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ITPEJAVICJIOBUE

HeHnTpanbHBIM HAPABJIEHUEM COBpeMeHHON (u3uku arMmocde-
PBI SBJISIETCST MAaTEMATUIECKOe MOJEIUPOBAHUE aTMOCHEPHBIX TPO-
IIECCOB PA3/IMIHBIX BPEMEHHBIX U MIPOCTPAHCTBEHHBIX MACIITabOB, B
YaCTHOCTU MOJEJIMPOBAHME OOIIEl TUPKY/IIIUU aTMoCdhephl, KIuMa-
Ta u ero uamenenuii. EcrecrBenno, mpu pa3paboTke Moeiell TaKoro
THUTA UCCIE0BATEIO0 BCETIa IPUXOAUTCA UMETh JIeJ10 C OIEHKOHN Ka-
YecTBa MOJE/IU — CpaBHEHUEM [JaHHBbIX MOJE/JIUPOBAHUA C JAHHBI-
MU HaOJIO/IeHnl. DTa MpobJeMa He SBJSETCS TPUBUAJIBHONW XOTs
OBl TOTOMY, YTO KOJMIECTBO WMH(MOPMAIWUN, MTPOU3BOIUMOI COBpE-
MEHHBIMU MOJEIAME OOIIell TUPKY/ISIIUN aTMOChEPhl U KJINMATa,
OT'POMHO. COBpeMeHHaﬂ MaTeMaTU4YeCKad TeOpud KJINnMaTa JaeT HaM
OCHOBAHUE YTBEPXKJIATh, YTO TPACKTOPHUIO, TOPOKIAEMYIO COBPEMEH-
HOW KJIMMATHUYECKON MOJIEJIBI0, MOXKHO PacCMaTpPUBATH KaK peajn-
3a0UI0 HEKOTOPOI'O CIAYYaifHOTO SProgNdecKOr0 CTAIMOHAPHOTO IIPO-
recca (ecTecTBEHHO, B paMKaX OIPEIeeHHbIX Tpeanotoxkenuii). To
2Ke caMoe, IO-BUAUMOMY, MOXKHO CKa3aThb U O TPAEKTOPUU PeaIbHONI
KJIMMATUYIECKON CUCTEMBI. DTO O3HAYAET, UTO MPU AHAIU3E JTAHHBIX
Ha6JIIOﬂeHI/II71 1 JaHHBIX YUCJICHHOTO MOIAEJIMPOBaAHUA MBI MO2KEM MC-
MI0JIb30BATh TEXHUKY, Pa3pabOTAHHYIO /I aHAIN3a CTAIMOHAPHBIX
CJIy4allHbIX IPOLECCOB.

Ilepen kKa:kKabIM aBTOPOM HOBOI MOHOrpadWH WIN Kypca JeK-
[IMif BCErJa CTOUT MpobseMa 0OO0CHOBAHUS HEOOXOTUMOCTH HAIIHCA-
HUSI IMEHHO JAaHHOW KHWTH C JAaHHBIM comeprkanneM. Kak mpaBuio,
000CHOBAHIE CTPOUTCS HA TOM, YTO HOBas KHUMA OCBEIIAeT IIPe-
Mer b0 TOJ HOBBIM YIVIOM 3pPeHus, Jmb0 moadop Marepuasia He
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SIBJIAETCS ODIEPUHATHIM, JIUOO YIIOD /Ie/IaeTCsd Ha TPOCTOTY U/IU HA
CTPOTOCTDb U3JIOXKEeHUsi. B 9TOM cMBbIC/Ie aBTOPHI JAHHOTO KypCa JIeK-
nuit He opuruHaJ bHBI. MOXKeT ObITh, OPUTHHAJIBHBIM ABJISIETCS TO,
YTO ABTOPBI HE SIBJIAIOTCS MpodeccronasamMu (B OOBITHOM CMBICTE) B
obJIacT! TEOPUN BEPOSTHOCTEN M MATEMaTHIECKON CTATUCTUKH, T.€.
He oboraTu/au 3Ty 00JIACTh 3HAHWI HOBBIMU TEOpEMaMU U METOIa-
mvu. Ograko Oymyun npodeccruoHagaMu B 00IaCTH MOJIETHPOBAHUS
obIIIelt UPKYJIAIUN aTMocdephl, KJINMaTa U ero n3MeHeHuit, oopar-
HBIX 337349 pusuku arMocdepbl, aBTOPHI MOMBITAINCH OTBETUTH HA,
BOIIPOC — YTO JIOJI?KEH 3HATH C UX TOUKM 3PEHUS CTYJAEHT B 007aCTh
MaTEMATHIECKONW CTATUCTUKHU, YTOOBI YCITEITHO 3aHUMATHCST UCCIIEI0-
BaHUEM MEPEUNC/IEHHBIX BhIlie mpobieM. [losroMmy u Kypc nexnumii, ¢
HaIell TOYKYU 3PEHUs, MOTYIUICS He COBCEM OOBITHBIM.

Kypc paszbur ma tpu gactu. [lepBasg 9acTb — COBEpIIIEHHO ecTe-
CTBEHHOE B JJAHHOM CJIy9ae BBEJEHUE B TEOPUIO BeposaTHOCTel. B man-
HOM CJTy9ae MBI ONMCHIBAEM TOJIBKO T€ TIOHATHS U TEOPEMBI, KOTOPhIE
UCHOJIb3YIOTCA HaMU [JId ONMUCAHUA WU TOHUMaHUA (bOpMyJII/IpyeMbIX
CTATHCTHIECKNX METO/IOB (He OOJbIIe, HO U He MEHbIIe).

Bropast vacTh — 3T0 COOCTBEHHO OMHUCAHUE COBPEMEHHBIX METO-
JIOB MaTEMaTUYIeCKON CTATUCTUKU, HHTEHCUBHO UCIOIb3yeMbIX B Ha-
crositiiee Bpemst B puzuke armocdepbl. CoOCTBEHHO, OOIBITUHCTBO
OMUCHIBAEMBIX METOJIOB M300pPETEHbI yiKe JAaBHO, OJHAKO B METeOo-
posioruu u pusuke arMochepbl OHU HAYAIN WHTEHCUBHO UCIIOJIB30-
BaThCs JIUIIb B TOCTEIHNE eCITUIeTUs OJarogapsi CO3MAHUI0 pe-
MTPEe3eHTATUBHBIX PSIA0B HAHHBIX HAOJIIOJEHWH W PA3BUTHIO BBHIUNC-
JINTEJILHOMN TEeXHUKHN, 9TO JaJI0 BO3MOZKHOCTH ITPDOU3BOJUTH pacCUe-
THI C TIOMOIIBI0 KJAUMATHIECKUX MOJesell Ha JJINTe/bHbIe TTepPUOJIbI
Bpemenn. Ocoboe BHUMaHUE YIEIAETCS METOZAM PEIyKIUU U CTa-
TUCTUYECKON PEryJIsipU3aIiu, MO3BOJISIONINM, B OTJINYNAE OT JIPYTUX
METOJIOB, MTOJIy9aTh pelreHne 00PaTHBIX 33034 C MUHUMAJILHON CpeI-
HEKBAIPATUIHON MOTPEITHOCTHIO, & TAKXKE OIEHUTH AITPUOPHYIO TOY-
HOCTB PEIeHnsT 3391, ITO JIeJaeT 3T METOIbI HoJiee TPeamouTh-
TeJIbHBIMU.

W makower, B TpeTbeil 9aCcTH MbI PACCMATPUBAEM HEKOTOPHIE W3
COBPEMEHHBIX CTATUCTUYECKUX METO/IOB KaK 3a/aduu JUHEHHON aJ-
reOphl, B YaCTHOCTHU 33a9¥ Ha, COOCTBEHHBIE 3HAYEHUST CHMMeTPUI-
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HBIX U HECHMMETPUIHBIX MATPUI] C AHAJTN30M TOTHOCTU BBIIUCTEHUS
COOCTBEHHBIX YMCE W BEKTOpOoB. Ham mpencraBjisgeTcss MOHUMAHNE
9TOI TPOOJIEMBI OYE€HDb BAXKHBIM MOMEHTOM B CHJIy TOTO, 9TO PsIbI
JTAHHBIX HAOJIIOEHNIT BeChMa OrpaHuveHbl. B 9Toil ke vacTu Kypca
IPUBOIUTCS AHAIN3 HEKOTOPHIX JUHAMUKO-CTOXACTUIECKUX MO
aTMOCEPHOH MUPKYJIAIUE. ABTOPBI CUUTAIOT, UTO MOJIO/BIE MCCTIe-
TIOBATEJIN [TOI?KHBI UMETh SICHOE IIPEICTABIEHNE O TOM, 9TO B OIIPE/Ie-
JIEHHOM CMBIC/IE KAXK/1as COBPEMEeHHAas MOJe/b ODIeil IMUPKYJISang
arMocdepbl SIBISIETCA IUHAMUKO-CTOXACTUYIECKOW, KaK, BIIPOYEM, U
MOJZe/Tb IUCEHHOTO MPOTHO3a TOTO/IBI.

IIpemnaraemsrit kypce cocrout u3 21 jekruu. Jlekiun 1-15 namu-
cauel A.U. Yaspo, mexkmun 16-21 — B.II. IpiMmaukoBbiM. B komie
KaXKJIO JIEKITUHU TIOMEIEHO HEKOTOpOe KOJUIEeCTBO 337at, KOTOPHIE
HYKHO PaCCMaTpUBATHL CKOPEe KaK IoCcobWe i MOHUMAHUS W3JI0-
JKEHHOTO B JIEKIINNM MaTepuasa, a He KaK CaMOCTOSITeTbHbIe MHTepec-
HBIE TIPOD/IEMBI.

ABTOpPBI BEIpAZKAIOT NCKPEHHIO TIPU3HATETHHOCTH TPO(eccopam
[MerreeBy FO.I1. u IMerpocsinmy M.A., a Takke K.d.-m.H. [Inarcko-
My H.A. un x.r.u. Cokonmuxunoit H.H. 3a mose3ubie KpuTHaeckue 3a-
MEJaHUSI.



YACTDb 1

HEKOTOPBIE CBEJIEHU A
13 TEOPUU BEPOATHOCTEN

JEKIIUNA 1

CJIYUYAMHBIE COBBITUMA

1.1. Aunarebpa ciy4aifiHbIX COOBITHIIA

[Ipn n3yvennn MHOTUX ABJEHUI TPUPOILI HEBO3MOXKHO TTPeCKa-
3aTh TOYHO PE3YJIHTATHI Oy AyIInX HAOIIOIEHMIT, €CIU JAa2Ke N3BECTHBI
yCJIOBUSI, B KOTOPBIX siBJieHne Oyaer mpoucxoauTb. Takoro poma sB-
JleHusi OyjeM Ha3bBaTh CaydaiiHbiMu coObiTusMEU. OIHAKO OKA3bI-
BAaETCs, UTO KOJIMIECTBEHHOE OMUCAHNE TAKUX COOBITHIT BO3MOYKHO,
ecyii OHU HADJIIOMAIOTC MHOTOKPATHO B HEM3MEHHBIX YCIOBUAX U
00/1/TAI0T CTATUCTUYECKON yCTONINBOCTHIO.

Teopus BepodTHOCTE!l TaeT MaTeMATHIECKUI ammapar s KO-
JINYECTBEHHOTO OMUCAHUS TaKux sBjeHuil. OublT HAOMIONEHU IMMo-
Ka3bIBAET, UTO U3 BCEX MPE/IIOJATAeMbIX DEe3YJbTATOB OJHU Oojee
BOBMOXKHBI, UeM Apyrue. B KagecTBe KOJUYECTBEHHON OIEHKU [TOJTH
CJIyYaeB pean3alui CIydaiiHOTO COOBITUST BBOJUTCS MOHSTHE BEPO-
STHOCTU COOBITHSI.

BaxX#abIiM TOHATHEM TEOPUU BEPOSATHOCTE! SIBISETCS dIeMeHTap-
HOe cOObITHE. DJIEMEHTAPHBIM COOBITHEM OyjieM Ha3bIBATh BO3MOXK-
HBblEC, B3aUMHO HUCKJ/IIOYAIOIIUEe APYT JApyra UCXOAbl IKCIEepUMEHTA.
[Mycts KOMMYecTBO TakuxX UCXOA0B KOHedHO. OOO3HAUMM 3TH HCXO-
OBl 4epes

W1, W2, ... ,Wn,

a MHOXKECTBO BCEX 3/IEMEHTApPHBIX COOBITHI depe3 (). Bamerum, 9To
MHOKECTBO 3JIEMEHTAPHBIX COOBITHI {2 MOXKET ObITh U OECKOHEUHBIM.
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Hazosem cobwbitiem A jiob0e MOIMHOYKECTBO SJIEMEHTAPHBIX CO-
6oiTmii, T.e. A C 2, u OyaeM cuuTarh, 4TO COObITHE A IIPOMCXOMUT
TOT/[a U TOJBKO TOTIa, KOT/a B PE3YyJIbTaTe OMBITA PEaTU3yETCs Off-
HO M3 3JIEeMEHTAPHBIX COOBITHI, M3 KOTOPBIX cocTtonT A. B kKauecTse
MHOKeCTBa COOBITHIT B JJasibHeleM Oy1eM CUNTATh CAMO MHOXKECTBO
SJIEMEHTAPHBIX COOBITHIT {2, ero MOAMHOKeCcTBa A U TaK HA3LIBAEMOE
IyCTOE MHOXKECTBO @, KOTJA HE PeAJM3yercsi HU OJHO W3 IJIeMeH-
TapHBIX coOBITHI. [lycToe MHOXKECTBO © HA3BIBAIOT TAKXKE HEBO3-
MOXKHBIM COObITHEM. Tak Kak MHOXKECTBO 9JIEMEHTAPHBIX COObITHI ()
pean3yeTcst BCEra, TO ero HA3LIBAIOT JTOCTOBEPHBIM COOBITHEM.

IIpumep. Bpocaercsa urpasibaast KocTh. Beinagenue 1t060it rpa-
HU MOZKHO CYUYUTATH CﬂyqaﬁHbIM NCXOJO0M HaIlero 3IKCIIEPpUMEHTA.
MHOXKeCTBOM 3/IEMEHTAPHBIX COOBITHN B 3TOM MPUMEPE SIBJISTIOTCS
uncaa 1,2,...,6. B kauecrse cobbiTuss A MOXKHO B3Th, HaIpUMeED,
BBITTQJIeHNE JTF000T0 4eTHOro uncia, T.e. A = {2,4,6}.

Bynem paccmarpusarh cobbitus Aq, As, ..., A, Kak HEKOTOpbIE
MaTeMaTu4YeCKue O6”beKTbI7 Ha/JQ KOTOPBIMU MOZKHO IMTPOU3BOAUTH aJI-
rebpandyeckne omeparyu, CBORCTBEHHBIE TEOPUN MHOXKECTB.

O0beauueHneM, i cymMmoit cobbituit A4 U Ao U.. . UA, = A1+
+As4...4+ A, Oynem Ha3BIBATH COOBITHE, COCTOSIIIEE B HACTYILJIEHUH
X0Ts OBI OHOrO U3 cobuiTuit A1, As, ..., An.

ITepeceuennem, nan npoussegenuem A1NAsN. .. A,=A1A45... A,
cobpIThit A; Ha30BeM COOBITHE, KOTOPOE MPOUCXOJUT TOTIA, KOTIa
peanusyiorcst Bce coObITust A; OJHOBPEMEHHO.

Cobeitust A u B Ha3blBaloTCS HECOBMeCTUMBbIMHU, ecin AB = Q.

Ecmn A mexoropoe cobbitie, To A = §)/A Ha3BIBAIOT OTO/HE-
HUEM 3TOTO COOBITHUSI.

OrMmernM TaksKe, 9TO JJId CIyYaiiHBIX COOBITHI CIpaBeIIUBbI
dOpMyIBI TEOPUU MHOXKECTB

AUB=BUA,ANB=BnN A,
(AUB)UC =AU (BUC),(ANB)NC=AN(BNC),
(AUB)NC =(ANC)U(BNO),
(ANB)UC = (AUC)N(BUO),
AUB=ANB,ANB = AUB,
AUA=Q,ANA=0.
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1.2. Onpenesienne BEPOATHOCTH COOBITHSA.
Akcuomsbl Teopun BeposiTHOCTEM

[TousiTIe BEPOSITHOCTH COOBITHSI TIEPBOHAYAIBLHO BO3HUKJIO B CBSI-
3u ¢ 0OpabOTKOW U WHTEPIPeTAIell SKCIePUMEeHTATbHBIX JTaHHBIX.
[TycTh 9KCIIEpUMEHT MTOBTOPSIETCST TPU OJUHAKOBOM KOMILIEKCE YCJIO-
BUii n pa3 W WHTepecyolee Hac cobbiTre A peanmzyercsa m pa3. Or-
Homerne ' OyaeM Ha3bIBaTh OTHOCHTEIBHON HacTOTON cobbITHA A.

Ecnu skcriepuMeHT OyaeT MOBTOPATHCS MHOTO pa3, TO nlgrgo @ =

= P(A) Ha3bIBaiOT KJIACCHYECKUM OIPEIEJIEHINEM BePOSITHOCTH CO-
oerrust A. Bepograocts P(A) MOXKET OBITH BBIYHCIEHA W TEOPETH-
gecku. IlycTh HAM W3BECTHO MHOYKECTBO IJIEMEHTAPHBIX COOBITHI
Q= (w1, ws,...,wy) U KAXK/BI JIEMEHT TOTO MHOYKECTBA PEAJTH3Y-
ercsi C OAMHAKOBOI BeposiTHOCTHIO 1/n, a cobbite A cocrout us k
97IeMeHTApHLIX cobbIThil: A = (wj,,Wj,, . .., W), ), IPA ITOM TOBODSIT,
9TO IeMeHTapHble CoObITnst A = (Wj,, Wiy, - - . , W, ) ABIAIOTCS OJ1aT0-
npusitHbiMu J1si cobbiTust A. Torga Beposithocts P(A) Moxer ObITh
Burunciaena o ¢gopwmyse: P(A) = k/n. Paccmorpum Takzke ciaydaii,
korya ) mpeacrasaser coboi IIOTHOE, 3aMKHYTOE MHO)KeCTBO. Ha-
npuMep, Ha OTPe30K [a, b] mmmer [ Hayrax 6pocaercs Touka. Kakosa
BEpPOSITHOCTH TOr'0, YTO OHA ITI0NaJeT Ha oTpe3oK [a, ] C [a, b]? Co-
ObiTHEe A B 3TOM C/lydae COCTOMT B TOM, U4TO TOYKA MOMAIAET HA OT-
pe3ok [a, B]. B arom ciyvae BepositHOCTH coObITHsI A onpeesisiercst

pPaBEHCTBOM
B
Py = [
[0}

Benuunny p = 1/] nHazoBeM MJIOTHOCTBHIO BEPOATHOCTH COOBITHs A.
B 6osiee obmiem cirydae, Korma 37eMEHTAPHBIE COOBITUST HE SBJISTIOT-
Csl PABHOBEPOATHLIMH, IJIOTHOCTH BEPOATHOCTH ABJIAeTCA (DYHKITHE
p(z) = f(z) n dopmymna qnsg BeposiTHOCTH COOBITHS A ONpeIeIeTcst
PABEHCTBOM

dxz@.

o~ =
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Samerum TaK2Ke, 9TO IIJIOTHOCTH BEPOATHOCTH P MOZKET 3aBHCETH OT
MHOT'HX II€pEMEHHbBIX, TOT'1a

P(A) :/---/p(w,y,...)dwdy...
A

Bsenennoe Bbillie TIOHATHE KJIACCUYIECKONW BEPOSTHOCTH, OHAKO,
BCTPEYAETCS C PANOM TEOPETUIECKUX U MATEMATHYECKUX TPY/IHO-
creit. [Tosromy A.H. KommoropossiM ObLI0 BBEIEHO TOHSATHE BEPO-
SITHOCTU Ha OCHOBE aKCHOM, ITOI00HO TOMY KaK 9TO JEIaeTCs B KJIac-
CHYECKUX Pa3zesiaXx MaTeMaTHKN — TeOMETPHUH, aaredbpe u p.

AKcCHUOMbBI TEOPpUU BEPOSITHOCTEI:

1. Kaxmomy ciaydaiiromy cobbiTnio A MOCTABIEHO B COOTBET-
crue unciao P(A), 0 < P(A) < 1. D10 4ncio Ha3bIBAETCS BEPO-
SITHOCTBIO cOOBITHST A.

2. BeposaTHOCTH JOCTOBEPHOTO COOBITHS pPaBHA €IUHUIE, WHATE
rosopst P(Q) = 1.

3. Ecmm Ay, Ao, ..., A, — IOTIAPHO HECOBMECTUMBIE CydailHbIe
coburtug, T.e. A; N A; = @ mpm i # j, TO

P(Ui4;) = P(4;).

