in the definition of
wave forcing, vertical diffusion is the necessary pro-
cess for the implementation of a scheme of direction
change. For the process of gravity-wave obliteration,
this conclusion is not as evident as before, but it is
supported by numerous numerical experiments. Fol-
lowing the same arguments as those used for the
Plumb model, we write a one-dimensional equation
for the evolution of the zonally averaged velocity
component at the equator with the same notation:

(2.1)

In Eq. (2.1), the right-hand side FHines denotes the
momentum flux from wave obliteration, which will be
calculated following the ideas suggested by Hines
[26].

In a theoretical derivation of the gravity-wave
propagation process, we will consider an elementary
dispersion relation for an individual wave, which is
based on the assumption of isotropy of its velocity:

Nm–1 = Ωh–1. (2.2)

In (2.2), N =  is the buoyancy frequency

(ρ is the density of air at a given height, z is the verti-
cal coordinate, and g is the acceleration of gravity);
Ω is the gravity-wave frequency in a reference frame
moving with the mean flow; and m and h are vertical
and horizontal wave numbers, respectively. Hines pro-
posed to treat the Doppler shift for each individual
element of the wave spectrum by using a vertical wave
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z2∂

-------–
1
ρ
---

FHines∂
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-----------------.–=

g
ρ
---–
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z∂
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number at the source level as a marker (we denote it
by mi). Such a treatment makes it possible to deter-
mine the Doppler shift by statistical techniques, spec-
ifying a vertical-wave-number spectrum at the source
level. For the sake of convenience, the vertical spec-
trum at this level is considered to be linear. Thus,
based on this dispersion relation and on the assump-
tion that the horizontal wave number does not vary
with height, we can write a standard equation for the
Doppler effect in passing to a reference frame moving
with the Earth (in this frame, the frequency ω does not
depend on height because it is a characteristic of an
individual wave):

ωh–1 = Ωh–1 + V = Nm–1 + V. (2.3)

In (2.3), V is the background horizontal velocity of
airflow in the given direction (the vertical component
of wind is assumed to be small and, therefore, is
neglected). The background flow is taken to be a
superposition of the mean flow and wave distur-
bances; i.e., V = u + v for each direction and height.
Since the left-hand side of (2.3) with the accepted
assumptions is independent of height, we can write it
for the level of the source of gravity waves at which
the vertical spectrum is specified, the initial wave-
induced fluctuation of the horizontal flow being
neglected:

(2.4)

In the given equation, the quantities are isolated
that depend on the vertical coordinate z, the value of
which at the source level is denoted through z0.
Expression (2.4) prescribes the Doppler shift in the
spectrum of vertical wave numbers for any element of
interest in the initial spectrum; it is the key equation
for the given parametrization. Variations in the verti-
cal wave numbers lead to a shift toward larger wave
numbers because, for each element of the initial spec-
trum at any given height, a critical value exists at
which the wave breaks down. From the theory of
propagation of gravity waves in the atmosphere, it is
known that fluctuations in the vertical plane in the
flow cannot occur with a frequency higher than the
buoyancy frequency N. Hence, the condition of non-
obliteration of gravity waves results, which can be
written for a characteristic disturbed velocity in the
following form:

(2.5)

As was noted above, we are dealing with a broad
spectrum of gravity waves, the amplitude of which is
normally distributed with zero mean and the height-
dependent variance σ. Assuming that the amplitude is
equal in order of magnitude to the rms deviation ν, we
can write the condition of nonobliteration as

î1σm < N, (2.6)

N z0( )mi
1– u z0( )+ N z( )m 1– u z( ) v z( ).+ +=

v∂
z∂

------- N .<
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where î1 is the first of several statistical dimensionless
factors introduced by the author. The recommended
range of its values is 0.1 < î1 < 0.4 (see [26]).