HekoToppblie ciaeacTBus U3 aKCUOM
N3 A+ A =Q u akcuom 2 u 3 ciemyer, 4ro:

P(A) + P(4) =1,

Tak xak Q = @, 1o nonyanm P(Q) + P(Q) = 1, re. P(®) = 0.

Jns npon3BoabHBIX (HE 00SA3aTEIHHO TOMAPHO HECOBMECTUMBIX
coObITHiT) coydaitHbix cobertuii Ap, Ag, ..., A, uUMeeT MecTo Hepa-
BEHCTBO

P(AlUAQU...UAn) <ZP(AZ)

Pacemorpum caydwait aByx cobwrtmii. [lycts A m B — aBa mpo-
n3BOMbHBIX COObITHs. Cocrasum cymmb:: A+ B = A+ (B — AB) u
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B = AB + (B — AB), B KOTODBIX CJIaraeMble sIBIISIFOTCS HE3aBUCH-
MbIMI cobOBITHAME. Torma:

P(A+ B) = P(A) + P(B — AB),
P(B) = P(AB) + P(B — AB).

Orcrofia BBITEKAET, ITO
P(A+ B)=P(A)+ P(B)— P(AB) < P(A) + P(B).

CupaBeiuBocTb 310U (HOPMYJIbI Jijist OOMBIIET0 YUC/Ia, CJATAeMbIX
BBITEKACT 110 MHYKIIUU.

1.3. VYcaoBuas BeposaTHOCThL. Popmysna Baiieca.
ITostHast BEpOATHOCTH

ITpeamomoxum, 9T0 HAM HEOOXOZMUMO OMPEIE/INTH BEPOSITHOCTH
cobBITHS A TIpU YCIOBUH, UTO yiKe Mpom3onio cobbitre B. Takyio
BEPOSITHOCTh HA3bIBAIOT yCJIOBHON 1 obosHadator P(A|B) = Pg(A).
OueBusiHO, 4TO ect cOObITHE B yiKe MpOu30IILIo, TO TPOCTPAHCTBOM
S7IeMEeHTAPHBIX COOBITHII cieayer cuutarh He ), a B, T.K. TOT (aKT,
9To B IITPOU30IIJIO, O3HAYALT, 9TO PEYb NAET JIUIIH O TeX dJIEMEeHTaP-
HBIX COOBITHSX {w;}, KOTOpBIe TpUHAIEKAT B. YCI0BHAS BEPOSIT-
HOCTBH TI0 OTPEJIEIEHUIO BRIUUCTIACTCS CIETYIOMIM 00pa3oM:

_ P(AB)

WA QHAJIOTUIHO
P(AB
P4(B) = ﬁ npu yciaosun  P(A) > 0. (1.3.2)
Boraucianm, manpumep, ycroBayio sepoaraocth Pp(A) B cryuae
Kjtaccuiaeckoii Bepostaoctu. Ilyers Q = {wi,we,...,w,}, mpuuem
S7IeMEHTAPHBIE COOBITUsT PaBHOBEPOATHHI. IlycTh cobbiTuio B 6iaro-
IpHUATCTBYIOT k cobpiTuit u3 MHOKecTBa Q : {wj,,wj,, ..., wj, } C Q,

tak uro P(B) = k/n, a cobbiruio AB — s cobbiTHii, KOTOPBIE COCTA-
BJIAIOT Tiepecedenne A u B:

AB = {wil,wiz,... ,wis} - {wjl,ij,... ,wjk}.
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Beposrraocts niepeceuenus AB pasna: P(AB) = s/n. Torma ycios-
Has BepoaTHOCTh Pp(A) Moxker ObITH BbIUmC/IeHa O hopMyITe

s s/n _ P(AB)

kE  k/n P(B)’

Pp(A) =

cosnazaomeil ¢ ¢popmyoit (1.3.1).
13 dopmyn(1.3.1), (1.3.2) caemyer cooTHOmEHNE

P(AB) = P(B)P(A|B) = P(A)P(B|A), (1.3.3)

KOTOpOE HA3bIBAIOT IIPABUIOM yMHOXKeHHs BeposaTHOCcTeil. 113 dop-
mya (1.3.1) u (1.3.3) noaygaem Baxkuyio dhopmyty

P(A)P(B|A)

(1.3.4)

JJIA BBIYMACICHUSI YCIOBHONM BEPOATHOCTH, HA3LIBAEMYIO (hOPMYJIOit
Baiieca.

Bsenem BakHbIE TOHATHS HE3aBUCUMOCTH cOObITHit. CrydaiiHbe
cobbiTis A M B Ha3bIBaIOTCS HE3aBUCHMBIME, €CIH OCYIIECTBJIEHNE
OJHOT'O U3 HUX HE BJIMACT Ha BepOHTHOCTB OCyH_LeCTBJIeHI/Iﬂ ﬂpyFOFO,
T.€. eClIN

P(A|B) = P(A). (1.3.5)

B 9TOM C.quae TpaBUJIO yMHO)KeHI/IH 3allUIIeTCAd B BUIE
P(AB) = P(A)P(B). (1.3.6)

Cobuitusa Ai, A, ..., A, Ha3LIBAIOTCA HE3ABUCUMBIMU B COBO-
KYITHOCTH, eCJu Tpu JiI000M BbiOOpe KoMOuHAImMil m CcoObITHit
Ai, Ay, ..oy Ay, 13 TaHHON COBOKYITHOCTH BBIMIOTHSIETCS COOTHOIIIE-
HUE

P(Ai Aiy ... Ai,,) = P(4i))P(As) ... P(4,).

im
Cayuaiinbie cOOBITHS HA3BIBAIOTCS MOMAPHO HE3ABUCUMBIMU, €C-
I JJIsT IPOM3BONBHBIX 4, j(i # j) A; m Aj He3aBHCHMBI.



Jlekmmus 1. Ciyvaiiabie cOObITHST 15

OueBumHO, YTO U3 HE3ABUCUMOCTU COOBITHUHl B COBOKYITHOCTH
cJle/lyeT UX MOMAapHasi He3aBUCUMOCTh, HO OOpATHOE YTBEPXK/IEHUE
HEBEPHO.

[Ipegnomoxum, 9TO

Q:Al—I-AQ—l-...—l-An,

rae Ay, Ag, ..., Ay, — nonmaag rpynmna (B cmbicae P(2) = 1) monapuo
HEeCOBMECTUMBIX coObITHil, T.e. A;A; = @ mpm ¢ # j. Torna ecim B —
MPOU3BOIbHOE COOBITHE (IMOAMHOXKECTBO) W3 HAIIEr0 MHOXKeCTBa, €2,
TO

B =BQY=BA, + BAy + ...+ BA,. (1.3.7)

Ha ocuose akcmombl 3 nMmeeMm

n

P(B) =Y P(BA),
=1

num ¢ yaerom dopmyst (1.3.3) nosmyunm coornonenne

P(B) = zn:P(AZ-)P(B|Ai), (1.3.8)
i=1

KOTOpOe OyIeM Ha3bIBATH (POPMYJIOH MOTHON BEPOSITHOCTH.
[Iycts P(B) > 0. Torma, moxcraBus Boipaxkenue (1.3.8) B dop-
myasty (1.3.4), monyuum HOBOE BhIpazkenme s hopmysnl Baiteca

P(Ay)P(BlAy)
El P(A;)P(B|A;)

P(Ar|B) =

3amaua 1. BeiBecTn TeopemMy CI0KEHUS BEPOSITHOCTEMH I TPeX
COBMECTHBIX COOBITHIL:

P(A+ B +C) = P(A) + P(B) + P(C) — P(AB)—
_P(AC) — P(BC) + P(ABC).

[Ipemmonaraercs:, 910 /it IBYX COBMECTHBIX COOBITHIT Teopema yiKe
JOKa3aHa!

P(Ay + A) = P(A1) + P(A2) — P(A14s).
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Pemenne.
Ceemem cymMMy Tpex COOBITHIT K CyMMe JBYX COOBITHIL:

A+B+C=(A+B)+C.
Bocrioneayemcst Teopemoii CoyKeHusT BEPOATHOCTEH IBYX COOBITHIL:

P(A+B+C)=P[(A+B)+C]=P(A+ B) + P(C)-
—P[(A+ B)C] = P(A+ B) + P(C) — P[(AC) + (BC)).

[IpuMmennM Teopemy CIOKEHHS BEPOSTHOCTEH IBYX COBMECTHBIX
cobbrTit aBaxK el (st cobeituit A m B, a takxke gyst cobeiruit AC

u BC):

P(A+B+C)=P(A)+ P(B)— P(AB)+ P(C)—
—{P(AC) + P(BC) — P[(AC)(BC)]}.

Yuaursisas, uro P[(AC)(BC)] = P(ABC), okoHYaTeIbHO MoJy-
qUM

P(A+B+C) = P(A) + P(B) + P(C)—
—P(AB) — P(AC) — P(BC) + P(ABO).

3agavya 2. /Ipa m3 Tpex HE3aBUCHUMO PADOTAIONMINX DIEMEHTOB
BBIYUCUTEIBHOTO YCTPOMCTBA oTKazau. HaiiTu BEpOSTHOCTH TOTO,
9TO OTKa3aJIn HepBbIﬁ n BTOpOﬁ QJIEMEHTHI, €CJIN BEPOATHOCTU OTKa3a
MIEPBOT'0, BTOPOT'0 U TPETHEro 3JIEMEHTOB COOTBETCTBEHHO PaBHbI (,2;
0,4 m0,3.

Pemnenue.

O6o3naunm gepe3 A cobBITHE — OTKA3AH IBA dMeMeHTa. MoKHO
CIeN1aTh CIEYIOIINE TPENOI0KEHNs! (TUIIOTE3b ):

B, — oTkaza/im mepBbIit ¥ BTOPOIl JIEMEHTHI, a TPETUil SJIeMEeHT
UCIpaBeH, npudeM (MMOCKOIBKY 3JE€MEHThI PabOTAIOT HE3aBUCHMO,
OPUMEHUMA TeOpeMa YMHOYKEHUs )

P(By) =pi1-p2-q3=0,2-0,4-0,7 = 0,056,

TJie P; — BEPOSTHOCTH OTKAa3a ¢-TO dJeMeHTa, ¢; = 1 — p;;
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By — oTkazajm NepBBIl U TPETHil /IEMEHTHI, a BTOPOil S7IeMeHT
HUCIPAaBEeH, IpUIeM

P(B3) =p1-p3-q2=0,2-0,3-0,6 =0,036;

B3 — oTkazaJyii BTOPOi U TPETHii 9JIeMEHTHI, & IePBbIii — UCIpa-
BeH, IIpuYeM

P(Bg) :pg'pg-ql:0,4'0,3'0,8:0,096;

B4 — oTkazaa TOTBKO OJIWH 3jIeMeHT; Bs — oTKa3ajau Bce TpHU
ssileMenTa; Bg — HU OJIMH U3 3JIEMEHTOB HE OTKa3aJl.

BeposiTHOCTH TOC/IEHUX TPEX IUIOTE3 He BBIYUCIEHDBI, TAK KaK
npu 3THX runore3ax cobbitne A (OTKazamm Ba SIEMEHTA) HEeBO3-
MOYKHO U, 3HAYNT, ycaoBHbIe BepogrHocTn Pp,(A), Pp,(A) u Pp,(A)
PaBHBI HYJTIO, C/IEJIOBATENIHLHO, PABHBI HyJI0 1 npoussenenus P(By) -
Pg,(A), P(Bs) - Pp,(A) u P(Bg) - Pp,(A) npu 100bIX 3HAUEHUAK
BeposiTHOCTei tunores By, By n Bg.

[Mockompky mpu runorezax By, By u By cobbiTie A 10CTOBEpHO,
TO COOTBETCTBYIOIINE YCIOBHBIE BEPOATHOCTH PABHBI €INHUIIE:

PBI(A) :PBz(A) :PBg(A) =1

ITo dopmyte mo/HOI BEPOATHOCTH BEPOSATHOCTH TOTO, UTO OTKA-
3aJid 71Ba JIEMEHTA, PaBHA

P(A) = P(B) - Pp,(A) + P(By) - Pg,(A) + P(B3) - Pp,(A)+
+P(By) - Pp,(A) + P(Bs) - Pp;(A) + P(Bg) - Pp,(A) =
=0,056-1+0,036-140,096 -1 =0, 188.

ITo dopmysie Baiteca nckomasti BEpOSITHOCTH TOTO, ITO OTKA3AJIN
IIEePBLII U BTOPOI 3JIeMEHTHI, PaBHA
P(By) - Ps,(4) _ 0,056

Pa(By) = = =0,3.
A(B1) P(A) 0,1188




JEKIIUS 2

CJIYUANHBIE BEJINYNHBI 1 BEKTOPEI

2.1. PacnpepenieHusi caydailHbIX BeJINYIUH

[Ipu uzyyeHun caydailHbIX COOBITHIT MBI HEITPEMEHHO UMEEM J1e-
JIO O ciydaiiabiMu BeauauHaMu. CirydaiiHbIMU BeTUIHHAME Oy1eM
HAa3bIBATH BEJIMUUHBI, YUCIEHHOE 3HAUEHNE KOTOPBIX HE MOXKET OBITh
pa3 HaBcerja IpPejCKa3aH0, a MEHSEeTCH T0/J] BAUSHUEM CIydailHbIX
BO3/IeHICTBU, T.€. B 3aBUCHMOCTH OT MCXona omnbita. Hampumep, 1o
MO2KeT OBITh YMC/I0 MOJIEKYJI, KOTOPbIe B pe3ysbrare auddy3un me-
PEIILIN W3 OHOTO 00beMa ra3a B JPYroi, WU YUCIO0 METEOPUTOB,
YHABIINX Ha 3eMJIIO B TE€YEHUE TOJa, U T.I.

s onucanus CaydailHbIX BEJUYUH BBOJIUTCS TOHATHE (DYHK-
nnu pacnpenenenus. Ilycts € — HekoTOpasi ciiydaiiHasi BEIUUUHA.
DOyukupmeit pacnpenenenus F(x) cayuaiinoil Benmuunnbl £ Ha3bIBaeT-
ca PYHKITHAS

F(z) = P(£ < x), (2.1.1)

TO €CTh 3Ha4YeHue beHKI_[I/II/I pacupeaesieHnd B TOYKE I PaBHO Be-
POSITHOCTH TOTO, UTO CJAydUaiiHas BeJUYnHa & TPUHUMAET 3HAUYEHUS
MEHBIIIe L. 3aMETHM, UTO CJIydaiiHas BeJuvdnHa Oyjer MOTHOCTHIO
XapaKTepu30BaThCd CBOeil (byHKIMer pacrpeaeseHns. 3Has (QyHK-
A0 pACIpeie/IeHusl, MOXKHO, B YaCTHOCTH, BEIUYUCIUTD BEPOSITHOCTH
TOrO, 4TO CilydaiiHasi BemunHa & MOmajger B IPOMEXKYTOK [a, b):

Pla < &< b)=F(b) — F(a). (2.1.2)
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OcHoBHbIe cBolicTBa PYHKIUN PaCHpPeIeIeHUsI:

1) mhﬁr{.loF(x) =1, IEIPOOF(IE) =0;

2) F(x) aBngercs neybbiBaroreil dbyHKImeil, T.e. pn 1 < To
MUMEET MECTO HEPABEHCTBO

F(z1) < F(z);
3) F(x) mempepbIBHAsS CIeBa B KaxKI0il Touke = € Ry, T.e.

F(z) = F(z —0) = lim F(zy).
Tt
CryuaiiHble BeJIUYUHBI B 3aBUCUMOCTUA OT U3yJIaEMOTO SIBJIEHUST
MOTYT ONPUHUMATH AUCKPETHbIC WMJIN HEIPEPBIBHBIC 3HAYICHWA.
IIpumepbl JUCKPETHBIX pacipeaeseHnit
B cayuae mmckpernoit ciry-

JaifHOI BeJIUYIUHBI £ OHA, TTPUHU- F(x)
MaeT 3HA4YeHUud Z1,Z2,... C Be-

postHocTsvu p; = P(§ = x;). - °
[Ipm sTOM BBITOTHAETCA YCIO- —1©°

sue Y p; = 1. Jna dysk- — o

7
O pacClapenejeHud AOUCKPeT- ! ! ! !
o o o Xl X2 X3 X4 X
HOU CJIy9auMHOU BEJINMYHNHDLI MMe-

eM Puc. 2.1
F(z) = Y pi

T <x

[Ipmmep Takoro pacmupeneneHnd TMOKa3aH Ha puc. 2.1.

1. BuromMuaspbHOEe pacrpejesieHue

[IpeamomoxmM, 9TO SKCIEPUMEHT ITOBTOPSIETCS 1 Pa3 U YKCIIEPH-
MEHTBI He 3aBUCAT ApyT oT apyra. Ilycts nac maTEpecyer cobbiTue
Ay, cocrosiliiee B HACTYIUIEHUHU yCrexoB k < n pas, a BEPOATHOCTH
€ro OCYIIEeCTBICHNUS B OTIEILHOM OIbITE€ PABHA P U HE 3ABUCUT OT HO-
Mepa IKCIIepuMeHTa. BO3MO)KHBI€ S3HaYEHWA BEJINYINHBI HACTYIIJIEHU A
cobbiTHit cocrapisitor yucaa 0,1,2,...,n. Bepogaraocts TOro, uro B
cepuu u3 N IKCIEPUMEHTOB UHTEPECYIOIee HAC COObITHE HACTYIUT k
pas, maercst popmysioit

Pn(k)zcspkqnik, kzoﬂ]"""n’
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re ¢ = 1 —p, a C¥ — amcio couerannuit u3 n no k. Taxoe pacmpese-
JIEHUE HA3BIBAETCS OMHOMUAJIHHBIM.

2. Pacopenenenne Ilyaccona

Ecnu B bunomMuaabHOM pacmpeieseHun N — 00, & BEPOATHOCTD
p — 0, TO UMeeT MeCTo pacrpe/eeHue

PN

P)\(k) = Fe )

KOTOpOe Ha3bIBAIOT pacmpenenenuem llyaccona. Hucio A = np aB-
JISIETCS TTaPAMETPOM PaCIPE/IEIEHUS .

IIpumepbl HETTPEPBIBHBIX pacHpeneaeHnin

ECJ'II/I (;nyqaf/iHaﬂ BeJIMYWHaA T TMPUHUMAECT HEIIPEPBIBHbIEC 3HaA4E-
HUsI, TO €€ (DYHKIUIO PACIIPeie/IeHUs TPEJACTAB/ISIIOT B BUIE

Flz) = / F(b)dt.

Oyukrus f() UMeeT CMBICT MJIOTHOCTH PACIPEIETIeHHsT CITy aiiHOi
Besmmunibl . OueBuano, uro f(z) > 0. s HeMpepbIBHON CTydaii-
HOW BEJIMYMHBI UMEeT MeCTO PaBEHCTBO

+o0
/ F(t)dt = 1.

BeposTHOCTH TOrO, 9TO ClydaiiHasd BeJWYWHA 2 TTOMAJET B MPOMe-
KYTOK [a, b), paBHa

b
Pla<z<b)=F(b)— F(a) = /f(:c)dx.

a

1. PaBHOMepHOe pacrpeaesieHue

Eciin m10THOCTE BEPOSATHOCTH CIyYaitHON BEJUYMHBI TTOCTOSTHHA
Ha TIPOMEXKYTKe [a, b), a BHE 9TOro MpoMerKyTKa paBHa HYJII0, TO Ta-
KOe pacrpejiesieHre Ha3bIBAI0T PaBHOMEPHBIM. [IpuMep Takoro pac-
pejie/IeHns TTOKa3aH Ha puc. 2.2.
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+00
Tak Kak / f(x)dx =1, 10 f(x)

OTCIO/Ia, CJIEIYEeT, 9TO

o 1/(b-a)l____
flz) = h— ‘

a
). a b X

nist Beex « C [a, b

Puc. 2.2

2. HopmaJsibHoe pacnpegesnenue (pacnpeaesienne laycca)

HopwmanbHoe pacmpesesienre UMEeT MeCTO, eCIH UCXOJIbI SKCIIe-
PUMEHTOB HE3ABUCUMBI U BEPOSITHOCTH ncx0a0B 0 < p < 1. B ciyuae
HOPMAJILHOTO PACIPEIEIeHNS IOTHOCTh BEPOSITHOCTUA UMEET B/

?

f(:L‘) — 1 e—(:c—a)2/2a2
2wo
TIe a M o — TmapaMmerpwl pactpenenenns. Ecim a = 0, 0 = 1, TO
2
dbyukmuio p(z) = \/LQ—We“” /2 HA3BIBAIOT ILIOTHOCTBHIO HOPMUPOBaH-
HOT'O W IEHTPHUPOBAHHOrO pacmpenenennsa [aycca, a QyHKIIAIO pac-

TIpe/Ie/IeHNS

D,(z) = \/%_W / e 124t
—00

B 9TOM CJIy9ae HA3bIBAIOT MHTErPAJIOM OIIHOOK.