Thus, condition (2.6) yields a critical maximum
limit value of vertical wave number mmax, which for
any height is determined as

(2.7)

Equation (2.7) for the limit vertical wave number, in
combination with Eq. (2.4) for the Doppler shift of each
separate portion of the initial spectrum in height, pro-
vides necessary conditions for the value of critical
heights for any initial-spectrum element mi:

(2.8)

The value miC(z) for any height identifies the maximum
wave number of the initial spectrum where the wave is
not yet obliterated at this level: waves with vertical
wave numbers mi < miC(z) propagate above the level z,
and waves from the initial spectrum with mi ≥ miC(z) are
obliterated or were obliterated earlier.

For ν(z), Hines [26] proposed another empirical
relation, based on observational data processing:

(2.9)

Here, î2 is a second statistical dimensionless parame-
ter on the order of unity and (z) is the rms deviation
in a given direction.

For computation of FHines = ρ  in any direction
(where v and w are the horizontal and vertical compo-
nents of wave disturbances), it is accepted that vertical
disturbances are in phase with horizontal ones, i.e.,
vh = mw. For each element of a continuous spectrum,
the vertical flux of horizontal momentum is taken to
be conserved until the obliteration of the wave occurs,
and so it is possible to write an expression for the total
flux across the entire spectrum in a given direction
through the integral over the initial vertical spectrum:

(2.10)

Taking into account the fact that we ourselves
specify the initial vertical spectrum, restricting it by
the condition of wave nonobliteration (2.6) at the ini-
tial level, we will generally assume that the energy
distribution is given by the function P(mi) within the
interval mi min ≤ mi ≤ N(z0)[î1σ(z0) + î2 (z0)]

–1.

mmax
N z( )

î1σ z( )
------------------.=

miC N z0( ) î1σ u z( ) u z0( )– v z( )+ +[ ] 1– .=

v z( ) î2σ̂ z( ).=

σ̂

vw

F z( ) ρ z( )v z( )w z( ) m z( )d

mmin

mmax

∫=

=  ρ z0( )v z0( )w z0( ) mid .

mi min

miC

∫

σ̂

Expression (2.10), with consideration for the synchro-
nization condition of disturbances, can then be rewrit-
ten as

(2.11)

The height distribution of critical values for verti-
cal wave numbers in any direction is of the form

(2.12)

In (2.12), N(z0) is the buoyancy frequency at the
source level, î1 and î2 are dimensionless statistical
parameters of about unity that are determined from
data on wave activity, and σ+(z) and σ–(z) are the rms
deviations in each of the directions, which are calcu-
lated in a system with these equations for any height
by the following formulas:

(2.13)

Equations (2.13) are the integral formulas for the
rms deviations, mi min is the lower limit of the vertical

wave number spectrum, the constant C = 2(  –

)–1 is determined by the linear spectrum and the
normalization condition, and the upper limit mi max =

N(z0)[( î1 + î2)σ(z0)]
–1 is the critical value of the

wave spectrum at the source, determined by (2.12).
The total variance for any level is calculated as σ(z) =

We note that (2.12) is not a final but a trial equa-
tion, because two factors must be taken into account:

 cannot increase with height because the waves
propagating upward are obliterated down at a certain
level and are not able to go up above this level; these
quantities cannot be negative. A test of these condi-
tions must be implemented in the course of a numeri-
cal run.

After solving the system of equations and testing
the necessary conditions for a trial value, we can write

F z( ) ρ z0( )v z0( )v z0( )h/mi mid

mi min

miC

∫=

=  ρ z0( )σ̂ z0( )2h P mi( )/mi mi.d

mi min

miC

∫

miC trial( )±

=  N z0( ) î1σ z( ) î2σ± z( ) u z( ) u z0( )–( )±+[ ] 1–
.

σ± z( )2 ρ 1– z( )ρ z0( )N z( )N z0( ) 1– σ2 z0( )=

× Cmi 1 N z0( ) 1– u z( ) u z0( )–( )mi+−[ ] 1–
mi.d

mi min

miC
±

∫

mi max
2

mi min
2

2

σ+ z( )2 σ– z( )2+ .

miC
±
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an expression for the fluxes in both directions and for
the total flux: 

(2.14)

(2.15)

To examine the evolution of velocity, it is necessary
to construct a one-dimensional numerical model on the
basis of Eq. (2.1), in which the momentum flux will be
calculated from (2.15), with solving the system of equa-
tions (2.12) and (2.13) for each direction. For simplicity,
the zonal velocity at the lower boundary (the level of the
wave source) is taken to be zero: u(z0) = 0. At the upper
boundary, we also set u(zmax) = 0.

We assume that the momentum flux is zero below
and at the source level and satisfies the radiation con-
dition at the upper boundary:

(2.16)

It should be noted that we conducted a series of
experiments on varying initial conditions, boundary
conditions, and conditions (2.16), and no significant
changes were introduced into general modeling
results by these variations. Since our goal was to find
the solution in the form of a limit cycle, all the results
were analyzed after the lapse of a sufficiently long
time interval.

By analogy with Section 1, a numerical approxima-
tion of (2.1), (2.12), (2.13), and (2.15) is performed on a
regular grid. A semi-implicit Crank–Nicholson-type
scheme was used for time approximation, and a cen-
tered-difference scheme was employed for space
approximation. Since the result must in principle depend
little on resolution, we used a vertical grid with a resolu-
tion coinciding in the order of magnitude with vertical
resolutions in state-of-the-art general circulation models.
At each time step, we first calculate the vertical profile of
the horizontal momentum flux FHines(z) through the
Hines parametrization from the vertical profile u(z),
which is already known. For this purpose, with consider-
ation for a test of conditions, a system of finite-dimen-
sional analogues of (2.12) and (2.13) is solved by itera-
tions. The results obtained are then substituted into
expression (2.15) for the flux, and the velocity profile
u(z) is then determined by a semi-implicit scheme from
Eq. (2.1) for the next time step.

By analogy with the first part of this study, for a
comprehensive analysis of the generated oscillations
of mean velocity, a large number of experiments were
conducted with the gravity-wave drag model under
consideration. The main result of these experiments is
that a parametrization of obliteration of short gravity

F+ z( ) ρ z0( )σ z0( )2hC miC
+ mi min–( ),=

F– z( ) ρ z0( )σ z0( )2hC miC
+ mi max–( ).=

FHines z( ) F+ z( ) F– z( )–=

=  ρ z0( )σ z0( )2hC miC
+ miC

––( ).

FHines z( )
Z Z0≤

0,
FHines z( )∂

z∂
------------------------

Z Zmax=

0.= =

waves permits a solution in the form of a limit cycle
with periods close to those of the QBO. The next prob-
lem was to calculate the range of the key parameters
essentially determining this period.

The main characteristics that describe wave pro-
cesses are the initial spectrum of vertical wave num-
bers and the amplitude distribution given by the rms
deviation σ(z0). The vertical spectrum is assumed to
be continuous and taken initially to be linear. There-
fore, for vertical wave numbers, we can vary the spec-
trum limits at the source level. The horizontal wave
spectrum in our case is taken to be unchanged with a
constant wave number h. A series of experiments with
different values of the horizontal wave number h and
with different σ(z0) revealed some general tendencies.
With increasing horizontal wave number, the oscilla-
tion period decreases proportionally, while the charac-
teristic maximum amplitude of zonal velocity
increases nonlinearly. The same occurs with increas-
ing σ(z0), but the amplitude increases much faster, and
the vertical structure of the cycle experiences no sig-
nificant changes and remains symmetric about the
change in velocity direction. A strong sensitivity of
the oscillation characteristics to these parameters can
also be seen.

A strong sensitivity of the generation mechanism
of oscillations is found in a series of experiments on
variation of vertical diffusivity. With increasing verti-
cal diffusivity, the period and amplitude of oscilla-
tions decrease. When the vertical diffusivity
approaches zero, the oscillations are no longer
excited, an outcome that is indicative of the role of this
process in the mechanism based on gravity-wave drag
as well.