SameTum, UTO JUHEHOe Mpeobpa3oBaHe HOPMAJIBHO PaCIpese-
JIGHHOI BEJIMYWHBI TAKKe OyIeT mMeTh HOPMAJILHOE PACIIPeie/IeHue.
[Iycts ciayvaiinas BequunHa £ UMeeT HOPMAJIBHOE pPACIIpeje/eHne
c mapamerpamMu ¢ = 0 u 0 = 1. Torma JjuHeitHass KOMOWHAIUS
n=c£+b(cub— KOHCTAHTBI) UMEET PACIIPEIETEHIE

z—b

1 2
_ -¥7/24
! V2T / &

c
e
o0

z—b

Fy(z) =P{c¢+b<a}=P{£<

riae dy = dx/c. 3HaUwUT, AT TWIOTHOCTH DPACIIPEIETEHNs] UMEeM CO-
OTHOIIIEHUuEe

1 (—b)2 /22
fn:Fqg(ff):me (@b /2%, (2.1.3)
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13 KOTOPOTO CJEYET, UTO 1) pacipeesieHa Mo HOPMAIbHOMY 3aKOHY
c mapamMerpaMu ¢ = b u o = c.

2.2. YwmcaoBble XapaKTEPUCTUKU CIyYallHBIX BEJIUYNH.
MowmenTsl pacupenenaerusa. MaremaTudeckoe
oxunauue. Jlucnepcus

Paccmorpum BHaUaIE Cydaii JUCKPETHON BeJIMIUHbL. [1ycTh ciry-
Jaiinag BequanHa & NMPUHUMAET AUCKPETHBIE 3HAYEHUS I1,L2,. . -
¢ BepoarHocTamu p; = P(& = x;).

HavapHbIM MOMEHTOM MOPSIKA k HA3BIBAETCS UUCIIO

Mk =3 "alp;
7

[IpU YCJIOBUM, 9TO STOT PsiJi CXOAUTCS abCOMIOTHO.
HenTpasbHBIM MOMEHTOM TOPSIKA k HA3ZBIBACTCS UUCIIO

M(E—MEF = "(z; — M&)p;.

3

ABCOMIOTHBEIM MOMEHTOM TIOPSITKA, k HA3BLIBAETCS UUCITO

M|f|]c = Z |5Ei|kpi-

2

Baxk#abiMu XapakTepUCTUKAMU CIy9IaAHON BEJMIUHBI ABJISIIOTCS
MaTeMaTHYeCKOe OXKHUJAHWe W TUCIIEePChd.

MaremaTwaecKuM OKUJAHUEM CIyYIAHBIX BEJIUYUNH HA3BIBACTCH
NepBLII HAYaJIbHBIA MOMEHT:

M¢ = Z%pz

Ilepeunciinv OCHOBHBIE CBOMCTBA MATEMaTUYIECKOTO OXKH-
JaHUL:

1) ecnin @ — mocrosiHHag BesnunHa, 70 Ma = a;

2) comn € = € + &, 10 M(E1 + €2) = Méy + Méy;

3) ecnu ¢ — nocrostunas Beamuuna, 10 M(af) = aME;
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4) ecu &1 u €9 ABIAIOTCS HE3ABUCUMBIMU CITYIAiiHBIMU BEJTHIU-
HaMM, TO M(flgg) = (Mfl)(MfQ)

B kagecrBe mpumepa moKazkeM deTBepToe CBOicTBO. IlycTh &1 n
&9 — JUCKpeTHBIE CAydaiiHble BEJWIWHBI, d1,a2,... — BO3MOXKHbBIE
suadenud &1 u P1, P2, ... — BEPOITHOCTH dTUX 3HAUEHUi; by, bo, ... —
BO3MOXKHBIE 3HAUYEHUST {9 U 1, (2, . . . — BEPOATHOCTH STUX 3HAUCHUIA.
Torma BepogTHOCTH TOTO, UTO £ MPUMET 3HAYUEHUE ), & {2 — 3HAUTE-
uue by, paBHA Prqy. 110 ompenesieHn0 MaATEMATHIECKOTO OYKUTAHUS
nMeeM

MEE)=3"S arbupitn = (3 api) (3 buga) = (Mer)(Mey).
k=1 n=1

k=1n=1

Jlucnepcueit cydaiiHbIX BEJIUYNH HA3BIBAETCS BTOPO [EHTPAIb-
HBIII MOMEHT U obo3Hadaercs uepe3 DE:

DE = (m; — ME)*p; = M (€ — ME).

)

Jts gucmepcrn CpaBeInBO TaKKe COOTHOIITEHNe
D¢ = ME” — (M£)*.

Cpeﬂ;HeKBa,L[paTI/ILIHLIM OTKJIOHEHHUEM, WJIN CTaHIAAPTHBIM OTKJIO-
HEHueM, Ha3bIBA€TCA BEJIMYHUHA O

o =/DE.

OcHoBHbIE CBOliCTBa JUCIEPCUN

Ecnu @ — nocrosinnasi BesindnHa, TO:

1) Da = 0;

2) D(ag) = a*DE,

3) Dla+ &) = DE,

4) nucnepcusi CyMMbl HE3aBUCHMBIX CIyqaiiHbIX Beqmand &1 u &y
paBHa CyMMe WX JIHCIEepPCHii:

D(& + &) = D& + Dés.
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B kauecTBe mpuMepa JToKaxKeM YeTBepTOe CBOiCTBO. M3 ompee-
JIEHUS NUCTIEPCUN MMeeM

D(& + &) = M[& + & — M(é + &) =
= M[(& — M&) + (& — M&E)P? =
= D&y + Déy 4 2M (& — M&1) (&2 — M&o).

Benmuuunbt £ u £ HE3ABUCHMBI, TO3TOMY He3aBUCUMBI & — ME& u
& — M&s; oTcioma ciaeayer, 9To

M(& — M&1)(§2 — M&) = M (&1 — M& )M (§2 — M&s) = 0.

Hasee paccMorpuM ciydait, Korna € SiBsieTcsi HelpepbIBHOM CJIy-
qaitnoil BemmanHOM. Ecim mI0oTHOCTD pacmpeeneHus CaydaiiHoil Be-
mnauibl & paBHa f(z), To BeaMduHA

+00 +o0
M¢, = / ¥ f(z)dzx Ipy YCJIOBUN / |2¥| f (z)dz < 0o
—00 —00

HA3bIBAETCA HAYAJHHBIM MOMEHTOM C/IyYaiHON BEJMYWHBI MOPSIKA,
k. lenTpabHBIM MOMEHTOM MOPAKA k HA3BIBAETCS BEIUINHA

—+00
_ k
p= [ (o= M f(a)do.
—o0
HepBbIﬁ Ha.‘la.JII)HbIﬁ MOMEHT HA3bIBaCTCAd MaTeMaTUYECKUM O2XKHU-

JaHUEeM
—+00

M¢ = / xf(x)dz,
—00
a BTOPOI LeHTPaJIbHbIA MOMEHT
+00
— — 2
po=D¢ = [ (o= MO f (w)da
—00
HA3BbIBAETCS JUCIepcreil. 3aMeTuM TaKKe, UTO I MaTeMATUIeCKO-
ro OXKMUJaHus U JUCIEPCUN B ClIy4Yae HeIIPEPBLIBHOM CILyYaifHOi BesIu-
YUHBI COXPAHAIOTCA T€ K€ CBOHCTBa, YTO U JjId JUCKPETHON BeJIH-

YUHBDBI.
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IIpumep. Ilycts caydaiinas Bequunna £ nMeeT HOPMAJIbHOE Pac-
npejesienne, TOrga

+oo
M¢ = / w;ef(mfa)g/%gdx =a,
2o
—00

+00 1
()2 2
D¢ = /(z_a)z—e (o=l 120 4y = 0%,
Voo

—o0
TO eCTh IMapaMeTPhl ¢ W ¢ HOPMAJbHOTO pPACHpEeNIeeHUusT UMEIT
CMBICJI COOTBETCTBEHHO MaTeMaTHIECKOTO OXKUIAHWS W CPeIHeKBa-
IPATUIHOTO OTKIOHEHMSI.

2.3. CayuaiiHble BEKTOPBHI.
MowmeHTsI caydailHbIX BEKTOPOB

IlycTs B pe3y/brare SKCIIEpUMEHTA Mbl UMEEM JIeJI0 ¢ HabopoM
CJIYYAHBIX BEJIMYNH, KOTOPbIE Oy/IeM Ha3bIBAThH CIYUaAHBIM BEKTO-
poM

£: (5h£23"'a€n)‘

Taxoii BeKTOp MOXKHO XapaKTepH30BaTh COBMECTHOI (hyHKIIIeH pac-
NIPEJIeICHNU, WA PACIPee/ICHIeM BEKTOPA:

F(.’,Ul,.’,EQ,...,(IIn) :P(£1 <x1,"'a£n <xn)

CaoiicTBa (DYHKITMY PACIPEIETEHUS CIYyIalHBIX BEKTOPOB:

1) lim F(zy,...,2,) =1, lim F(z1,...,z,) =0;
z]-~>+oo Tj——00
j=1,...,n j=1,...,n

2) F(x1,...,T,) He yObIBAET MO KaXKJOMY M3 MEPEMEHHBIX;

3) F(z1,...,Ty,) HEIIPEPbIBHA CJIEBA IO KAXKIOMY U3 apTyMEHTOB.

B muOrOMEpHOM Cilydae KOOPAMHATHI BEKTOPA, TAK K€ KaK W B
O/THOMEPHOM CJIy4ae, MOT'YT IPUHUMATH JUCKPETHBIE WU HEIIPEePbIB-
HbIe 3HAYEHUS.

PaccmorpuM BHaYasE CIyvail IUCKPETHHIX CIYIalHBIX BEKTOPOB,
KOT/Ia WX KOOPJAWHATHI ABIAIOTCH JTUCKPETHBIMA CIYYaifHBIMU BeJTU-

(4)

ynnamu. Bz (k = 1,2,...) — BO3MOXKHBIE 3HAYEHU j-if KOMIIO-
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HEHTBI, TOT/IA 110 AHAJOTUU C OJHOMEDPHBIM CJIYIaeM MOYKHO BBECTH
GYHKIIIO BEPOSITHOCTENH:

1 2
Py, =P =26 =25 56, = al)
7 (PYHKIIUIO PACIIPEIEICHIS:

F(xl,...,(L‘n) = E }Dzlzn
k=1,2,...,n

CyMmMupoBaHue TPOU3BOAUTCS IO BCEM HADOPAM ij, JJIT KOTOPBIX
k
:I?Z(k) <z angaeeex k=1,2,...,n.
B ciiyuae HenpepbIBHOTO CIyYaifHONO BEKTOPA, KOTIA €ro KOOp-
JIUHATHI MPUHUMAIOT HENPEPBIBHBIE 3HAUEHUs, (DYHKIWS PaCIpee-

JIEHU A HpeﬂCTaBJIHeTCH B BUJIe
1 Tn
F(:pl,...,xn):/.../f(tl,...,tn)dtl...dtn,
—0Q —0Q

rae f(21,...,%,) HABBIBAETCS TIOTHOCTHIO PACIIPEIEIEHUS BEKTOPA
5 = (517527' . 7677,)

MoMeHTbI ClIy4daiiHbIX BEKTOPOB

MBI OrpaHIYINMCS PACCMOTPEHNEM IIEPBBIX U BTOPBIX MOMEHTOB,
KOTOPbIE UMEIOT OOJIbINOe MpakTudeckoe mpumMenenne. [lepBbiM Ha-
YA IbHBIM MOMEHTOM, UJTH MATEMATHIECKUM OXKUITAHUEM JTUCKPETHO-
0 BEKTOpA, HA3BIBAETCS BEKTOP C KOOPIUHATAMMA

Mg =Y &P, i (G=1,...,m),
i1..lp

a B C/Iy4yae HEIPEPBIBHOIO pacIpeeaeHnd

+00 +00
ij:/.../xjf(xl,...,xn)dxl...dxn (j=1,...,n).
—0o0 —0o0

Bropoit mauambublit MomenT M (€;€;) U BTOPOIl NEHTpaJIBHBIIL
MOMEHT [4j} ONMPEAEIAIOTCA 110 hopMyIam:

M&g) = Y «Da P, (23.1)
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wiv =Y. (@ — M) — Mg P, L, (2:3.2)

L1yeenyln

B C/Iydae JUCKPETHBIX BEKTOPOB; U

+o0o +00

M (&) :/. . / zjxpf(x1,...,on)dzy ... dry,, (2.3.3)
+oo +o00
Wit :/.../(xj = ME) (g — ME) f (a1, wn)dar ... day (2.3.4)

B CJIydae HENPepBIBHBIX BEKTOPOB, IPUYEM IEPBBIE U BTOPHIE MO-
MEHTBI CYIECTBYIOT, ec/in cooTBercTByfoime psibl (2.3.1), (2.3.2) u
unrerpassl (2.3.3), (2.3.4) cxoggarcst abCOTIOTHO.

DopmyJibl Jyist BTOPBIX MOMEHTOB MOYKHO 3aIMCATh TAKXKe B CJle-
JYIOIIEM BUJIE:

pjr = M((&§5 — M&;) (& — ME&)] = M (§&) — MEME.
Ecnu j =k, To MBI TIOSTyIUM
_ _ 2
pij = D& = 0.
Benuunnbl  pjp  HazbiBaroTca  KoaduimentaMmu  KoBapuaruu
MeXIy j-ii u k-ii KOoOpAWHATAMM CJIy4YaifHOrO BekTopa & =
= (&1,...,&,) u oboznauarorcsa cov(€;,&). MOoXKHO BBECTH TakiKe

HOPMUPOBaHHbIE KOI(PMUIMEHTHl KOBapUAIUKU Ojk, KOTOPbIe HOCAT
Ha3BaHUe KODDUITMEHTOB KOPPEISIITUN:

pip = cov(&,&r) _ cov(&j, k)
" VDEDE, ojop

KoaddutmenTsr Koppesisiny mTpuHAMAaioT 3HadeHns ot -1 mo +1.
Ecmm pj, = 0, T0 roBopaT, uro BesuunHbl { u £ HEe KOPPEIUPYIOT.
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SameTuM Tak:Ke, YTO €C/Ii HAC UHTEPeCyeT MoIHAsd WH(OpMaIns
0 KOBapHWAIMOHHBIX CBI3SX KOODAUHAT BEKTOpA &, TO MbI JOKHBI
TMTOCTPOUTH TaK HAa3bIBAEMYIO KOBADPUAIMOHHYIO MATPUILY

Hir H12 - - . Hin
| pje 1=

Hn1 Mn2 - . - MUnn

3amava 1. 3amana MIOTHOCTH PACIPEIETEHUS HEPEPBIBHON
CIyJaiinoil BemmamHbl X

0 mpu z <0,
f(z)=< cosz npu 0<z<m7/2
0 npu x> /2.

Haiitu dynkuuio pacnpenenenns F(x).
Pemntenue
Ucnonb3zyem dopmysty

x
Flz) = / f(z)de.
Ecmn z <0, To f(z) =0, caenoBarenbHo,
0
F(z) = / Odx = 0.
—%0
Ecm 0 < z < 7/2, To
0 x
F(x) = / Odz +/cosxdx = sinz.
—00 0

Ecmu z > /2, 10

0 /2 z
F(x) = /0dw+/cosxdw+/0dw=sinx|g/2:l.
—o0 0 /2
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Wrak, nckomast (pyHKIUS pacupeie/leHus UMEeT BU/T

0 mpu z <0,
F(z) =< sinz upn 0<z<7/2,
1 npu x> /2.

3anaga 2. /lokazarh, 9TO MATEMATHYECKOE OXKUIAHWE CYMMBbI
CAyYaliHBbIX BEJMYUH PABHO CYMMe WX MAaTEeMATUYeCKUX OXKWMIAHWUN:

M(&+n) = ME+ Mn.

Pentenne

PaccvoTpum cHavaa ciydail AUCKPETHBIX CIYYafHBIX BEJIMUUH
¢ un. llycts a1,a3,...,0,... — BO3MOXKHBIE 3HAUEHUST BEJIUIUHBI
& up,p2,...,Pn,... — UX BepogTHOCTH, b1,b9,...,bk,... — BO3-
MOKHBIE 3HAUEHUS] BEJIUIUHBL 1) U (1,2, -, (k, -+ — BEPOSITHOCTH
9TUX 3HAUYeHW. Bo3MOXKHbIe 3HAMEHUS BEIUIUHBI & + 1) UMEIOT BHU]
an + bp(k,n = 1,2,...). Obo3uaaum vepe3 ppk BEPOSATHOCTH TOTO,
uro £ mMpuUMeT 3HaYEHUe dn, a 1) — 3Hadenue by. [lo ompemenenuio
MAaTEMATHIECKOTO OXKUIAHUS

00
M(E+n) =Y (an+be)puk =
n,k:l
= Z Z(an + bk)pnk = Z an(zpnk) + Z bk(z pnk)-
n=1k=1 n=1 k=1 k=1 n=1

Tax Kax 1Mo TeopeMe O TOJHON BepOSTHOCTH

0o 00
ank =Pn 1 ank = (k,
k=1 n=1

TO

) ) 9]
Y an Y Puk =Y anpn = M¢
n=1 k=1 n=1

oo

o0 o0
> bk Y Pk =Y brqe = Mn.
n=1 k=1
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Torga momyunm, aro M (£ +n) = ME+ M.

PaccMoTpuM Temepb HenpepbIBHBIN caydail. Touno Tak ke B
caydae, KOrja CyHIeCTBYeT JIByMepHas IJIOTHOCTH PACIIPEIeTeHust
p(z,y) cryqaiiuoit Bemuaunel (£, 1), HAXOAUM:

MC=M(E+n) = /xdFC(x) = /x(/(p(z,x — 2)dz)dz =
= // zp(z, 7 — z)dzds = //(z + y)p(z,y)dzdy =

= // zp(z,y)dzdy + // yp(z,y)dzdy =

= /ng(Z)der/ypn(y)dy:M€+M77-



JEKIIUS 3

XAPAKTEPUCTUYECKUE ®YHKIIVN

3.1. CsoiicTBa XapakTepucTudecKux (pyHKIuii

Xapakrepuctuueckoii dbyukiueit WU (t) crydaiiHoil BeJUInHBl £
HA3bIBACTCA MaTEeMaTUYICCKOE OXKUJaHHE cnyqaﬁﬂoﬁ BEJINYNHBI €Zt6

U(t) = M(e™),

rje t — BemecrBennas nepemennas u3 Ry. [lycrs F'(z) — dbynknus
pacrpeiesieHust CaIydaiiHoi BeTUIuHb! £, TOrIa

+o00o

U(t) = /'amdF@». (3.1.1)

—00

Ecnn £ — auckperHas BeJWYHHA, a Tj — €€ BO3MOXKHbIE 3Hade-
HUS, KOTOPbIE PEATUZYIOTCS C BEPOATHOCTBIO Pk, TO /IS BhIPAYKEHUA
(3.1.1) mmeem

oo

U(t) = Z ey,

k=1
B ciyuae, korja £ — HenpepbIBHAs CiydaiiHas BeJIMYNMHA,

o0

vt = [ e f@)ds,

— 00
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rae f(z) — nI0THOCTE pacmpe/eenus crydaiinoil seamanssl &; W(t)
B 9TOM CJIy4ae MMeeT CMBICT nHTerpasa Oypbe.

Xapakrepucrudeckasi (pyHKIUS 00JIa1aeT CJIeay MU
cBolicTBaMu:

1) xapakrepuctuyueckasi (byHKIHS PABHOMEDHO HENpEpPbIBHA Ha
BCe JefCTBUTEJIBHONA OCH;

2) 11 XapaKTePUCTHIECKOl (DYHKIINH BBITOTHSIIOTCS COOTHOIITE-
HUA

TO0)=1; || <1 (=00 <t< +00);

3) ecnu n = a& + b, rue a m b mocToAHHBIE, TO
Wy (1) = Uelat)e™,

rae Ve — XapakTepucrudeckasd (byHKIUS CTydaitHONl BeTMIHHEL §.
C moOMOIIBIO XapaKTEPUCTUICCKUX (DYHKIIUI MOYKHO BBIYUC/ISITH
MOMEHTHI pacupesesienus. ViMeer MecTo Teopema: eciu CiaydaiitHast
BesimunHa, £ nMeer abCOTIOTHBI MOMEHT 7-TO TOPSIKA, TO XapaKTe-
puctudeckas pyHkius Benuannbl & nuddepeHiupyema n pa3 u npu
k < n paBHa
B (0) = ik Mgk,

TO €CTh MOMEHTBI CIyYaiHON BeTUIUHBI & MOXKHO BBIUUCIATDH Uepe3
IPOU3BOIHBIE XAPAKTEPUCTUIECKON (DYHKITUN.

B ciyvae MHOTOMEDHOI Cy9YaiiHON BEJTMINHBI XapaKTEePUCTHIe-
ckas (PYHKIWS OMPEIEIsieTCs CAeIYIOIUM COOTHOITEHUEM:

\I](tlat% s 7tn) = M(exp(z Z tk)fk))
k=1

WHorma moe3Ho BMECTO XapaKTePUCTUIeCKUX (PYHKIINN paccMa-
TPUBATH TPOU3BOIsre (DYHKIUNA, KOTOPbIE B JIUCKPETHOM CJIydae
OIIPeNeJIAIOTCI COOTHOIIEHNEM

n
Me(t) = Me!* = Z e py.,
k
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T7e Pr — BEPOATHOCTH IUCKPETHOW CIydaitHoil BesnuuHbl &, a B
cJlyuae HEMPEPBIBHOW CIyYailHON BeJUYUHBI & — KakK

+00

Me(t) = M€ = [ f(6)d,

—00

rae f(&) — mIOTHOCTH pacHpese/ieHus CIydaifHol BeJTUInHbI .
[IpousBogsimasa dyHKIMs 00/1a/1aeT TEMU K€ CBOWCTBAMU, UTO U
XapakTepucTuieckas (pyHKITHS.
B Towm ciyuae, korma & npemcrasiisier coboit cymmy &;:

n
E=> 6
i=1
OJUMHAKOBO paCHpe;[eJIeHHbIX C.qua.ﬁHbIX BeJII/ILH/IH7 TO

tiﬁi
M (H)=Me S ] = M), (3.1.2)

TaK KaK IIPOM3BOIAIINE (DYHKIINA MOMEHTOB I BCeX &; B 9TOM CJIy-
4Jae Oy/yT OJMHAKOBBI.
MoKHO BBeCTH Tak:Ke IPOM3BOJANINE (DYHKIIUU IS IEHTPATb-
HBIX MOMEHTOB
Me(t) = M!S,
rje [t — MarTeMaTHYeckoe OKujaHue ciaydaitnoil Besaumaunbl . Ecim
byuxmmio et paznoxuTh B psj, TO HOLYyUNM

2 3 2 3

t ot t
Mg(t) = 1+M1t+,u2 +N33' = 1+0+0’ —+,U3 3'

IIpumep. [lycts £ — cnyuaitinast BendnHa, pacipeie/eHHasd 10
HOPMaJIbBHOMY 3aKOHY C MaTEeMaTUYI€CKUM OXKHNJaHUEM [ U JUCITEPCHU-

. (3.1.3)

eit 02. Torna MIPOM3BOAAIIAs (DYHKITHS /TS [IEHTPAILHBIX MOMEHTOB
MMeeT B

o.¢]
1 2
M) = / Sl (€2 gy = ent+o™s —

2 2

= (U pt+ o 4 [ 0P ] (3.1.4)
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®@opmyJia obparlieHus

Mper Bumest, 90 M0 (PYHKITUH PACIPEIETeHIS CIYIaiHON BETH-
quHbl £ BCEra MOXKHO HAWTU €€ XaPaKTePUCTUYIECKYIO (DyHKIIHIO.
MoKHO IMOKa3aTh TaKzKe, 9TO MMEeT MeCTO h 0DpaTHoe Ipeobpas3o-
BaHUE.

Ecmu F(x) — dbyukmusa pacnpezgenenus, a W(t) — xapakrepu-
cTudecKas PYyHKIWS CIydaifHOW BEIUYUHBL €, TO It JIIOOBIX TOYEK
HEmpepbIBHOCTH & U y GyHKImu F(z) crpaBenBo COOTHOIIEHUE

1 efz'tw _ efz'ty
F(y) — F(x) = o Alg%o T\Il(t)dt. (3.1.5)
—A

Coornorrerne (3.1.5) HocuT HazBaume (opmysibl obpammenus. OHO
MTO3BOJISIET HAXOAUTEH (DYHKIIWIO PACIPEIEIEHIS 110 W3BECTHOM XapaK-
TEPUCTUIECKON (DYHKITHN.

Ecnn xapakrepuctudeckasi pyHKIus abCOTIOTHO WHTEIPUPYyEMa
Ha Ry, a f(x) — mwiorHOCTH pacmpejie/ieHnsT HEMPEPBIBHON CJTydaii-
HOit BesmmumHbl €, TO f(x) MOXkKeT ObITH BbIYHCIEHA IO HOpMYIIe

f(ac):% / e~ (1) dt,

TO €CTh IIOTHOCTH PACIPEIEICHUsI MOYKEeT ObITh BBIYMC/IEHa, 00paT-
ubiM Dyphe mpeobpazoBaHIEM.

3.2. IlpenesbHbIE TEOPEMBI

1. IlpegenbHasi TeopeMa AJisI XapaKTePUCTUYECKOH
byukiun

Byaem naswiBarh nocieposarenbHocts {Fp,(z)} dynkumii pac-
Ipefe/eHIs CXOAAMIECs B OCHOBHOM K (DyHKIMK PACIIPEICICHA
F(z), ectm BO BCEX TOYKAX HEMPEPLIBHOCTH

lim F,(z) = F(x).

n—o0
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B cnyuae nuckpeTHO# CTyIaifHON BETMINHBI CXOIUMOCTD B OCHOB-
voMm F),(z) k F(x) o3uagaer, 9T0 COOTBETCTBYIOMINE (DYHKIIUA BEPO-
ATHOCTEN CXOAATCH:

P,En) — P, nmaa Bcex k.

B cnygae mempepbIBHOW CIyYallHON BEIWYWHBI W3 CXOAUMOCTH B
OCHOBHOM cienyer (ecin (DyHKIUH fy, HEIPEPHIBHBI), 9TO MO0
CIIeI0BATeIbHOCTD fr, () — f(x) mas mourn Beex .

Teopema. Ecmn nocrenosarensunocts {F,(z)} dymkmmit pac-
npegejieHnda  CXOOUTCAd B OCHOBHOM K (byHKL[I/H/I pacrpeaesreHmnd
F(z), T0 nocaen0BaTebHOCTL COOTBETCTBYIOIINX XaPaKTEPUCTHYE-
ckux dyuxmmit {U,(¢)} cxomures k W(f) — XapaKTepUCTUIECKOIt
dbynkuun F(z). dra cXoamMOCTh PABHOMEPHA B KAXKJIOM KOHETHOM
UHTEPBAJIE.

2. 3akoH DOJIBIINX YUCEJI

Uccienosarensivu 1aBHO OBLIO 3aMEYEHO, ITO, HAD/IIOAAA 60/Ib-
II10€ KOJUYIECTBO pa3 OJHO U TO K€ siBJIEHWE, Mbl MOYXKEM YCTaHO-
BATH HEKOTOPBIE 3aKOHOMEPHOCTH, KOTOPBIE MIPOABIAIOTCA C BEPOAT-
HOCTBIO, Oim3KOoi K enunuite. OTHAKO 3TH 3aKOHOMEPHOCTU HEJIb3s
YCTaHOBUTH 1O € AUHUIHBIM Ha.6.}'[f0ﬂ;eHHﬂM. HpI/IHL[I/IH YCTaHOBJICHU A
9TUX 3aKOHOMEepHOCTell ObIT chOpMyIUPOBAH B BUIE 3aKOHA 0OJIb-
X YuceJsI.

Onpepnesnenne. [TocieosaresbHOCTD CrydaitHbIX BeaudanH {&, }
HA3BIBAETCS CXOJISIIEHCS TI0 BEPOSITHOCTU K CIyJaiiHOM BewmunHe &,
ecan s aoboro € > 0

Jim P(lg, —¢] <€) =1,
IpY 3TOM BBOIUTCS 00O3HAUEHUE

En— &, n — 0.
p

IIycrs &1, &9, ... ,&, — TOCIEIOBATEILHOCTh B3AUMHO HE3ABUCH-
MBIX CJIyYafHBIX BEeJWYNH, UMEIOIIUX OJHO M TO K€ paclpe/e/IeHue
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BEpOATHOCTEN € KOHeUHbIM MaTeMarudeckuM oxuganuem ME. Torma
IpU N — 0O CIyUAliHAS BeNUNHA &, = %(51 +&+. .., +&,) cxoguTes
mo BeposgTHOCTH K ME. D10 ecTth Teopema XWHYWHA, HA3bIBAEMAast
BAKOHOM DOJIBINUX Yuces. Takum 00pa3zoM, 3aKOH OOBIIUX YUCET
MaTEeMATHIECKHU BBIPAYKAETCT (POPMYJI0it

n— 00

lim P(|% d &M <e) =1
k=1

BaKOoH DOJIBIIUX YHCE]I, BOOOIIE TOBOPsI, BBITEKAET U3 TeopeM de-
ObIIIeBa.

3. Teopembr HebbImmeBa

HepasenctBo HebsbimieBa. [lisa 10000 caydaitHOl BEIUIUHBI
¢, mMeroteit KOHEYHYIO JUCIEPCUIO, TIPU KaxK oM € > () mmeer mecTo

HEepaBeHCTBO
D¢
Pl — M >¢) < =
HokazarenbcrBo. Ilycrs F(z) — dynkumsa pacnpenenenus

CJIyUIAHON BEIUYIUHBI £, TOTIA

Ple-Me2e)= [ dp).
|z—ME|>e

Tak kak B obacTu uHTerpupoBanus |t —ME|/e > 1, To MbI oIy IuM
HEPABEHCTBO

1
/ dF(z) < = / (z — ME&)%dF (x).
£
|z—ME|>e lz—M¢E|>e
YeummM Moy YeHHOe HEePABEHCTBO, PACIPOCTPAHsIS HHTEIPUPOBAHNE
Ha BCE 3HAYEHUA T
1 2 D¢
/ aF(@) < /(w — MEPAF() = =

|o—M¢|>e

Taxum obpasom, HepaBeHCTBO UebbIIIeBa T0KA3AHO.
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Teopema Yebbimesa. Ecmu &1,&,...,&, — MOCIeI0BATEb-
HOCTBH IIOIApPHO HE3aBUCHUMBIX CIyYalHBIX BEIUYNH, UMEIOIMIUX KO-
HEe4YHbIC JUCIEePCUU, OIPAHUYCHHDBIE OJJHOU U TOM K€ IIOCTOAHHONI

D& <O, D& L. ., D€, <O
TO KaKOBO OBI HI OBLIO TTOCTOsTHHOE £ > (),
1 & 1 &
Jim P(l— > & - - Y Mgl <e) =1
k=1 k=1
JokazaresnbcTBOo. 13 yCmoBuit TeOpeMBI BBITEKAET, ITO
1 & 1 &
D Esz = EZD&“
k=1 k=1

7 CIe0BATETbHO,

=lQ

1 n
D= &)<
)

Ucnons3ysa wepasernctso UebbimieBa, moryanm

D<%é:1§k> 21_2

1 & 1 &
P ‘Ekz::lfk—ﬁkgz:lMgk‘<€ Z]_— 2 n52.

[Tepexoast k mpeaery mpu n — 00, MOJIYIUM, ITO

1 & 1 &
lim P ([~ =Y Mg|<e)>1.
e "= "=
Ho Tax kak BepOSATHOCTH HE MOXKET OBITH DOJBINE €IWHUIIBI, TO OT-
CIOJIa BBITEKAET YTBEPIK/ICHNE TEOPEMBI.

Ecnn maremaruueckne 0:KuIaHnsT BCEX CIyIalHBIX BEJTHINH PAB-
HBI, T.€.

M = Mé& = ... = M&, = M,

TO MBI ITOJIy4aeM 3aKOH OOIBIINX UNCEI. 3AKOH OOJIBINNX YHUCET Ja-
eT HaM HpaBI/I.HO BbIYNUCJICHUA CpeﬂHI/IX a.pI/I(l)MeTI/ILIeCKI/IX BEJIMYUH
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U BO3MOXKHOCTH IIOIyYaTh OICHKY MaTeMaTUYEeCKOT'O OXKUJAHUI
CJIYYIAHON BEUYIUHBI TIPU DOJIBINIOM YUC/IE UCIBITAHUIA.

BayXHBIM YaCTHBIM CaydaeM TeopeMbl UeObIlieBa SIBISETCS TeO-
pema Bepnyiiin.

4. Teopema BepuyJsuiu. [lycts 4 — uncio HacTyIieHuit COObI-
TNA A B 1 HE3aBUCHUMBIX UCIBITAHUAX U P €CTh BEPOATHOCTH HACTYTI-
nmernsa cobbiThsg A B KaxkgoM u3 ucnbiTanuii. Torma, KakoBo ObI HI
obL10 € > 0,

. 1 _
Tim P (‘E —p| < g> = 1. (3.2.1)

Jloka3zaresabcTBO. BBenem ciydaiiHbple BeTWYWHBI [if, PaBHBIE
qncy HacTymaeHwit coobitust A mpu k-m wenbitammm. Torma mveem

Po= 1t e et e

Boraucium maremaruueckoe oxkumanue My w mucnepcuio D piy.
OueBnzgHo, 4T0 p mpuHUMaer jaBa 3Hadenus: 0 u 1 (cxema Bep-
uysm) ¢ sBeposraocTsvu P(uy = 1) =pu P(up, =0) = ¢ =1 —p.
Maremarudeckoe OKUJAHUE U JUCIEPCUsT B STOM CIydae paBHBIL:

Mg =Y pgpr = 1p + 0g = p,

k
3.2.2
Dy = My~ (Mu)* = (322)
=1p+0g—p"=p—p =p(l —p)=pg <C,
rme C — Hekoropas KoHcraHTa. Ecam, manpumep, p = 1/2, To

C = 1/4. Tak xaKk p; = p2 = ... =P, TO NOJYUUM, YTO

n n

YoMk 2 Dk
lim P|[BE— 5L e =1
n—00 n n

npu ycaosuu Duyp < C. To ectb mokasareabcTBo TeopeMmbl bepryit-
JIV BBITEKaET 3 Teopembl Uebnimmesa. Taknm obpazom, Teopema Bep-
HYJIIA JaeT HaM COOTHOIIEHHE /I OIEHKN BEPOSTHOCTH P CILydaii-
HOro cobbiTust A 1pu GOJIBIIIOM YHCJIE UCIBITAHUI.
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5. llenTpasibHast npeaesibHasi TeopeMa

IIycrs cnydaitnas Besinunna £ MMeeT MaTeMaTHu4YeCKoe OyKUIAHIEe
p u aucrnepemio o2, Ecin 02 KonedHa, TO IIpU CTPEM/ICHHH 06beMa
BBIOOPKH N K OECKOHETHOCTH PACTpPeIeIeHne BHIDOPOTHOTO CPETHETO
£ = %il & Oyner CTpeMuThCS K HOPMAJIbHOMY CO CDEJIHUM (i U

i=

aucnepcueit o2 /n.

Joxka3zaresnbcTBO. Bocmonb3yemcsa dhopmysioit mis mpou3Bo/isi-
et GyHKINY [IeHTPAIbHBIX MOMEHTOB

2 3
t
Me(t) = M€ =1+ 0" + iy + (3.2.3)
Beenem HOByIO TTepeMeHHYO
1
w=({— M)m-
JLi1st BeIM9IWHBI W TPOU3BOIsIasd PYHKIUS MOMEHTOB PaBHA,
(€ — M)tﬂ < t )
M,(t) = M STEEN = (——).
= o ()] < (1
Cormacuo dopmyie (3.1.3) M, (t) MOXKHO BBIPA3UTL B BUIE
2 43 12 43
M, (t) = 1+0° + 3 +. —1+ +u37+ ..
“ 2lo2n, 3ladny/n 603ny/n

Beesem mepemvennyto z, SBISIONIYIOCA JUHEHHON dyHKIMEH OT &:

z =

Ef)t (€—M)\/ﬁ_lz( pVn zn:% (3.2.4)

( N o

o n =
Cormacuo dopwmyste (3.1.2) mponsBogias GyHKIMS MOMEHTOB CyM-
MBI OAMHAKOBO DpPacCIIpeaeJIeHHbIX 71 C.Hy‘la.ﬁHbIX BEJIMYUH €CTh MN-4
CTeNeHb UX MPOU3BOISIIINX MOMEHTOB, T.€.

3 n
3t 2
a >—>et/2, n — 00.

+ 603nf
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Cornacuo dopwmyie (3.1.4) npoussomsimias GyHKIHST HOPMAJIb-
HOTO PacIHpejie/ieHns C HyJIeBBIM CPEIHUM U JUCIHepcHeil o2 paBHA
e /2 Torma BeanumHa 2z B ipemese 001aJaeT HOPMAJIBLHBIM Pacipe-
JIeJIEHUEeM C HYJIEBBIM CPEJHUM W eIMHWIHON nucmepcueii. 13 dop-
myaibl (3.2.4) nmeem

§=—=+p
\/ﬁ

Buaunt, & mpecTaBISeT JHHEHyI0 KOMOMHAIIMIO OT z. B cooTBer-
crun ¢ popmyitoit (2.1.3) u3 meknun 2 BesmunHa & B Hpegese pac-
mpejiesieHa M0 HOPMAaJbHOMY 3aKOHY CO CPEJIHUM fi U JUCIepCcHeit
o?/n mpu n — oo.

3amayga 1. Haiitu xapakrepucTiuyeckyio MYyHKINIO CJIy4YaiiHOi
BeJIMYMHEL &, pacrnpeesennoil mo 3akony [lyaccona: Py (k) = ;‘C—I;e_)‘
C TTapaMeTpoM A, M C €€ TTOMOIIBIO BHIUNCINTh MATEMATHIECKOE OXKH-
nmanne ME u gucnepcuto DE.

Peuienue
[To ompesenenuto xapakTepuCTUIECKON (DYHKITUN
o0 k it )
_ Z eitk>‘_ - e Z >‘€ e At — A1)
k! ! )
k=0

ITo mpasuny muddeperimpoBanus XapaKTePUCTUIECKUX (DyHKITIT
nMeeM
g k) (t)‘ = iF Mk,
t=0
Torma maa MaTeMaTUIecKOTO OXKWAHUS IOy IUM
it ; .

TM(0) = iMe = M =D pjet — A,

CJIeI0BATEIBHO,

ME =M.
Jlasee 110 TOMY 2Ke MPABUIY BBIYUCIUM JIUCIIEPCHIO:
2 2
D¢ = M¢” — (M¢E)”.
Bropoit MomenT ME? ompenenuM U3 COOTHOIICHNUS:

T (0) = 2ME2 = PAHN T (14 e =M1+ N,
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Taxum obpazom,
ME2 = X\1+ ).

[ToncraBnss 310 BbIpaxkeHue B (GOPMYJIy JJisd JUCIEPCUM, TTOIYIUM
DE=XA+X2 -\ =)\

3anmaga 2. YcrpoiicrBo cocrout u3 n = 10 HezaBucumo pabora-
TOIIIX JIEMEHTOB. BepOATHOCTL 0TKa3a KayKI0T0 JTEMEHTa 33 BPeMst
T pasua 0,05. C momortpio HepaBeHcTBa UeObINeBa OIEHUTH BEPO-
ATHOCTH TOTO, 9TO a6COJIIOTHa.${ BEJIMYUHA PA3HOCTU MEKAY YINC/IOM
OTKA3aBIIUX JIEMEHTOB M CPEIHUM YUCIOM (MATEMATHIECKUM OXKI-
JAHMEM) OTKA30B 3a Bpems T OKasKercsi: a) MeHbIne JByX; 0) He
MEHBIITE JBYX.

Pemntenue

a) O6o3HaunM vepe3 & TUCKPETHYIO CIyIaliHYI0 BEJTUIUHY — THUC-
JIO OTKA3ABIIUX 37eMeHTOB 3a BpeMs 1. IlycTs py ecTb BEpOSITHOCTH
orkKasza k-ro smementa. O6o3naunM yepes &g IUCI0 0TKA30B k-10 371e-
menTa. O4eBUIHO, UTO & €CTh C/IyUaiiHas BETUNINHA, TPUHUMAIOIIAS
suavenusd 0 u 1 c BepositHOCTSMU @ = |1 — pg U P COOTBETCTBEH-
Ho. Bennunna obiero uncia € 0TKa3aBIIUX 3/IEMEHTOB MOYXKET OBIThH
pefCTaBJIeHa B BUJE CyMMBI

=6+t +n

Tak kak
M&=0-qr+ 1 pp=px

D¢, = ME — (ME&)* =0-qx + 1 pr — pi = pr(1 — pr) = Pri,
a TaK2Ke C yIeTOM TOTO (DaKTa, ITO JIeMEHTHI HE3aBUCUMbI, TTOJTY IHM

MéE=pr+pa+...+p,

D¢ =piqi + p2go + ... Ppn-



42 Yacte I. HekoTopble CBeAEHUST W3 TEOPHHU BEPOSTTHOCTEL

B mammewm ciaydae Mbl nMeeM Je10 co cxemoit Beprymm pp = p (k =
=1,...n), u cregoBarenvuo, M& = np u D€ = npq.
Torma

M¢=np=10-0,05=0,5,
D¢ =npg = 10-0,05 - 0,095 = 0, 0475.