In our experiments, we can also vary the lower
limit of the vertical wave spectrum at the source level,
mi min. Physically, varying this quantity leads to a shift
in the distribution of energy over the spectrum and to
a change in the wave range considered. With increas-
ing mi min, the spectrum shifts toward higher frequency
disturbances, thereby implying that small-scale grav-
ity-wave processes carry a larger portion of energy.
Numerical experiments have shown that the oscilla-
tion period is inversely proportional to mi min. The
maximum amplitude of zonal velocity in the observed
oscillations decreases nonlinearly with an increase in
the minimum wave number.

From the results of experiments, we can determine
the dependence of the period of zonal-velocity oscil-
lations on the key parameters in the following way:

(2.17)

As an example, Fig. 4 shows the results of a com-
putation of the oscillations of zonal velocity with the
model described above, in which the following param-

T
1

hσ0
2mmin μ

----------------------------.∼
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eters were taken: î1 = 0.3, î2 = 1.5,  = 1 m–2 s–2,
mmin = 10–4 m–1, μ = 0.3 m s–2, and h = 10–5 m–1. It is
easy to see that, with the parameters thus selected, we
obtain a situation close to the actually observed QBOs
of zonal velocity in the equatorial stratosphere.

3. SIMULATION OF THE QBO THROUGH
THE COMBINED INTERACTION OF GRAVITY 

AND PLANETARY WAVES WITH ZONAL FLOW

From the results of the previous sections, the study
of the combined action of both mechanisms described
above is of most interest. Since the proposed
approaches with a certain choice of parameters span a
full spectrum of equatorial waves, it is possible to
describe the interaction of equatorial waves with the
mean flow realistically in a generalized model and, on
its basis, to attempt to obtain the QBO with the
required characteristics. Since the methods for inves-
tigating the mechanisms of the interaction of long and

σ0
2 short gravity waves are based on similar one-dimen-

sional models, an analogous coupled model was used
to produce their combined action.

In accordance with the first section of this study,
the system was assumed to comprise two large-scale
waves propagating vertically, analogues of two long
equatorial waves of different direction (Kelvin wave
and Rossby–gravity wave). Following the Plumb
model [25], we consider the interaction of these waves
with the mean flow in a medium with thermal dissipa-
tion. It is also assumed that the dynamics of airflow is
subjected to gravity-wave drag, which is generated by
the obliteration of short waves in the upper atmo-
sphere. According to the second section of this study,
the influence of small-scale waves on the dynamics of
the mean flow was described by the Hines parametri-
zation [26, 27]. The action of both wave types is spec-
ified by an averaged flux of horizontal momentum
transferred to the mean flow.
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Fig. 4. Zonal-velocity profile close to the QBO obtained from a numerical solution of the Hines model (2.1) and (2.15). Velocity is
given in m/s, the contour interval is 10 m/s, and dark contours correspond to the westerly wind phase (negative direction).
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Thus, the equation for the evolution of an averaged
component of zonal velocity is written as

(3.1)

Here, the quantities FPlumb and FHines specify the
momentum fluxes produced by the interaction
between the mean flow and long and short gravity
waves, respectively. With (1.4) and (2.15), these
fluxes can be written as

(3.2)

(3.3)

The quantities (z) and (z) are calculated by the
method described in Section 2.

Equations (3.1)–(3.3) are the basic equations for
describing the interaction of equatorial waves with the
mean flow, which were used to examine the excitation
of a QBO analogue in the presence of both mecha-
nisms considered above. In a numerical solution of
(3.1)–(3.3), a range of z from 0 to 60 km was consid-
ered and the source level z0 was taken identical for
both wave types in accordance with observed data,
because both types of waves originate in the upper tro-
posphere at about 8 km. A standard exponential den-
sity profile was specified, from which the buoyancy
frequency was computed.