Bocmonb3yemcst nepaBencTBoMm ebbimena:
P(l¢ — M¢| <€) >1—0,475/4 = 0,88.

6) Cobwirus [£ — 0,5 < 2 u |£ — 0,5 > 2 OPOTHBOMOIOKHBI,
MO3TOMY CyMMa WX BeposaTHOCTel pasHa equranie. CiregoBarennHo,

P(l€ — 0,5/ >2) <1—0,88 =0,12.



JEKIIUS 4

CJIVUAMHBIE IIPOITECCHI

4.1. Omnpenenenug. Teopus

Cayuaitabrii npomecc — 31o cayuaitnas dynknusa X (t) or mesa-
BucuMoit mepemennoit ¢ € T, rme T — HEKOTOpOe MHOXKECTBO, KO-
TOPOE TPEICTABJISET COOOM TTOIMHOMKECTBO BEIIECTBEHHON MPSIMOIA,
[IPU 9TOM apPTyMeHT ¢ MOXKeT IPUHUMATE JIN0O JTF0ObIE BelleCTBeHHbIE
3HAYEeHUs B 33/]aHHOM MHTEpBaJe (KOHEIHOM Ui GECKOHETHOM ), JIU-
60 TOJBKO OIpejeieHHble TUCKPETHbIE 3HadYeHusA. B mepBoM ciydae
X (t) HasbBAIOT CIyYailiHBIM MPOLECCOM, BO BTOPOM — CJIydaitHOM
TTOCTIETOBATETLHOCTHIO.

CryuaiiHblil TpoIecc MOYXKHO PACCMATPUBATDH JINOO KAK COBOKYTI-
HOCTH Z(t) oTmensHbIX peanusanuii nponecca X (), b0 Kak COBO-
KYIMHOCTb ciydaiiubix Bequnand X = X (t1), Xo = X(t9), ..., 3aBu-
cammx or mapamMerpa t. [Ipn aToM IT0MKHBI OBITEH 33JaHBI pACTPee-
JIEHUS BEPOATHOCTEN cucreM crydaiineix eanana X, = X (t1), Xy =
= X(t2),... (BeIOOPOUHBIX 3HAUEHNUIT) JIsi JIHOOOIO0 KOHEYHOI'O MHO-
JKeCTBa 3HAUeHNil ¢, to, ... (BBIDOPOUHBIX MOMEHTOB). 3HAUEHHE CITy-
vaiinoit dbyuxiun X (t) mpu 3aJaHHOM 3HAYEHUN apryMeHTa, ¢ Ha3bl-
BAETCs CeYeHMEM CJIydaitHoro mpoiecca. B 6osee obinem Bume ciy-
YalHBIA IPOIeCC ONMUCBEIBACTCA MHOTOMEPHON CIy4YaliHON BeJIMYUHOR
X(t) =[X(t),Y(¢),Z(t),...]. Bupunoxenusix 06bI9HO HE3ABUCUMOTH
MEPeMEeHHO ¢ CIYKUT BpeMs, a BendnHa X () 03HAYAeT COCTOSHIE
dUBNIECKONH CHCTEMBI.



44 Yacte I. HekoTopble CBeAEHUST W3 TEOPHHU BEPOSTTHOCTEL

4.1.1. 3akoHbI pacrpeesieHus
[Ipu onucannu caydaifHbIX BEJIUYUH MBI MTOJIB30BAIUCH (DYHKITH-
eit pacnipeaenenna

F(z) = P(X < z), (4.1.1)

KOTOpasl TOTHOCTBIO ONpeessiia CIydaiiHyo BeJuanay X .
B muoromeprom ciydae dpyHKIUS pacipeaeienns 3a/aBaach B
BH/IE

F(zi,z9,...,2y) = P(X1 <21, X9 < z2,..., X, < ). (4.1.2)

Paccmarpusas cirydaiineiii mporiece X (t) KaK COBOKYIHOCTD €ro
CeveHuii, Kayk/J0€e N3 KOTOPBIX Mpe/IicTaBisieT coboil CydaiiHy o Beu-
4NHY, ¥ (DUKCUPYS 3HAYEHUS apryMenTa ti,ts,...,t, € T, momxydamm
7N Ce4YeHUil ciydaiHOro mponecca:

X1 =X(t), Xo = X(t2),...,Xn = X(tn).

IIpu sTOM Citydaiiubiii MPOIECC MOXKHO MPUOJINIKEHHO OXapaKTe-
pusoBaTh (PYHKIINEH pacupeesieHns MOoJyIeHHOW CUCTEMbI CJTydaii-
HBIX BEeJINYNH:

Fo(z1,z9,...,2,) = P(X1 <21, X9 < x9,..., X, < z). (4.1.3)

Taxasa QyHKI pacipene/ennsa TeM HojIHee OyaeT XapakTepu30BaTh
CJIy9afiHbBIN TPOIECC, YeM OJIMmKe APYT K APYTY PACIIOI0KEHBI 3HA-
JeHnd apryMeHTa t; ¥ d4eM OOJIbIIle YICI0 7, UX B3STO.

Ncxoast w3 aToro, ajist onucanus cryvaiinoro npomecca X (t) ma-
710 33/1aTh pacmpejenenne ciaydaitnoi euannabl X () Iy1s KazK0r0
MOMEHTa

Fi(z;t) = P[X(¢) < z]. (4.1.4)

Oynkuna F (r;t) naseiBaerca GbyHKINe pacipe/eaeHnst TepBo-
ro mopsi/iKa CIy9ailHOro MPOIECca, OHA XapaKTepU3yeT 3aKOH pac-
IPEeIEIEHNsT KaKJ0r0 ero CeYeHus], HO He YINTHIBAET B3AMMHYIO
3aBUCHMOCTb MEKJIy PA3JINIHBIMHU CedeHusaMu. [losTomy s mos-
HOIi XapaKTePUCTUKK CIyYaiiHOro IpoLecca Hy KHO 33/1aTh (byHKIUH
COBMECTHOTO DACIpeIeIeHns U APYIHUX MOPSAIKOB (BTOPOTO, TPEThe-
ro, ...):
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Fy(z;t) = P[X(t) < z],
FQ((L‘l,tl;xQ,tg) = P{X(tl) < :El;X(tQ) < ZEQ},

Fn(fL‘l,tl;(IIQ,tQ;...;(L‘n,tn)
= P{X(t1) <z1; X(t2) < m2;...,X(tn) < zn}.

JluckperHbie U HEIPEPBIBHBIE CJIyYailHbIe TTPOIECCHl MOYKHO OIIH-
CBIBATh TAKYK€ COOTBETCTBEHHO BEPOATHOCTIMHU WU TMJIOTHOCTAMU
pacpe/iesieHns:

pay(z1,t1) = P{X(t1) = 21},
P(2) (71,1152, t2) = P{X (t1) = z1; X (t2) = 22},

(9F(1) 82F2
Dy f) (@1, 15 22, t2) = my. 00

B cayuae MHOrOMEPHOrO CIy4aifHOrO Iporecca, mopoKJIeHHOrO,
Hanpumep, mapoit dbyuknuit X (t), Y (t), dysxius pacopesenenus
OTIPEIENISIETCST TTIOMOOHBIM Ke 00Pa30M C TTOMOIIHI0 COBMECTHBIX pac-
npesesiennii BeiGopounbix 3Hauenuii X (¢;), Y (¢). B wacrnocTn,

Fz(xl,tl;yg,tg) = P{X(tl) < :El,Y(tQ) < yg}. (4.1.7)

OHaKO XapaKTepUCTHKA CIYyYaifHOTO MPOIECCa C TMOMOIIBIO 3a-
TaHUs MHOTOMEPHBIX 3aKOHOB pacIpeiesieHns, KaK ITPaBUIO, SIB-
JIAETCA HerHeMJ’IeMOﬁ B MPAKTUYECKUX MCCACTO0BaAHUAX BCJICICTBHUE
CJIOYKHOCTHU SKCIEPUMEHTATBLHOTO OINpeIeIeHs MHOTOMEPHBIX 3aKO0-
HOB pacupeae/ieHnd n TPYyJAHOCTU UCHOJIb30BaHNA TPU DEITEHNN TTPU-
KJIATHBIX 33724, [loaToMy BMECTO MCIIOB30BAHNA MHOTOMEPHBIX 3a-
KOHOB PaCIpPeIeIeHUs CIyJailHbIX MMPOIECCOB ODBITHO OrPAHUYINBA~
I0TCsI 3aJ]AHNEM OTJETbHBIX XapaKTEPUCTUK TUX 3aKOHOB, MOIO0OHO
TOMY KaK B TeOpuun CJIy‘IafIHbIX BeJIMYMH BMECTO 3aKOHOB DacCIIpeje-
JIEHUS WCTIOMB30BATUCH WX IUCIOBBIE XapaKTEPUCTUKM.

4.1.2. CraTucruyvecKkue MOMEHTbhI CJIy4alHBIX IPOIECCOB

B oT/Imare OT YUC/IIOBBIX XapPaKTEPUCTUK CJIy‘IafIHbIX BeJINYUH,
MPEJICTABIAIONINX CODON YNCIa, XapaKTePUCTUKU CIYUANHBIX MTPO-
[IECCOB MPECTABIAIOT CODOI B ODIIEM Caydae He YnCiad, & PyHKITUN.
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CraTucTuvecKuM MOMEHTOM CJIYYAHOTO MPOIECcca, MOPsiIKa 41 +
+1%9 4+ ...+ i, HA3BIBAETCI MaTEeMATUUECKOE OXKUJIAHWE MPOU3BEIe-
HUS COOTBETCTBYIOIIUX CTEIeHEel Pa3/IMYHBbIX CEYCHUU CLydaiHOro
poIeccas:

My i,ein (b1, T2, o ty) = M[X(tl)]i1 [X(tg)]i2 e [X(tn)]l” (4.1.8)
HagambHbINT MOMEHT TIEPBOTO MOPSIKA
mi(t) = M[X(t)] = my(t) (4.1.9)

HA3BIBACTCA MATEMATHIECKIM OKMIAHUEM CIy9aifHOro mpoIecca.

TakuM 00pa30oM, MATEMATHYECKUM OXKUJAHUEM CIIy9aifHOTO Ipo-
necca X (t) sBasiercs dbyHKuus my(t), KoTopasi Npu KazKJI0M 3Ha-
YEHHU apryMeHTa { paBHA MaTeMaTHYeCKOMY OXKUIAHHUIO COOTBET-
CTBYIOIIErO CEeUeHHs CIydaiinoro mpomecca. CMBICT MaTeMaTHIecKo-
IO OJKHJIAHUS COCTOUT B TOM, UTO 9TO €CTh HEKOTOpast CpeIHss (DyHK-
IUsT, OKOJIO KOTOPO#i pa3InIHbIM 06pa30M BapbUPYIOTCS KOHKPETHBIE
peanu3anyuu Caydaiinoit dpyHKmn.

MaremaTnaeckoe 0KUIAHHE 1My (1) TOTHOCTHIO OMPEIeISIeTCs 3a-
KOHOM PaCHpeIe/IeHs TIEPBOroO TTOPSIIKa,

o0

My = /mf(l)(x;t)dx. (4.1.10)

—o0

Yro kacaercd HaYAIBHBIX MOMEHTOB BTOPOIO MOPSIKA, TO OHU
MOTYT OBITH JIBYX THIIOB: MOMEHTHI BTOPOTO MOPSIIKA /s OJHOTO U
TOTO XKe CeYeHus ¢ CayvaifHOro mporecca

mao(t) = M[X (t)]? (4.1.11)

U CMEUIAHHBIA MOMEHT BTOPOT'O NMOPAIKA JJid ABYX PA3JIUYHBIX Ce-
yeHuit t1 u to:

mi1 = (tl,tg) = M[X(tl)X(tQ)] (4112)

Ha mpakTuke HAUOOMBIIHI WHTEPEC MPEACTAB/ISIOT BTOPHIE IEH-
TpaJIbHbIE MOMEHTHI CIyqaifHOTO TPOIiecca.
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HazoBeM meHTPUPOBAHHBIM CIYIaUHBIM IIPOIIECCOM PA3HOCTD
MeXKJy CIYyYailHBIM IIPOIIECCOM M ero MaTeMaTUYeCKUM OKUTaHUEeM:

X'(t) = X(t) — mg(t). (4.1.13)

Torma meHTpaIbHBIM MOMEHTOM CIIydaiiHOTO mporecca X (t) Ha-
3bIBAETCA HAYAJIbHBIIE MOMEHT COOTBETCTBYIOIIErO MOPAJKa OT IEH-
TPUPOBAHHOTO Caydaiinoro npormecca X' (t).

BaMeTnm, 9To eHTPUPOBAHHBI MOMEHT IIEPBOTO TOPSIIKA PABEH
nysto. efictBuresnbHo,

() = MIX' (0] = MIX(£) — ma(8)] = ma(£) — ma(£) = 0.

HenTpaibHble MOMEHTBI BTOPOTO MOPSIIKA, BHIPAKAIOTCT (POPMY-
JIAMWU:

p20(t) = M{[X'(H)]*} = M{[X(t) — ma(t)]*}, (4.1.14)

pia(t,t2) = M[X'(t) X' (t2)] =
= M{[X (t1) — mgz(t1)][X (t2) — mg(t2)]}.  (4.1.15)

Bropoii meHTpasbHbIii MOMEHT fi90(t) HasbIBaeTCH guCHepcneit
caygaitnoro mporecca u ob6o3uadaerca depe3 Dy (t), Te.

Dy(t) = M{[X(t) — ma(D)]}. (4.1.16)

Hucnepcust Dy (t) siBasierca dynknmeii apryMenTa ¢ 1 HOCUT CMBICT
JUCIIEPCUY CEeUEHUs CIYYaiHOrO IPOIecca MpK 3HAYEHUN apryMeHTa,
paBHOM {.

Hentpanbubiii  MomeHT fi1,1(t1,%2) HA3BIBAIOT KOPPEJISIIHOH-
Hoit bynkimeit crywaiinoro mponecca X () m obo3navaorT uepes
Ry (t1,t2), Te.

Rx(tl,tz) = M{[X(tl) — mx(tl)][X(tz) — mx(tg)]} (4.1.17)

Koppensunonnasa dyuknus sBisiercs QyHKIWEH AByX apryMeHTOB
t1 1 to U ABJSIETCA KOPPEIIIUOHHBIM MOMEHTOM, MJIE MOMEHTOM CBSI-
31 MEXK/Iy COOTBETCTBYIOIIMMU CEIECHUSIMU CIy9IaHOTO IPOIecca.
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13 dopmynsr (4.1.17) Bugno, uro npu tp = ty = ¢ uMeeT Me-
cro paBeHCTBO Ry(t,t) = Dy(t), T.e. xoppensainuonnas (byHKIHI
obparmmaercss B JUCIEPCHUIO CAydaitHOro mporecca. Takmm obpazom,
HEOOXOIMMOCTb B JIMCIIEPCUU KAaK OTAEJbHON XapaKTEPUCTUKE CJIy-
JaifHOTO MPOIECca OTMAIAET: B KAYeCTBE OCHOBHBIX XapaKTEPUCTUK
CJIYYIAHOTO MPOIECCa TOCTATOYHO PACCMATPUBATH MATEMATUIECKOE
OKUJTAHUE U KOPPEJIANMOHHYIO (DYHKIHIO.

B dwusuueckux mnccmemoBanugax 0cob0e MECTO 3aHUMAET TaK Ha-
BBIBAEMBIi 0-KOPPEINPOBAHHBIN CTydaiiHbiii mporece. B ciydae rayc-
COBCKOTO J-KOPPEJMPOBAHHOTO BO BPEMEHHU IMPOIIECCa KOPPETATTHOH-
nag ynkumsa Ry (t1,ts) nveer suj

Ry (t1,t2) = Ry(t1)0(t1 — o), (4.1.18)

rae 0 — jesbra-(PyHKIHS.

Ecnn ussecTHa aByMepHas ILIOTHOCTL PACIIpeIeseHus CIydaii-
HOT'O TPOIECCA, TO KOPPEJANMOHHYIO (DYHKIIMIO MOKHO 3aIMCaTh B
BHIE

Rx(tl,tQ) = / / [:El — mx(t)][.’l,‘g — mx(tQ)]fQ(ZEl,Z‘Q;tl,tg)dmld,’ﬂg.

Ormernm, uro koppesnsimmonnas dbyukiusa Ry (tq,ty) asagercs
CHMMeTpHUYIHON (DYHKITHEH CBOMX apryMeHTOB

R, (t1,t2) = Ry(te,t1), (4.1.19)

TaK KaK OHa HE€ 3aBUCUT OT MMOC/IE€A0BATEJIHLHOCTU, B KOTOpOﬁ BeJI-
qnabl X (¢1) n X (t2) paccMaTpuBaroTCs.

Ha nmpakTuke 9acTo BMECTO KOPPEJIAIMOHHON (DYHKIINN MTOIB3Y-
FOTCsT HOPDMUPOBAHHON KOPPESIUOHHOM (DyHKITHE

R:L‘ (th t2)
re(ty, ty) = —————— 4.1.20
rie 0,(t) = /Dy (t) — cpeiHeKBaIPATHIHOE OTKIOHEHHUE CITyJaiiHO-

ro npomecca. Hopmuposannast koppensaiuonnas dbyHkims 74 (t1, t2)
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npeJcTaBisgerT coboit Ko UImeHT KOPPESSIUN CeIeHnit CIyYaiiHo-
ro mporecca npu t1 u .

Bamerwm, UTO 3a/aHNe TEPBOTO M BTOPOTO MOMEHTOB — MaTeMa-
THYECKOT0 OKUTAHNA U KOPPEJAINOHHON (DYHKITUU CTy YAl HOTO IPO-
1mecca — He JaeT ero IOJHOI XapaKTepUCTUKHU, & OIpelesdeT JIUIIb
P4l ero CylieCTBEeHHBIX CBOWCTB, MOJIE3HBIX HPU PEIHIEHUN MHOTHUX
mpakTuIecKnx 3a7a4d. OQHAKO [ CIyYailHbIX TPOIECCOB, pacIpe-
JleJIEHHBIX 110 3aKOHY l'aycca, MaremaTnyeckoe OKUJAHWE W KOPpe-
JIAInOHHAsS (DYHKIUS SBJISIOTCS UCUYEPIBIBAIOIINMY XaPAKTEPUCTH-
KaMU CJIy4aiiHOro 1porecca.

Paznen Tteopum ciydaiiHbIX IPOIECCOB, ONMEPUPYIONIMI TOIHKO
IIEePBBIMU IBYMdA MOMEHTaMM, MaTeMaTUYCCKUM OXKUJAaHUeM U KOp-
PeANUOHHON (DYHKIMEH, HOCUT HA3BAHWE KOPPEIAINOHHON TEOPUH
CIIy4YaliHbIX IIPOIIECCOB.

4.1.3. Cucrema ciay4aiiHbIX HPOIECCOB

[Ipn m3ydyennn TpUPOAHBIX ABJEHUN TACTO MPUXOANTCS PACCMa-
TPUBATH COBMECTHO HECKOJILKO CAydailHbIX TpoleccoB. B srowm ciy-
Jae, MOMHMO XapaKTEepUCTHUK KaKJOro CJIy4YailHOro mpolecca, Cy-
IIECTBEHHBIM ABJIACTCA YCTAHOBJIECHUE CBA3W MEXKJY DPa3/JINIHBIMU
nporeccamu. Cucremy n CIyJdaflHbIX ITPOIECCOB MOXKHO PacCMaTpH-
BaThb KaK M-MEPHBIA CIy4YailHbIil BEKTOD, 3aBUCAIIUNA OT aPryMEHTa
t. OrpaHuyuMcs TEPBLIMU JIBYMSI MOMEHTAMHU, KOTOPBIE TOJIBKO U
HACIOIB3YIOTCA B KOPPEIAIMOHHON TEOPUN.

Yro kacaercs HavYaIbHBIX MOMEHTOB I[€PBOIO MOPsi/IKa, TO OHU
COBIIQJAIOT C MaTeMaTUYCCKUMU OXKUJAHUAMU COOTBETCTBYIOIINX
CIIy9aiiHBIX TPOIEeccoB. lleHTpaibHble MOMEHTHI BTOPOTO MOPSIIKA B
9TOM C/Tydae MOXKHO 33aTh CJIEIYIONIM 00pa3oM. Bo-miepBbix, MOXK-
HO PacCMaTPUBATBH BTOPOW MEHTPAJBHBIE MOMEHT [JId IBYX Cede-
HU OJHOTO U TOTO Ke CIyYaifHOro MpoIecca, KOTOPhIi OyIeT mpe-
CTABJISATH CODOI KOPPENANUOHHYI0 (DYHKITUIO KaXK/IOTO CIyYaiiHOTO
nporiecca cucreMbl. Bo-BTOPBIX, MOKHO pacCMaTpPUBAThL BTOPOIl 1EH-
TpaJIbHBIE MOMEHT JJjId CeYeHUd OIJHOI'0 M3 CJIyYalHbIX IPOIEeCCOB
CHACTEMBI, COOTBETCTBYIOIIEr0 3HAYCHUIO apryMeHTa {1, U JJId cede-
HU4 JPYyroro CJIy4YaifHOro IIpoIiecca, COOTBETCTBYIOIIECTO 3HAYCHUIO
apryMeHTa to.

Ecan cucrema cocrour uz aByx ciaydaiinbix npoueccos X () n
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Y (t), TO B KOppEISIUOHHON TEopuu ee XapaKTepUCTUKAME OyIyT
MaTeMaTHUecKue OXKUIAHNS My (t) 1 my (1), Koppeaanuonusle QyHK-
i Ry (t1,t2) u Ry(t1,t2) n xoppensimontast (DyHKIHsT CBSI3M:

Ray(t1, t2) = M{[X (t1) — ma (0)][Y (b2) —my (82)]}. (4.1.21)

Koppenauuonnsle dynxnun Ry (ti,t2) n Ry(ti,t2) HaspBaOT
TaKKe aBTOKOPPEJSIMOHHBIMIA (DYHKIUAMHU, a KOPPEIATNOHHYIO
dbynkimio cBa3u Ryy(ti,t2) HA3BIBAIOT B3aUMHO-KOPPEJISIMOHHOI
dyukneit.

Bzanmuo-koppenginnontas (GpyHKIUS HE ABJISIETCS CUMMETPUY-
HOI OTHOCHTEIHLHO CBOWX apryMeHTOB.

BwmecTo B3amMHO-KOPPENAIUOHHON (DYHKIMKA WMHOMIA yI00HO
paccMaTpuBaTh HOPMHUPOBAHHYIO B3aUMHO-KOPPEJISIMOHHYIO (DYHK-
LUIO:

Ra:y(tlat2)
ox(t1)oy(t2)
HopumupoBainasi B3aMMHO-KOPPeIANNOHHAsS (DYHKIHS 1y (t1, t2)
npu (BUKCUPOBAHHBIX 3HAYEHUAX f] U tg TpejcTaBiser coboil Ko-
s dbunment koppessinun cryvaiinbix Bemann X (t1) u Y (ts).

4.1.4. Xapakrepucruieckue QyHKIAN

ITo amasornu co CaydaiiHBIMU BETUIUHAMU IS CIIy9aifHbIX TTPO-
[IECCOB BBEJIEM TOHATHE XapaKTePUCTUIECKOH (byHKINN:

Nn-MEpHO#l XapaKTepucTuieckoit QyHkImeit \I/(n) CJIyYaifHOr O
npouecca X () Ha3bIBAETCA MATEMATHYECKOE OXKHJIAHWE CIydaitHOM

Tay(t1,t2) = (4.1.22)

n
dbyukmun expli kZ qr X (te)], Te.
=1

n
Uy (1,15 G2, b5 -5 ny tn) = Mexpli Y qeX ()], (4.1.23)

k=1
TI€ 1,42, - -, — BEHIECTBEHHbIE epeMeHHbIe 3 Ry .
Ecmu F,(z1,t1;29,t2;. .. ZTn, ty) — GOYHKIMS pacopeenenus n-

0 TTOPSAIKA CAYyYaifHOTO TPOIECCA, TOTA MOy YUM

o oo iy qrX(ty)]
Yy (g1, 1592, t2; -5 qny tn) z/../e k=1

—00 —00

dF,. (4.1.24)
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AHATOrNYHO ONpEeeIsaeTcss COBMECTHAS XapaKTePUCTHIECKAST
dbyuxims s nporeccos X (), Y (). ...

Huddepennupopanre xapakKTePUCTUIECKON (DYHKIUN TO3BOJISI-
er maxomuTb MomenThl M X (t1), MX2(t1), Ry (t1,1t2),..., TaK xe
KaK M I CJIy9aiiHbIX BEJIVYHH.

4.2. IIpeobpa3oBaHue CJIy4YaifHbIX MPOIIECCOB

[Tpu uznoxkennn Teopun mPeoOPA3OBAHNUS CIYyUANHBIX TPOIECCOB
MBI Oy/IEM MOMB30BATHCS IMUPOKO MPUMEHSEMbIM B MATeMATHKe I10-
HATHEM OIIEPATOPA.

Paccmorpum mekoToperit crydaiinsiit npouece X (t) u ycranoBum
OIpeJIeIeHHOe MPABUIO A, COTJIACHO KOTOPOMY CIyYaifHbIi mporecc
X (t) npeobpasyercst B apyroii ciayvaiineiii nponecc Y (t). Samumenm
9TO TPeobpa3OBaHUe B CJIEIYIOMIEM BUIE:

Y () = A[X (t)]. (4.2.1)

[Tpasumo A, cornacuo koropomy dhynkuusa X (t) npeobpasyercs
B dyukuio Y (t), Mbl OyeM HA3BIBATH OMEPATOPOM.

I[Ipumepamu Takux mpeobpa3oBanuii MOryT OBITH OIEPATOPHI
b depeHITnpoOBa T

d

Y(t) = %X(t), (4.2.2)
MHTErPUPOBAHUS t
Y(t)= | X(r)dr (4.2.3)
[
u T,

Omneparop A moxker npeobpazosbiBarh Gynkumio X (t) u B dpyHk-
MO IPYTOro aprymenTa Y (s), Hampumep

b
Y(s) = / ot, 5) X (1)dt,

rae p(t, s) — Hekoropas byHKIWS, 3aBUCSIIAL, TOMIMO apryMeHTa
t, elle M OT ImapamMerpa S.
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Ecnu nunamumdeckasi cucreMa mpeobpasyer CIydaiiHbIl TPOIece
X(t) BY(t):
Y(t) = A[X(2)],

TO omeparop A Ha3LIBAETCd OEPATOPOM AUHAMHUYECKON CHCTEMEI.

OrnepaTopbl, NpUMEHsIEMble K CIyYailHBIM MTPOIEccaM, MOTYT
OBITh PA3INIHBIX TUIOB. Hambosmee BaXHBIM IJIsT TPAKTHKHU SIBJIsI-
eTCsd KJIACC TaK HA3LIBAEMBIX JINHEHHBIX OIEPaTOpPOB.

Omneparop L Ha3bIBaeTCst IMHEHHBIM OTHOPOIHBIM, C/IH OH 00J1a-
TaeT CAeYIONMMI CBOMCTBAMIU:

1) K cymme CayqaiiHbIX MPOIECCOB OMEPATOP MOYKET MPUMEHSITh-
Cd MOYJIEHHO:

LIX\(1) + Xo(t)] = LIXi (0] + LX) (4.2.4)
2) MOCTOSTHHYTO BEJIMUUHY ¢ MOYKHO BBIHOCUTD 33 3HAK OIEPaTOpa
LicX (t)] = cL[X(1)]. (4.2.5)

OTMeTuM HEeKOTOpBbIE CBOHCTBA JIjId Cydas JIMHEHHBIX Mpeos-
pasoBanuii, 3aaHHbIX oneparopavu auddepennuposanus (4.2.2) u
unrerpupoBanns (4.2.3).

[Tycrs 3azan caydaitastii npoece X () ¢ MaTeMaTHYeCKUM OXKH-
naHueM my(t) u koppessiuonuoii dynkumeii Ry (t1,t2). Ecau cy-
vaiinblii npouecc Y (t) cesazan co cayuaiinbiv nporeccom X (t) ore-
paropom muddepentposanus (4.2.2), To

d

1) my(t) = 7

tmm(t),

4.2.6
O’ Ry (t1,12) ( )

Ot 0ty

Ecmu s1a cBs3b ompejiesiena omeparopoM wHTerpupoBanus (4.2.3),

2) Ry(tlv t2) =
TO

O b (4.2.7)
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4.3. Ilpumepsr ciaydaitHbIX mporneccoB. IIpomeccsr
IIyaccona u Buuepa

Paccmorpum sBa Hamboee BasKHBIX MPUMepa CIyYalHBIX IIPO-
OeCCOB C HE3aBUCUMbBIMU TIPUPAIICHUAMMN.

Haunem ¢ mpornecca Ilyaccona. Ilpemnonoxum, aro cobsitne A
MOZKET MPOUCXOJUTH B CIydailHble MOMEHTHI BpEMeHH t, W IIyCTh
&(t) — umeno macrymennit cobbiTus A B MPOMEXKyTKE BDEMEHHU JIjTh-
Hoit t. ITycTh BBINIOIHAIOTCH YCIOBHSA:

1) [yist HEMepeceKAIOIIIXCsT TPOMEZKYTKOB BPEMEHN t; CJIydaiiHbie
Be/manHbl () HE3ABUCUMBI B COBOKYITHOCTH;

2) 115t 10600 MPOMEKYTKA BPEMEHN BEPOSTHOCTH HACTY ILIEHUST
cOOBITHST A B 9TOM ITPOMEXKYTKE 3aBUCUT JIUIIb OT JIJIHHBI 3TOTO IIPO-
MEXKyTKa — CBOWCTBO OZHOPOIHOCTH ITPOIECCA TT0 BPEMEHH;

3) uput — 0

P{et) =1} = M +o(t), A>0; P{E®t) > 1} = olt).

STI/IM YCIOBUAM TOAYNHAIOTCA MHOTUE DeaJIbHbIC dABJIEHUA: PacC-
raJi paJMoaKTUBHOI'O BeIeCTBa, 0TKa3bl B paboTe 3JIEKTPOHHOW all-
maparyphbl, BEI30BbI HA TesieOHHON CeTH U T.I.

Teopema. [lycTh BBITTOIHEHBI IPEIBIAYINNE TPU yCaoBud. Torma
pacrpeenenne ciaydaiinoro sekropa (&(t1,...,&(t;)) aasa Hemepece-
KAIOIUXCS POMEXKYTKOB BPEMEHU SIBJISETCST TTyaCCOHOBCKUM:

(At1)k . (At;)" o Mbrtotty)

k! Kyl
(4.3.1)
Jloka3aresbCTBO. YUNTLIBasd TEPBOE YCIOBHUE, JOCTATOIHO I0-
Ka3aThb, 9TO

P{&(t1) = Ky, ..., &(ty) = k;} =

k
PLE(t) = k) = (A,:!) e, (4.3.2)

YTo0BI BOCIIONB30BATHCS TPETBUM YCJIOBUEM, Pa300beM MPOMEKY-
TOK BpeMeHW ¢ Ha 71 HENepeCceKaloluXCs WHTEPBAIOB A; JJINHBI

A =t/n n ycrpemum n — oco. Coberrue {£(t) = k} mpexcraBumo B
BUJIE

{&(t) =k} = A1 + Ao,
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r7e
Al = U {S(Azl) = 17§(A12) = 17' .. 7§(Azk) = ]-7
{il,...,ik}

TO ecTb Ay TpefcTaB/IsieT coDO CyMMy BCEX COOBITHIN, BXOISIINX B
cobpitre {£(t) = k}, 21 KOTOPBIX B KAKIOM JaCTHIHOM HHTEPBAJIe
A;, i =1,...,n, cobbiTne A macrynaer He Hojiee OJHOTO pasa, TO-
raa Kak A mpezcrapisger coboit CyMMy BCEeX OCTaJIbHBIX COOBITHIA,
sxopsix B {£(t) = k}, m.e. Takux, 9ro no KpaiiHeii Mepe B OJHOM
YACTUIHOM MHTEpBaje A; cobbiTHe A HACTylaer He MEHee JIByX pas.

n
[Mockonbky Ao C U {€(A;) > 1}, To B cuity Tperbero croiicrsa
i=1

1=

P(42) < P(U16(A0) > 1) < 32 PLE(A) > 1} =
=no(L)=o(1), n— oo (4.3.4)
Obozraunm
p=PEA) =0} p=PlEd) =1}  (435)

Cormacuo (4.3.3) cobeiTust, Bxoggamue B Ap, HOMAPHO HECOBMECTHU-
mbie. OTCIOfa 1 U3 TIEPBOTO CBOHCTBA CIELYET, YTO

P(Ay) = Crpipp " (4.3.6)
C yuerom (4.3.4) u (4.3.6) mveem
P{E(t) =k} = Crplpi=F +0(1), n — oco. (4.3.7)
Beuay tpernero coiicTBa

po=1-P{{(A) > 1} =1-P{{(A) =1}-
—P{E(A) > 1} =1 - AA +0(A), (4.3.8)
p1=PIE(A) = 1} = XA +0(4), A =t/n.
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[Moncrasmssa (4.3.8) B (4.3.7) u mepexofid K Tpejesy Mpu n — 00,
nomyauM (4.3.2)

k
PE(t) = k) = (A,:!) N

AprymMeHnToM CIy9IaitHOrO TPOTIECCa ABIAETCS JTIHA, TPOMEKY T-
Ka BpeMeHu. BBujly 0OJHOPOJHOCTH MPOIECCa B KAYECTBE MPOMEKYT-
Ka BpeMeHH MOKHO B3saTh maTepsai (0,t). Oboznaunm 7(t) = £(1),
e apryMenToM mporecca 1)(t) SaBageTcss TeKynui MOMEHT BPEMEHN
t. Coyqaitasrii mpomuecc 7)(t) HasbBaercsa mporeccom [lyaccona.

MoxkHo maTh 6osiee TouHOe ompesenenue. CaydailHbIil mporece
n(t), 0 <t < oo, HazeiBaeTca npoueccom Ilyaccona, ecu:

1) ams mobeix 0 < t1 < to < ... < t, CaydaiiHble BEJIMIMHBI
n(t2) —n(t1),...,n(ty) —n(tn—1) HE3ABUCHMBI B COBOKYITHOCTH,

2) cayuaitnas Beqmawna 7)(t) — n(s) nmeer pacnpenenenne [Tyac-
cona ¢ mapamerpoMm A(t — s):

kit _ s k
P{n(t) —n(s) =k} = %e)‘(ts). (4.3.9)

Ecnu norpe6osars, urober 1(0) = 0, TO roBopsT, 9TO MpOoIEce
HAYMHAETCS B HYJIE.

Hagum Tenepb onpejeneHne BUHEPOBCKOIO IIPOIECCA.

Buneposckum mporeccom £(t), 0 < ¢ < 00, HAYMHAIOIINMCSI B
HyJle, HA3bIBAETCS CYYaNHBII TpOoItecc, 00/ a0l CBOMCTBAMM:

1) mgns mobeix 0 < tg < ¢ < ... < t, CaydailHble BEJIUIUHBI
m = £(t1) - £(t0)7 ceesfin = £(tn) - £(t(n71)) HE3aBUCUMBI;

2) cayuaitnas sesmunna &(t) — €(s) (0 < s < t — s06bI€) NMeer
HopMmasibHOe pacrpeenenne N (0, — s);

3) £(0) = 0.

CorytacHO onpeiesIeHuto Carydaitubiii BeKTop 7 = (11, ..., 7y) pac-
peJieIeH HOPMAJIbHO C IJIOTHOCTHIO

Pp(z1,...,2pn) = ,

T - B i (4.3.10)
_jl—[l{Qﬂ'(t] tj-1)} 1/2exp[ 72(tj—ij_1)2].
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3amaga 1. Ilycts mMmeeT MecTO CJIydaifHBIN MPOIECC, TPEICTa-
BJISIOTIINIT CODOI CHHYCOUTY:

X(t) = Asinwt,

aMIInTyRa A KOTOPOil ABSETCA CIyUallHOW BETUIMHON C 38 JaHHBIM
MaTeMaTHIeCKNM OXWIAHNEM M U nuctiepcueir D.

Tpebyercst onpemesnTh XapaKTEPUCTUKU ITOTO CIYyIANHOTO MPO-
Iecca: MaTeMaTHIecKoe OXKUIAHMe My (t), KOPPeaaruonnyo hyHK-
o Ry (t1,t2) u aucnepcuio Dy (t).

Pentenne

mg(t) = M[Asinwt] = M[A]sinwt = msinwt,
Ry(t1,t2) = M{[X (t1) — ma(01)][X (t2) — me(t2)]} =
= MI[(A —m)sinwti (A —m)sinwty] =
= M[(A — m)? sinwt; sin wts] = D sinwt; sin wt,

D, (t) = Ry(t,t) = Dsin’ wt.

3anaua 2. [lycts MBI nMeeM IUHAMUYECKYIO CUCTEMY

rie omeparop A siBisiercst oneparopom guddepennuposanus. Ciry-
vaiinplii mporiecc X (£) uMeeT MaTeMaTHIeCKOe OKUTAHIe

me(t) = sint
¥ KOPPEJIAIUOHHYIO (PYHKIUIO
R:z: (t,tl) _ Dmefa(tfft)z’

rae D, — mocrosinuas aucnepcus caydaitnoro nmponecca X (t).
OmnpesemTh MaTeMaTHIeCKOe OXKUIAHUE U JUCIEPCUIO CITydaii-
HOTO Tporecca Y (t).
Pemntenue
Cayuaitabrii mporecc Y () cBst3an €O CIy9aiiHBIM TPOIIECCOM
X (t) omeparopom auddepennmposanmst
d

Y(t) = 2 X().



Jexmms 4. Caydaiiapie mporeccor Y4

[Ipumensist obmue mpaBua MPeoOpPa30BaAHUs, UMEEM:

d
my(t) = %mx(t) = cost;

2

Ry(t,t') = %Rx(t, t') = 2D, =01 — 2a(t' — t)?].

[Monarasa t' = t, umeem
Dy(t) = 2Dy
umn, 3amedas, uro Dy (1) He 3aBucur or t,
D, = 2D,a.

Wrak, qucrepcust Ha BBIXOJE JUHAMUYECKON CUCTEMBI 3aBUCUT HE
TOJIBKO OT muctepcuu D, , HO Takke oT K03dduimenTa o, xapaxre-
PHUBYIOIIEro OBICTPOTY 3ATYXAHUS KOPPEIAINOHHON CBA3U MEXKIY Ce-
YeHusiMU Crydaiinoro nmporecca X () mpu BO3pacTaHuM MPOMENKYTKA
Mexay Humu. FEcam koadduiimenT a Maj, KOppeisiunoHHas CBI3b
3aTyXaeT MeJJIEHHO, U, €CTEeCTBEHHO, IuddOepeHImpOBaHNEe TAKOT0
CJIYYAHOTO MPOIECCa MPUBOAUT K CPABHUTEJBHO MAaJIbIM OIMIHOKAM.
Ecnu xe kosddunuent o Beank, Koppeasinontuas QyHKInd yObi-
BaeT OBICTPO; B cocrase CiaydaiiHoro mpomecca X (t) mpeobsagaior
pe3kue, GecrnopsiIoUHbIE BBICOKOYACTOTHBIE KOJIEDAHUS; €CTECTBEH-
HO, muddepeHnupoBaHre TAKOTO CIyIaliHOIO MMPOIECCa MPUBOIAT K
BosibIM CTy4daifHbiM omubKaM. B Takux ciydasx obbraHo mpubera-
IOT K CIVIayKuBaHuio auddepeHnupyemMoii (DyHKIUN, T.€. TAK MEHSIOT
OIIEepATOp CHUCTEMBI, YTOOBI OH JIaBaJI MEHbIINE CIydaiiHble OMMOKY.



JEKIIUS 5

CTAIIIOHAPHELIE CJIVUANHLBIE ITPOITECCHI

5.1. Omnpenenenusa

Cayuaitabrii npouecc X (f) HA3BIBAETCSA CTAIMOHAPHBIM, €CJIU CTa-
TUCTUYECKNE CBOICTBA MPOIECCa HE MEHSIOTCS C U3MEHEHUEM apry-
MEHTa.

Bce BeposiTHOCTHBIE XapaKTEPUCTUKHU CTAIIMOHAPHOTO CJIyYaliHO-
T'0 TIPOIECCa, He JTOJIXKHBI, TAKIUM 00pa30M, MEHSIThCSI IPU W3MEHEHUN
oTCcYeTa BpEMEHU. DTO 3HAYUT, 4TO (PYHKIIUS pPACIpeaeseHus ob/ia-
JaeT ClefyoIuM CBOMCTBOM:

Fn(xlat1§x23t2; cee ;xnatn) =
= Fp(x1,t1 + 7320, t0 + T3 Zpy by + 7)), (5.1.1)

rae —oo < 7 < 00. CaenoBareibHO, IJIOTHOCTU PACIPEAEACHUs UH-
BapUAHTHBI 110 OTHOIIEHUIO K CABUTY HA4Yaja OTCUYETA apryMeHTa t,
OHU 3aBUCAT TOJbKO OT PAa3HOCTEN 3Ha4YeHuit t1,...,%,, HO HE OT Ca-
MUX 3TUX 3HAYEHUI TOPO3Hb.