For simplicity, the zonal velocity at the wave-
source level is taken to be zero: u(z0) = 0. At the upper
boundary, we also assume u(60) = 0. In accordance
with the models developed, the flux of gravity waves
below the source level is also set equal to zero. At the
top of the atmosphere, the condition of complete
absorption is assumed, FHines(60) = 0; that is, the
waves are not emitted or reflected at the boundary.

Any realistic vertical profile of the vertical velocity
can be chosen as initial conditions, because the sys-
tem’s solution then reduces to a limit cycle. However,
in the given case where two different mechanisms
operate, the system can take much more time to attain
a steady state than in the case of each individual
model. A piecewise linear velocity profile was used as
the initial condition in all experiments.

A difference approximation was constructed on a
regular grid, both in time and space. In accordance
with the results from the Plumb model, a sufficiently
high vertical resolution was used in all experiments to
resolve interaction at critical levels (spacing 0.5 km).
A semi-implicit Crank–Nicholson-type scheme was
used for time approximation, and space approxima-
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,exp

FHines z( ) ρ z0( )σ z0( )2hC miC
+ z( ) miC

– z( )–( ).=

miC
+ miC

–

tion was performed with a centered-difference scheme
of the second order of accuracy. At each time step,
Eqs. (3.2) and (3.3) were solved separately via stan-
dard quadrature formulas to determine the momentum
fluxes from each type of waves, and then the velocity
evolution was computed from (3.1).

Analyzing the modeling results for each wave type
from the previous sections, it can be concluded that
the main interaction of long equatorial waves with the
zonal flow occurs in the lower layers of the strato-
sphere. Therefore, the maximum amplitude of oscilla-
tions generated by this mechanism is in the lower
stratosphere. The larger the horizontal wave number
(i.e., the smaller the wave scale), the higher the level
of this maximum. As for the mechanism of oblitera-
tion of gravity waves, its major effect on the zonal
flow occurs in the upper stratosphere. We recall that
Hines has developed a parametrization of gravity-
wave drag for the stratosphere and mesosphere. For
this reason, oscillations of zonal velocity generated by
short gravity waves have maximum amplitudes in the
upper layers.

Figure 5 shows the results of the experiment in
which the initial momentum flux for long waves was
taken close to the real one (recall that this quantity is
not sufficient to produce the QBO); parameters of grav-
ity waves were chosen the same as those for which an
analogue of the QBO was derived in Section 2. As can
be seen, the interaction of long waves with the mean
flow performs its cycle in the lower layers. In this
case, a redistribution of the flux from gravity waves
occurs, because the mean velocity profile changes.
The mechanism of excitation of the oscillations by
gravity-wave drag also takes place, but it adjusts to
oscillations in the lower layers. This result is con-
firmed by a series of other numerical experiments with
different model parameters. In the given case, the
oscillations in the upper stratosphere are modulated
by oscillations in the lower layers.

By increasing the horizontal wave number for long
waves, it is possible to make the regions of operation
of both mechanisms coincident with each other. The
result of a numerical experiment in which a steady
profile of the oscillation was established is shown in
Fig. 6. With the same parameters, the model with
gravity waves alone produced a slightly larger oscilla-
tion period. For a clear demonstration of the long-
wave-produced modulation of the oscillations gener-
ated by short gravity waves, Fig. 7 displays a result of
the numerical experiment with more realistic asym-
metric characteristics of long waves, where the phase
speed of the easterly wave was greater, but character-
istics of gravity waves remained symmetric. It is easy
to see that a general steady asymmetric profile of
oscillations was established. Based on the results of
the experiments conducted with different wave types,
it can be concluded that the asymmetric variable struc-
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ture of the QBO at different heights is caused by long
waves that deposit maximum momentum flux in these
zones.

It can also be concluded that gravity waves play a
secondary role in the formation of the QBO period,
supplying sufficient momentum for its occurrence in
the upper layers. Similar assumptions have been
encountered in earlier studies (see [3]).