3aMeTuM, 9TO TEPMUH ’CTAIIMOHAPHOCTH  TPUMEHSETCH B TOM
crydae, ecyim mapamerp t ecth Bpems. Ecam ke 1ox t MOHUMAETC
MPOCTPAHCTBEHHAS KOOPAWHATA, TOTIA YIOTPEDISIIOT TEPMUH “OTHO-
POIHOCTE .

s ogrOoMepHOit mtoTHOCTH pactpeaenenns fi(x;t) cramuonap-
HOT'O CJIy9aiHOTO MPOIIECCA, Mojgaras T = —i, MOy IuM

fi(z;t) = fi(z;t —t) = fi(x;0) = fi(=), (5.1.2)
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TO €CTh OJJHOMEPHAS MJIOTHOCTD PAacpeneeHns He 3aBUCUT OT ¢, OHA
OJHA U Ta ZKe JJI BCeX CEeUYEHUH CAyJalHOro IIpolecca.

JByMepHasi IJIOTHOCTh paclpeiesienns npu T = —t; npeobpasy-
eTcst K BUJLY

fo(z1, 25 t1,t2) = fa(z1,22; 0,80 — 1) =
= fao(z1, z23t2 — t1) = fo(z1, 295 7), (5.1.3)

TO €CTh ABYMEPHad IJIOTHOCTH PaCHpee/I€eHnd 3aBUCUT HE OT ABYX
apryMeHToB 11, {2, & TOJBKO OT OJHOTO Mapamerpa T = g — t1.

Takum 0b6pazom, Jjis CTAIMOHAPHOIO CIyYalHOIO MPOIECCa, mMo-

JIyIUM
oo

mg(t) = / zf1(xz)dx = m, = const, (5.1.4)

—0o0
T.€. MaTeMaTUYeCKOe OXKUJaHue CTAlMOHAPHOI0 CJIyYaifHOro mpornec-
Ca He 3aBUCHT OT apryMeHTa { U ABJIAETCA IMOCTOAHHON BEJIMYUHOMN.

Yro kacaercs KOPPEJANUOHHON (DYHKIWHU CTAIMOHAPHOTO CIIy-
gaiiHoro mporecca, To cormacuo dopmymam (5.1.3) u (5.1.4) ona pas-
Ha

R:D(tla t2) -

= //(wl —myg) (e —my) fo(x1, x9; T)dx1dTe = Ry (T), (5.1.5)

— 00 —00

TO €CTh sgBJsgeTca (PYHKIMENH 0HOTO apryMeHTa T = to — 1.

B KOppesiinoHHO TEOPHH BBIAEISIOT KJIACC CJIy9ailHBIX IPO-
IIECCOB, JIJTsT KOTOPBIX BBINOTHSOTCS yeaoBus (5.1.4) n (5.1.5). Takne
HPOIECCH HA3BIBAIOT CTAIOHAPHBIME B ITHPOKOM CMBICIIE.

W3 cBoiictBa CHMMETPUYHOCTH KOPPEISIIUOHHON (DyHKINN
(4.1.19) cnexyer

R, (1) = Ry(—71), (5.1.6)

TO €CTh KOPPEeIaInOHHAA (DYHKITHS CTAIMOHAPHOTO CIYIAHOrO IPo-
mecca IBJITIETCI YEeTHOWM.



60 Yacre 1. HexkoTopsie CBeIEHUS W3 TEOPHU BEPOSTHOCTELH

Hng crammonapuoro caydvaitnoro mporecca X () mucmepcust
D, (t) = Ry(t,t) = R(0) (5.1.7)

SIBJISIETCSI TOCTOSTHHOM BEJIMYMHOM U HE 3aBUCUT OT apryMeHTa t.
Hopvuposannasi koppessarumonnasi (YHKIUS CTAIHOHAPHOTO
cayugaitnoro mporecca, cormacuo (4.1.20), onpenesnsierca dpopmytoii

_ Ra:(T) o Rx(T)

= 5.1.8
Tz (T) D,z' Rx (0) ’ ( )
B 9aCTHOCTHN R (0)
0) = ———= =1 5.1.9
Ecin  paccmarpuBaercss  cucreMa  CAydaiiHBIX  [IPOIECCOB
X1(t), Xa(t),..., Xp(t), TO Takag cucTeMa HA3BIBAETCA CTAIU-

OHAPHOM B ILIUPOKOM CMBICIC, €CJAU KAaXKAbIl u3 CIy4YaiiHbIX
nporeccoB  X;(t) sBIsIeTCS CTAIMOHAPHBIM U KOPPEJISINOHHbIE
GYHKIUN CBA3N Rmiwj (t1,1t2) aBasrOTCS (DYHKIUAMHI TOTBKO OHOTO
apryMeHTa 7 = tp — {1, T.e.

Rwiwj (t17t2) = R:Diirj (T) (5]‘]‘0)

Takyio cucreMy Ha3bIBAIOT TaKKe COBMECTHO CTAIMOHAPHON CHCTe-
MOIi CITy9IaitHBIX IIPOIECCOB. /11 CHCTeMBI CTAIMOHAPHBIX [IPOIECCOB
X(t) u Y(t) umeer mMecTo cooTHOIIIEHNE

Ry (1) = M{[X () — ma][Y (t + 7) — my]}, (5.1.11)

puyieM

Ray(7) = Rya(—7). (5.1.11)

5.2. CnoekTpaJjibHas MJIOTHOCTH CTAIIMOHAPHOTO
mpoiiecca

Hng crammonapuoro ciaywaitnoro nponecca X (t), a Takxke COB-
MECTHO CTAIMOHAPHBIX TporeccoB X (t), Y () BBezeM moHATHE CIIEK-
TpanbHON maoTHOCTH Py (W) W B3aMMHON CHEKTPAIBHON ILJIOTHO-
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crt @y (w) (1O MHOXKECTBY peasim3aliuii) ¢ IOMOIIBIO COOTHOIICHHIT
XunumHa-Bunepa:

B () = / Ryo(r)e™ T dr, (5.2.1)
By (w) = / Ray(7)e™ 7 dr. (5.2.2)

[Ipr CcOOTBETCTBYIOMMX YCAOBUSAX CXOJAUMOCTA HUMEIOT MECTO
dopmysibl 0OpaIeHus:

00
1 .
Rl‘l‘(T) = % / (I):L‘m(w)eledw, (523)

1 7 .
R:ry('r):% / Pyy(w)e dw. (5.2.4)
)

Bamernm, 4To ecau cirydaitabie npoueccsl X (t) u Y (t) neiicreu-
TEJIBHBI, TO JIEHCTBUTEIbHBI U KOPPEIAUOHHbIe (DYHKIUH Ryqp(T),
Ryy(7); B 9TOM Citydae

B () = 2 / Ry (7) cos wrdr = B (—w), (5.2.5)
0

Rua(r) = % / B () cos wTdew = Raw(—7), (5.2.6)
0

By (@) = By (—). (5.2.7)

Ecim Mb1 nMeem 71€710 ¢ 1efiCTBITEIbHBIM [IEHTPUPOBAHHBIM CJTy-
gaiiabiv nporeccom X' (1), To npu nogcranoske 7 = 0 B COOTHOIIEHUE
(5.2.6) mosy M

1

70<I>m(w)dw =5 70 Py (w)dw.  (5.2.8)
0

— 00

M|X']? = Ry (0) =

1
T
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DT0 BhIpaXKEHHe MOXKHO TPAKTOBATH KAK CIIEKTPAIbHOE PA3JIo-
emne cpenmeit "mormaocti” (mnn mucnepcrn) M| X' |2 o wactoTam
(w) B uareprase (0,00) nm (—o00,00). Bropoit narerpan maer pas-
JIO’KEHUE TI0 BCeM MOJIOKUTETHHBIM U OTPUIATETLHBIM YaCTOTAM CO
CHIEKTPAILHO MIOTHOCTHIO Pyy(w).

5.3. OcpengHeHue mo BpeMeHU

Hns mroboro cayqaitrnoro nmponecca X (t) cpeanee o Bpemenn (110
napamerpy t) or dbyukmun f[X (t1), X (t2),..., X (t,)] ectb cayqaii-
Hasl BeJWYMHA, KOTOPas OIpeAeIseTcs Ha MHOXKeCTBe t1,%2,...,1In
COOTHOIIEHUEM

< fIX (), X(t2),..., X(tn)] >=
— lim —/f (1 +7), X(ta+7), . X(tn +7)dr,  (5.3.1)

€CJIU ITOT TIPEJIENT CYIIEeCTBYET.
Bamernm, 910

M < f>= MF, (5.3.2)

eCJIN COOTBETCTBYIOIINE MHTErPAJIbl CYIIECTBYIOT.
5.3.1. CpeaHee 110 KOHEYHOMY IIPOMEXKYTKY BpPeMeHU
IIycrs dyuxuns

flt1,ta, ... tn] =
= JIX(E), X (), o, X () Y (02), Y (£, V(tn); -] (5.33)
3aBUCHT OT BbIGOpOUHBIX 3Hadvenuit X (¢;),Y(¢;),... omHOMEpHO-
ro WM MHOTOMEpHOro ciydaiinoro mpomecca X (t),Y(t),..., rme

te0,T].

Torma cpejHue MO BpeMEHU IO KOHETHOMY TTPOMEXKYTKY BpeMeHU
MOXKHO BBIYUC/IUTH JUO0 4epe3 BHIOOPOUHBIE 3HAYEHUSI, JIUOO IIyTeM
HEMPEPBIBHOTO YCPETHEHUS 0 KOHETHOMY MPOMEXKYTKY BPEMEHH IT0

dopmyam:

< fea=21 5 flt + kALt + kAL, ..ty + EAE) =
k=1
N At =T, 5.3.4
—ﬁkz::lf( t), t=+; (5.3.4)
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<f>T—T/f ti+7,te+7,... tp+7)d T/f )dr. (5.3.5)

Cpemune Benmmunibl < f >, u < f > OpeacTaBasgiorT coboit
ClIydaiiHble BeJIMYMHBI, PACITPEeIeIeHNe KOTOPBIX OMPEIeIsTeTCs JTaH-
HBIMU CJTYYafHBIMU TIPOIECCAMHU.

Jns cranmoHapHOro CIy9aiiHOroO MpOoIecca NMEET MECTO COOTHO-
HICHIEe

M<f>=M<[f>=MfF, (5.3.6)

TO €CTh CpeJHWe M0 KOHEYHOMY MpPOMEKYTKY BpeMmeHn < f >, u
< f >7 SABASIOTCS HECMENIEHHBIMU OIEHKAMU [IEHTPa, Pacipeieie-
g M f.

5.4. DpProauvHOCTH

[Tycts y HAC mMeeTcst CTalMOHAPHBIA Cayvaiinbii mpomece X (t)
1 TpebyeTcs OMpeeuTh XapaKTEPUCTUKU STOTO MPOIECca — MaTe-
MaTUIeCKOe OXKUIAHUE U KOPPEIIINOHHYIO0 (DYHKIIHO.

OTH XapPaKTEePUCTUKHN MOYKHO TOJYUUTh IIyTEM OCPEIHEHUS TI0
MHO>KECTBY BCEX Peaim3alinii, T.e. 0 aHCAMOJII0 COCTOSTHMIA.

O1HaKO BO3MOXKEH U JAPYTOii CIIocod OCpeTHeHUst, KOTJa Mbl MMe-
eM OfiHy peasm3anuio z(t) T0CTATOYHO GOBIION TPOIOIKUTETHHO-
CTH. ECJII/I CBA3b MEXKAY PA3JIMYHBIMU CEHEHUAMN C.}Iy‘lﬁ,ﬁHOFO Ipo-
1ecca yObIBaeT OBICTPO, TO Te YACTU Peaau3allii, KOTOPhble MOYKHO
CYNTATh HE3ABUCUMBIMHU MEXKIy CO0OI, PACCMATPUBAIOT KAK COBO-
KyIHOCTh peajm3aruii. Tako#t crmocob ocpemHeHUs MOXKHO TPUMe-
HUTH TOJBKO JIJISI CTAIIMOHAPHOI'O TPOIecca, TaK KaK JJIsi HeCTaIno-
HAPHOTO TPOIIECCa PA3IUYHBIE YACTH CAYyJafHOrO mpotiecca ob/1a1a-
IOT Pa3HBIMU CTATUCTUYICCKUMMN CBOWICTBAMM 1 HE OTBEYAIOT OJUHa-
KOBBIM yCJIOBUSM OIIBITA.

CHpaIHI/IBa,eTCSI, B KaKOM COOTHOIIICHHNU HAXOJATCA 3TU CHOCO6bI
OCpEeTHEHUS: 110 BPEMEHU U 110 aHCaMOJIi0?

Tak Kak Ha TpPaKTHKE YACTO SKCIEPUMEHTATOPHI MMEIOT IeJI0
JIAIIb C OJHOHN peasu3anueil, IIOJIly4eHHON Ha KOHEYHOM HHTEpBaJIe
Bpemenn (0,7), U OITOMY MPEIMOUYATAIOT OCPEIHATH 110 BPEMEHH,
TO 9TOT BOIIPOC MMeEET MPUHIUIINAJIBHOE 3HaAYCHUEC.
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Ecnu ns ciyuaitHoro mporecca XxapakTepHa TaKas 0COOEHHOCTb,
YTO Kayk/asi ero peajm3aiius 00/1aJaeT OJHUMHU W TeMU YKe Xapak-
TEPHBIMU NPU3HAKAMU: CPEIHUM 3HAYEHUEM, BOKPYI' KOTOPOI'O IIPO-
UCXOIAT KO/ebaHUsl, U CPEJHUM Pa3MaxXoM 3TUX KojebaHuii, — To
MOXKHO BBIOPATH TPOW3BOJIBHO OJHY W3 TAKUX PeaIU3aluil Ha, JOCTa-
TouHo Gombiom uaTepBasie (0,7'), 1 OHA CMOXKET JTATh HAM XOPOIIee
IIpeJICTaB/JIeHue O CBOMCTBAX CJIy4aliHOrO IIPOLECCa B LEJI0M.

Takoit crydaifHbIi TPOIECC HA3BIBAIOT IPTOAUIECKUM. DProgude-
CKOe CBOMCTBO COCTOUT B TOM, YTO KazK/Jasd OTAeJbHasd peau3anud
JIOCTATOYHON MPOIOIKUTEIHHOCTA MOYXKET 3aMEHNUTh MPu 00paboTKe
MTaHHBIX MHOYKECTBO PeaIH3aIldii TOil »Ke 00IIeil MpOomSOIKATeIHHO-
CTH.

Ecnu cyqaitastii mpomece X (¢) ob6/agaer SprogudecKuMu CBOii-
CTBaMM, TO JIJIsT HETO CPEIHEE MO BPeMeHn (Ha JOCTATOYHO DOJIBIIOM
yHUaCTKe HAOIIO/IeHNsI) TIPUOIMKEHHO PABHO CPEIHEMY 0 aHCAMOJTIO
peasmsanmii (cocrogumii). To ke Gymer BepHO Myist qucnepcun Dy (t)
u koppessimuonnoit dbyuxiun Ry (7). CiregosarenbHo, 3tu xapakTe-
pPHCTHKY (MATEMATHIECKOe OXKUIAHUE, TUCIEPCUI0 W KOPPEJISIINOH-
HyI0 (DYHKIIMIO) MOXKHO OyzieT MpUOIMKEHHO ONPENEeNsTh 110 OJHON
JIOCTATOYHO JJIMHHON Peam3alnn.

Crporo rosopst, 37€Ch pedb MIET O CXOJAUMOCTH 110 BEPOSTHOCTU
<f>rx Mf, re.

Prsse{< f >1= Mf} = 1. (5.4)

Takum obpazoM, B CIydae SProgmdecKoro CTAIMOHAPHOIO CIIy-
JafHOTO TPOIIECCa OCPETHEHNe TT0 BPEMEHHW U 10 aHCAMOJII0 COCTOsI-
HHII1 SKBUBAaJIEHTHHI.

Ba wnm 6ojiee COBMECTHO CTAIMOHAPHBIX CJIYUYANHBIX MTPOIECCA
Ha3BIBAIOTCSI COBMECTHO IPTOAMIECKUMH, €CJIN IPTOAUIECKOe CBOH-
CTBO MMEeT MECTO JJisl JIIOOBIX BHIOOPDOUHBIX CPETHUX.

3amaua 1. CayvaifHblil Ipomecc nMeeT BUT
X (t) = Asin(wt + ¢),

TAe aMILJIUTY1a An qaCTOoTa W — HeC.Hy‘la,ﬁHbIe IIOJIOZKUTEJIbHBIC BE-
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JIMYUHBL, a dasza ¢ — cayJdaiiHas BeJUYUHA, PACIpee/ieHHas Ha OT-

pe3ke
0

0<p<
=3

C TIJIOTHOCTBHIO PACIIPEIe/IeHIS

f(p) = cos .

UccnenoBaTh, SBISETCS JIM JAHHBIA CIYYaiHBINA TPOIECC CTAITU-
OHAPHBIM?

Pentenne
Haiinem o dgpopmyite

o0

ma(t) = [ X(p,0f(p)dy

MaTEMaTHIECKOe OKUIaHue My (t) 3Toro cayvaiinoro mponecca. Ono
ONPEJIEJIATCS B BUJIE

%
my(t) = A / sin(wt + ) cos pdp =
0

s s

= A(sinwt / cos?® pdp + cos wt / sin @ cos pdp) =
0 0

T Ginwt + 2 cos wt
= — SInw — COS WT.
1 2

OTcrosa BUIHO, 9TO MATEMATUYECKOE OXKUJIAHUE M, (1) He aBasgercs
IIOCTOAHHON BEJIMYUHON 1,CIe0BaTeIbHO, JAHHBINA CIyJaillHblil Ipo-
EeCC He ABJIAeTCA CTAIMOHAPHBIM.

3amaua 2. [Iycrs dyaxmma X (t) OIUCBIBACT CTAIMOHAPHBINA CIIy-

JaifiHbIil TPOIIECC, KOPPEIIIuOHHAd (DYHKIUS KOTOPOr0 M3BECTHA U

paBHa RI(T). Tpebyercss onpeneuTh KOPPEISIIUOHHYIO (DYHKITHIO
dX (t)
dt

CBSI3M CIyvaiiHeIX mporeccoB X (t) u
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Pemenue (s
O6o3naunm uepes Y (t) cryuaiinbiii mpomecc dzE ):
dX(t)
v(t) =22
(t)=—

U BOCIIO/IB3YeMCsT (DOPMYJIAMHU:

Ray(7) = M{[X(t) = mg][Y (£ + 7) —my},

Tak Kak MpoIecc CTAIMOHAPEH, TO
my () = const,

creoBaresbuo, my(t) = 0. Tlomb3ysich onpenenenieM Koppessiu-
OHHO# (DYHKIMHU CBSI3M, TOIYYUM

dX(t+T)}
J dr

d
= - M{[X(8) = ma][X (t +7) = mal} = ——Ra(7).

Ryi = MA{[X(t) — my]
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MATEMATNYECKA{YA CTATUCTUKA

JEKIIN A 6

CTATUCTNYECKUE OIIEHKUN

6.1. IlocranoBKa 3aJa4 MaTeMAaTHYECKOIl CTATHUCTUKU

IIpenmeroM mccae0BaHUSA TEOPUH BEPOSITHOCTEH SIBJISETCS TI0-
CTPOEHUE MATEMaTUYEeCKUX MOJe/edl IKCIEePUMEHTOB CO CJIy4YailHbIM
ncxomoM. OaHako B OOJBIIMHCTBE CIyYaeB HAM HE H3BECTHBI IIa-
paMeTphl 3TUX Mojesaeil — (PYHKIUMH paclpeaeaeHns, MOMEHTHI 1
T.7. Maremarnydeckasi CTATUCTUKA CJIYXKWUT i CPABHEHWS PeaJib-
HBIX SKCIEPUMEHTOB C MOJEJdAMU U OLEHKU HEeU3BEeCTHBIX MapaMeT-
poB 3THx Mozeseit. Ilepedancany HEKOTOPHIE OCHOBHBIE 3a1a9W Ma-
TeMATHIECKON CTATUCTHUKH.

1. Omuenka 3HAYEHUS HEU3BECTHOI BEPOSITHOCTU CIYJadHOTO CO-
OBITHS.

2. Omnpenesnenne HeU3BECTHON (DYyHKITMU pacIpee/ieHus.

3. OnenuBaHue HEM3BECTHBIX MAPAMETPOB PACIPEIETCHUS.

4. TIpoBepka CTATUCTUIECKUX THUIIOTES.

5. Nzyuenne cBaA3u Mexy CaydaiiHbiMu (DyHKIUAMEA (MM BEK-
TOpaMU) U IpEJCTaBIeHNe WX B BUJE PA3JIOXKEHUs 10 Pa3JTHIHBIM
ONTUMAJIBHBIM Da3UCaM.