CONCLUSIONS

As was noted in the Introduction, very few of cur-
rent atmospheric general circulation models repro-
duce the QBO of the zonal wind in the equatorial
stratosphere, and it remains unclear what necessary
and sufficient conditions the model must satisfy for
the QBO to be reproduced. It is this problem that con-
stitutes the main goal of this study. From the results of
our study, the following conclusions can be drawn.

(1) An adequate simulation of the interaction of
long planetary equatorial waves with the zonal flow at
critical levels in the equatorial stratosphere requires a

high spatial resolution (<500 m in the vertical). We
have examined how the period and amplitude of the
oscillations of zonal wind depend on key parame-
ters—horizontal wave numbers and phase velocities,
Newtonian cooling rate and vertical diffusivity, and
energy of the source of long waves. It is worth noting
that these dependences should be treated as qualitative
rather than quantitative ones because they were
obtained with a relatively simple model; however,
since nearly all of the above parameters of the atmo-
spheric general circulation model are internal, their
analysis is an important diagnostic problem.

(2) The results of this study as well as of earlier
studies [3, 23] show that the level of energy of plane-
tary waves alone is insufficient to excite the QBO of
the zonal wind in the equatorial stratosphere. There-
fore, it can be concluded that the full spectrum of
equatorial waves participates in the formation of the
QBO in some way or another. In this study, we have
attempted to reproduce the QBO using the interaction
of gravity waves with the zonal flow through the
mechanism of obliteration. The model of gravity-
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Fig. 5. Zonal-velocity profile obtained from a numerical solution of combined model (3.1). Velocity is given in m/s, the contour
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wave generation and obliteration used here was pro-
posed by Hines [26, 27]. The central result of this part
of the study is the statement that the obliteration
mechanism for short gravity waves is by itself suffi-
cient for the excitation of the oscillations of the zonal
equatorial wind. However, the relationships found
between the period and amplitude of zonal-velocity
oscillations and basic parameters of the model have
shown that a pattern similar to the real QBO can be
obtained only in a very narrow range of these param-
eters, thus casting into doubt the conclusion that this
mechanism plays a key role in the generation of the
QBO with realistic characteristics (this also applies to
the problem of simulation of the QBO with atmo-
spheric general circulation models).

(3) A more realistic picture is obtained if two wave
sources are combined: a source due to planetary waves
and short gravity waves. It should be noted, however,
that most of the absorption of planetary waves takes
place in the lower stratosphere, while the absorption

of gravity waves occurs in the upper stratosphere. An
important result obtained in this study is that planetary
waves play a key role in the period and asymmetry of
the easterly and westerly phases of the QBO, while
gravity waves have a secondary role, supplying the
energy deficit to an oscillatory system. There seems to
be some mechanism of synchronization of the two
systems; however, this assumption calls for further
detailed investigation.

In the MAECHAM5 model [21], in particular, real-
istic characteristics of the QBO were obtained at a
high vertical resolution and at underestimated fre-
quencies of gravity waves in the Hines parametriza-
tion, in agreement with the results of this work, but the
reasons why the given model is able to reproduce the
QBO have not been described so far.

We also mention that ascending vertical move-
ments play a very important role in the generation of
oscillations of zonal wind in the equatorial strato-
sphere. It was experimentally demonstrated that if the
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ascending movements are close in order of magnitude
to the rate of change of the descending QBO phase,
the limit cycle in the system disappears. (Results of
these experiments have not been shown because of
their relative obviousness.)

It follows from the results obtained that, with a rel-
atively coarse vertical resolution of the atmospheric
general circulation model, it is in principle possible to
reproduce oscillations of the zonal wind in the equa-
torial stratosphere (without any description of the
interaction of planetary waves with the zonal flow).
However, characteristics of these oscillations are
unlikely to be close to reality. Under conditions of real
vertical movements at the equator and additional hor-
izontal energy dissipation, the required energy of
gravity waves to be parameterized must be high, and
the period of the oscillations will, in fact, be shorter
than two years.
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