B namem Kypce Mbl OTDAHUYUMCST STUMHU BOITPOCAME, XOTS MATe-
MaTUYIECKasl CTATUCTUKA OXBATHIBAET 0OJIee TUPOKUIT KPYT Mpod./IeM.
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6.2. Bpibopku. ®yHKIuu BHIOOPOK

Marepuajom /1jig CTATUCTHIECKOTO UCCIe0BAHNS PEATHLHOTO SB-
JICHUA CIIy2KaT JaHHBIE S9KCIIEPUMEHTAJIBHBIX Ha.6.}'[f0ﬂ;eHHﬁ. HOCKOJH)—
Ky peajibHbIE MACCUBBI JJAHHBIX HOCAT OIPAHUYEHHBII XapaKTep — KO-
HEYIHOE MHOZKECTBO, TO Ha6op TaKUX JaHHBIX MOXKHO PaCCMaTPpHUBATHh
KaK HEKOTOpPOe TOJMHOYKEeCTBO bOojiee 00IIero MHOXKECTBA, KOTOPOE
MBI OyeM Ha3bIBaTh T€HEPAJIbHON COBOKYMHOCTHIO. ['enepain-
Has COBOKYITHOCTH MOYKET OBbITh OECKOHEUHBIM, OFPDAHUYEHHBIM WJIN
HEOTPAaHNMYECHHBIM MHO2KECTBOM.

Cry4aitmoit BBIOOpKOH obbemMa n OymeM Ha3bIBATH BBIOOD 7N
S7IEMEHTOB U3 TeHEPAJIbHON COBOKYITHOCTHU, TPUYEM BBIOOD OTIE/Tb-
HbBIX JIEMEHTOB IMPOU3BOAUTCA HE3ABUCUMO JIPYT OT ApPYyra. O6bILIHO
Hac OyJeT WHTEepecoBaTh HEKOTOPHIN MPU3HAK BHIOOPKU, HAIPUMED
dyHKIIUST pacupeeeHns.

IIycrs y mac mmeerca BBIOOPKA X1, L2,...,T, U TpeOyeTcs IIO-
CTPOUTH SMIUPUIECKYIO
byrkumo pacnpezeie- F(z)
wust F(z). dnst sroro

MBI MOYXKEM Ha OCH T o—o
BBIOpATH k MHTEPBAJIOB: O_o—
A17A27"'7Ak) (AZ = o0—

= (—00,2;)) m noxcum- L

TaThb YHCIO M; BBIDO- x
POYHBIX 3HAYEHUN I;, Puc. 6.1

JIEYKAIUX B WHTEPBAJIE

A;. JIys KaxKJ0r0 MHTEPBAJIa MOJACIUTHIBACM YUCTa my;(x) 3HAUeHn
T MEHBINNX HEKOTOPOTO 3aJaHHOr0 u cTponM rpaduk dyukmun F =
= m@) (puc. 6.1). flcro, uTo Takoii rpaduK SBISETCS TPHO/IIKEHN-

» (puc. 6.1). : P p
eM WX OTEHKON (DYHKINU PACIPEIeICHUSI.

MeTOﬂbI onpeae/sIeHnd TJIOTHOCTHU BEPOATHOCTHU Cﬂy‘{af/iHbIX BeE-
JITYUH noapobHo onucansl B MoHOrpaduu Silverman B.W. Density
estimation for statistics and data analisis, 1986. B nacrosiee Bpemst
MMEIOTCS TaKXKe J0CTATOIHO (P DEKTUBHBIE TPOIPAMMBI /I BHIYUC-
JIEHUS TIJIOTHOCTU PACIPE/IeI€HUs BEPOSITHOCTU, KOTOPBIE COEPIKAT-

cst B bubmorekax: Sp SS, Statistica, Stat graphics Plus.
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Ha ocHOBe maHHON BBIOOPKHM MOXKHO MOCTPOUTH (DYHKIIUIO BbI-
oopru. Ecnu (z1,x9,...,2T,) — BBIOOPKA, TO CIydaiiHasg BeJHUINHA
tn = t(x1,22,...,%,) Ha3BIBaeTCH (DyHKIMENH BHIOOPKH, UM CTATHU-

n
crukoii. Hampumep: © = % > x; ecTb (pyHKIHS BEIOOPKY, HA3bIBAE-
=1

n
Mast SMIUPHIECKAM CPEHUM, UIIH §2 = ﬁ S (z; — 7)? nazwiBaercs
i=1

SMIIUPUYECKON JUCIEePCUeii.

6.3. Ormenka mapaMeTpoOB pacIiipeaejeHud

6.3.1. ToueuHble OIEHKMU

[Iycte Hac wuHTEpecyeT HEKOTOPBI Tapamerp <y TeHepaJib-
HOI COBOKymHOCTH. 1Orma HYXKHO 3a1aTh (QYHKIUIO BBIOOPKH
t(z1, T2, ..., xy,), PEATH3AINA KOTOPOHi B HEKOTOPOM CMBICTIE MOLJIA
OBl paccMaTPUBATHLC KaK mpudsnkenne K 7y. Takas QyHKIns HA3bI-
BaeTCd TOYEYHOM OIEHKOI mapamerpa 7.

Bsenem mexkoropbie ompejesienus, C MOMOIIBI0 KOTOPBIX Oy/em
XapaKTepU30BATh MOJTYyIaeMyI0 TOUCIHYO OIEHKY MapaMerpa 7.

1. Ouenka (crarucruka) v, = t(z1,z2,...,T,) TapaMerpa 7y Ha-
3BIBAETCS COCTOATENBHOM, ecmu t(L1, 22, . .., Ty) CXOQUTCS 110 BEPO-
SITHOCTHU K TTapaMerpy -y, T.e. Jjist jroboro € > (

lim P(|t(z1,z2,...,2,) —y] <e) =1.

n—oo

2. OmeHka Ha3bIBAETCA HECMEIIEHHOM, eC/Ii ee MAaTeMaTHIeCKOoe
OXKHJaHne pPaBHO OL[eHI/IBa.eMOMy HapaMepr:

3. Hecmerrenrast omerka Ha3bIBaeTCa 3(hHEKTUBHOI, eCIn ee quc-
repcusi IPUHUMAET MUHUMAJIBHOE 3HAYEHUE, T.€.

M (% —7)? = min M (v, — 7)2.

Omna gBsgerca HaUIydIel OIeHKOM B TOM CMBIC/Ie, UTO JIYUIIe BCETO
HCIIO/TB3yeT NH(MOPMAINIO, UMEIOIILYIOCST B BHIOOPKE.
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Meroa momeHTOB

Ecnu nac maTEpeCyIOT Takue mapaMeTphl CIyJIaifHOl BeJTUINHBI,
KaK MareMaTmdeckoe oxuganue Mx u aucrepcusi o2
HavYaJbHBIA U BTOPOW I[EHTPAJILHBIA MOMEHTBI, TO OIIEHKY HX MbI
MOXKeM MOJIyYUTh, 3aMEeHAS MOMEHTHI SMIUPUICCKUMI MOMEHTAMU.
Tak, eciu 371eMeHTbI BBIOOPKH (X1, T2, . . . , Ty) YIAOBIETBOPSIOT 32KO-
Hy DOJIBIIINUX YUCEJI, T.€. HE3aBUCUMBI, UMEIOT OJIHY U TY K€ (DYHKITIIO

pacrpeesenns F(z) m KoHeUHOE MareMaTHdeckoe oxkupanune Mz,

, T.€. IIePBbII

n

TO CTATUCTUKA T = % > i, COTJIACHO 3aKOHY OOJBIINX UHCET, TPH
=1

n — o0 OyZeT XOpoIuM TpubIMKEeHHeM IePBOr0 MOMEHTa — MaTe-

MaTUIEeCKOTO OXWIaHusg. B 3ToM ciydae (pyHKIHS BEPOSITHOCTH P
paBHA

S == (z; — )% (6.3.1)

=1
s ko3 dUImenToB KoBapualuu CIyJIaiiHbIX BEJUYUH T U Y
TTOJTyYWM OIEHKY

n

b= >~ )i~ ) (6.3.2)

=1
Jitst K09 PUITMEHTOB KOPPEIAIUN NMEeM
n
> (zi — 2)(yi — 9)
R= =1 :
n
2 (@i — )? 3 (yi —9)°
1=

=1

MOKHO HOKa3aTh, YTO OIEHKA mapaMerpa S2, moayueHHas 110 (op-
mysie (6.3.1), siBasiercst cmemenHoii. Ha npakrTuke vacro BMecTo
dbopmysst (6.3.1) mOIB3YIOTCA CTATHCTUKOM

Z(wi —I)?, (6.3.3)
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KOTOpas, Kak OyJIeT MoKa3aHo B JIEKIUN 9, JTaeT HECMEeIeHHYIO OIeH-
Ky JUI mapaMerpa, o>.

MeTo, MaKCMMAaJIbHOTO MPaBA0NOoA00us

[Iycrs Benmumuer & (1 = 1,2,...,n) COCTABJASIIOT BBIGOPKY
M3 TeHepaIbHON COBOKYMHOCTH st £ C MJIOTHOCTHIO BEPOATHOCTH
f(x,7), vae ¥ — Heu3BeCTHBI MapaMeTp, KOTOPBIi CIeyer OIEHUTh.

Oyukimeil MpaBIONOL00Us HA3BIBAIOT COBMECTHYIO ILJIOTHOCTH

BEPOATHOCTH, T.€.

L(xla s 751371,,')’) = f(xla’)’)f(fmﬁ) s f(xn,')’)

[Iycrs corydaiinas BenndnHa & NPUHUMAET 3HAYECHUS T1,T2,...,Tr
¢ BepostHOocTsimu p;(y) = P = ;). O6osmaunm depes
V1,V9,...,V, aDCOJIOTHBIE YACTOTHI, C KOTOPBIMU MOSBJIAIOTCI 3HA-
YeHWs T1, T2, ..., T,y B HalIeil BIOOpKe. TOr1a BEIIOIHAETCS YCIOBHE
r

> vi = n. OyHKIW TPaBAONON00UI B STOM CIydae OMNPEIeIseTCs

=1
COOTHOIIIEHUEM

L(zy,...,o0;7) =0 ()05 (7) - .07 (7).

Ornenka mapameTpa -y MEeTOZOM MaKCUMAaJbHOTO TPAaBIOMO 00U
COCTOWUT B TOM, YTO B KaUYECTBE 7 BBIOMPAETCS TAaKOE 3HAUEHUE, KO-
TOpPOe MaKCUMU3UpyeT (DYHKINIO npasgomonobus. [lapamerp 4 Ha-
XOJUTCS U3 yPABHEHUST

L
oL =0, (6.3.4)
v
i 9acTo BMecTo (6.3.4) pemaT ypaBHeHre
10L OlnL
- = =0. 6.3.5
L Ov oy ( )

Ecam mioTHOCTH BEPOATHOCTH 3aBUCHAT OT HECKOIBKHUX MapaMETPOB,
TO pelraioT CUCTEeMY ypaBHEHU
oL OlnL

=0, wm

v dvi

0 (i=1,...,10), (6.3.6)

rae | — 9ucao mapamMerpos.
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IIpumep. Ilycts & = (&1,&2,...,&,) — BBIOOPKA W3 HOPMAJIb-
roro pacupeserennsa N (u,0?) ¢ MATEMATHIECKIM OMKITAHIEM [i I
aucnepeneit o2 1 HaM Hy»KHO HOJIyYNTh OLEHKY BeKTopa vy = (i, 02).
DyHKIUS TPABIONOI00MS B 3TOM CJIydae UMeeT BUJ

1 n L
sem = (7m5) o | ~gr s =

Orcrona nmomydaem ypasrenus (6.3.6) MaKCHMAJIBHOTO TIPABIOIOI0-
omst

Oln L(z,~) 1 &

j=1
Oln L(z,~) n 1 & 9
o2 202 + 204 ]2::1(:5] 2
¥ OTIEHKY BEKTOpa IapaMerpoB v = (i, 62)
~ ]. n 2 ]. n ~ 2
p=—> z; ol=—3 (zj—f)
n 7=1 n 7j=1

HecwMmernienHas oneHKa BeKTopa nmapamerpos. Meroa Hau-
MEHbBIIIUX KBaJApPaToB
HyCTB Ipu M3yYEeHUUW HEKOTOPOTO ABJIEHUA TPUPOABI HaC WHTE-
pecyer BekTOp mapamerpos 0% = (0y,01,...,0,), HO TPEATONIOKNM,
Y9TO B PE3Y/IbTaTE IKCOEPUMEHTA Mbl MO2KEM TIO/IYyYUTH JIMIIb BEKTOPD
v = (Y1,Y2,- -+, Yn), KOOPIUHATAME KOTOPOTO SIBJISAIOTCS JIMHEHHbIE
T
KoMOMHAIMN KoopaumHaT BekTopa @, T.e. y; = ) O;a;; + ;. Torma
j=0

]:
CBsI3b MEXKYy 6 1 y MOXKHO 3aIllUCATH B BUJIE YPABHEHUS

y=A0+e, (6.3.7)

e A — HeKOTOpBIi JInHEHHBIN omepaTop, a € € R, — BEKTOp OIIIH-
OOK HaIlero mpejCcTaBIeHUs, MATEMATUIECKOe OXKUJIAHUE KOTOPOTO
TIPeNOI0oKAM PAaBHBIM HYJII0, T.e. Me = 0.

HOCT&BI/IM 33149y TMOJIYIUTh HECMEIIEHHYIO OIEHKY BEKTOPaA 9
[lepenumem ypasuenue (6.3.7) B BujIE

e=y— A0
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U BBEJIEM HOPMY BEKTOPA €
lel|? = e*e.
C apyroit CTOpOHBI,
lel” = (y — A8)*(y — A9),
nan 6oee TOIPOOHO
lel|? = y*y — 20 A%y + 6% A* A6.

Byzmem paccmarpusath ||¢||? xak dymkmmonas BekTopa 6 m Haiizem
€ro MUHUMYM. SHAUEHUE é, Ipr KOTOPOM 0DECIIeINBAETCS MUHUMYM
byHKIIOHATA KBaIpaTa HeBA3KH ||¢]|?, canTaeTcs pemrenmenM mocTas-
stennoit 3anaun. /I sroro npoanddepenmupyem dbynkumonan |g]|?
0 KaxKJI0My 6; 1 IpupaBHsaeM HyJi0. B pesyabraTe mOMTyIUM CHCTE-
MYy ypaBHEHU

—2A%y +2A%A0 =0,
KOTOPYIO Mbl [IEPEIuIeM B BH/IE
(A*A)0 = A™y. (6.3.8)
Pemenne ypasnenus (6.3.8) nmeer Bus
0= (A*A)"TA*y. (6.3.9)

[TokaxkeMm, 9TO Takas OIMEHKA BEKTOPA f SBIISETCS HECMEIEHHOI.
[Tpumennm K coorrommenusiv (6.3.7) u (6.3.9) onepanuio marema-
THYECKOT0 OKMIAHUS, TOTJIA TTOJTY IIM:

M(y) = A6, (6.3.10)

M(0) = (A*A)"TA* M (y). (6.3.11)

Ecmn moncrasuts (6.3.10) B (6.3.11), Torga maiizem, ato

M(f) = (A*A)"TA* A0 = 0,
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TO eCTh TIOTyUeHHas OIeHKa HecMereHHasd. MoKHO mOKazaThb, 9TO
OHA MMeeT MUHUMATBHYIO AUCTepcHio. PaccMaTpuBaeMbIit MeTOT HO-
CUT Ha3BaHUE METOJa HaMMEHBIINX KBa/JAPaTOB.

6.3.2. nTepBa/IbHbIE OLEHKU

PaccMoTpenHbie BbIllie TOYEUHBIE OIEHKU JTAIOT OIEHOYHOE 3Ha-
YEeHHEe IMapaMeTpa M3 BI>I6OpKI/I7 HO HUYEro He roBopdaT O TOYHOCTH
U TOCTOBEPHOCTHU OlleHKN. VIHTepBaIbHBIE 2Ke OIEeHKN HEN3BECTHOTO
mapaMerpa MO3BOJISIIOT YKa3aTh MPEIEIbl, B KOTOPBIX C HEKOTOPOil
BEPOATHOCTBHIO JIEZKUT MCKOMBIH TTapaMeTp.

[Ipeamonoxum, 910 — cydaiinas BBIOOPKA U3 T'eHe-
) 1, ySn

paJIbHOMN COBOKYITHOCTH, pacnpeenenne kotopoii F(x, §) 3aBucur or

napamerpa 0. [Iycrs 0 = 0(z1,...,z,) u 0 = 0(xq,...,x,) — Takue

dbyHKIMN BEIOOPKH, ITO

P{O(&1,...,6,) <0< 0(&,...,6) =1 —aq, (6.3.12)

rie o € (0,1). Torma maTeppan (§,0) HazpBaeTCS WHTEPBATBHOLL
oneHkoil napamerpa 6 ¢ mepoii nHagesknoctu 1 — «. CooTHourenue
(6.3.12) MOXKHO WHTEPIPETUPOBATH TaK, UTO CAyUAiHbI WHTEPBAJ
(8,0) "noxpsiBaer ucTunHbI mapamerp @ ¢ BeposTHOCTHIO 1 — A

[Tpusenem mpuUMeEp WMHTEPBAJILHON OIEHKH MaTeMaTHIECKOro
OK VI TAHSA.

IMycrs (&1,&2,...,&,) — caydaiinas BeiOOpka u BCe &, j =
= 1,2,...,n wopmanbusl N(u,0?), npuuem aucrepcus o2 u3Bect-
HA, & HEM3BECTHO MATEMATHIECKOEe OKMITAHNE [i. [IpeImoIoKIM, ITO
&1,...,&, — HE3ABUCHMBI B COBOKYITHOCTH.

CorytacHO TEHTPATBHOI MPEIEIbHON TeopeMe CaydaiiHas Besu-
n
F_ 1 ) 2
unHa § = o 21 &; nopmanbaa N (p, 0% /n). MoKHO HOCTPOUTH HOBYIO
1=

CIy4allHyIO0 BeJIMYUHY

o

1 & n
n=\{=> &—un a
)

Ha ocHoBe cBOiiCTB MaTeMaTHIECKOTO OXKUIAHUSA U TUCIIEPCUN JIETKO
MMOKa3aTh, 9TO CJIyYaifHasd BEJIWYWHA 1) UMeeT HOPMaJibHOe pacipe-



Jleknus 6. Crarucruyeckue OmeHKH 75

nenerne N(0,1). Torma
1 >
P{ln| <e} = ﬁ/emmdﬁﬁ = Og(e) — Po(—¢) = 2Py (e),
—€

rae ®g(e) — wmurerpan onmbok. 3amas a, 0 < « < 1, n BOCTIOIH-
30BABIIACH TAOJINIEH HOPMAJILHOIO PACIPEACICHId, U3 yPABHECHUS

2@0(6) =1—«
onpenennM € > 0, A7 KOTOPOTO

P{—e< %ﬁ:fi—u ?<6}:1—a. (6.3.13)

Cootrnomrerne (6.3.13) MOKHO 3amHCcaTh B BHIE

Zfz <u< ;gﬁ% =1—a.

Coryracro 9TOMY BBIPDA?KEHNIO NCTUHHOE 3HAYCHUEC [ JIEZKUT B MHTEP-

BaJIe
1 €0 1

i=1

C BEPOATHOCTBIO 1 — v, 8 BHE MHTEPBAIa — C BEPOATHOCTBIO (.

3amaua 1. [Iycrs 21, 2, . . ., &y — HE3ABUCUMBI U IIPEACTABIAIOT
co00ii BBIOOPKY M3 T'eHEepaJIbHON COBOKYIHOCTH C MaTeMATHICCKIM
okmganmeM m u guctepcueii o2. [Tokazarsk, 9T0 BIGOPOUIHOE Cpe-
Hee T IBJAAeTCd HECMEIIEHHONH W COCTOATEIbHOU OIEHKOU 171.

Permrenue

Bribopounoe cpennee Bbruucisgercs mo g opmysie

Haiimem m1st BBIDOPOYHOrO CPEIHEr0 T MaTEMAaTHIECKOe OXKIIAHIE
7 IUCTIEPCHTO
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0_2

__1¢ 2 1 5
Dx:—QE Mz = —5no” = —.
n® = n n

Hecwmemennocts  cnemyer u3 Toro, uto Mz = m.
st MOKa3aTeIbCTBA COCTOATEIFHOCTH BOCIIOIB3YEeMCsT HEPABEH-
cTBoM YebbIIeBa, CoOriacHO KOTOPOMY [Jist JTF000# CTydaitHON Besu-
quHbl £, uMmetomeit Mx = m u Dz = 02, u i Kaxkgoro € > 0
nMeeM
P(lz — Mz| >¢) < D_2:1:

[Tpumetnsist 5T0 HEPABEHCTBO K BHIOOPOYHOMY CPEIHEMY, IOy TUM

o2
P(lz—m| > ¢) < =
ne
Haiizem BepogTHOCTH MTPOTUBOMOIOXKHOTO cOObITUsI. VMeem

o2
P(lz—m|<e) >1— —.
ne
Tak Kak mpum 1 — 00 UMEET MECTO CXOJUMOCTH IO BEPOSITHOCTHU
BBIOOPOYHOIO CPEHEro K 171, T.e.
lim P(|z —m| <e)=1,
n—oo
TO 3TO JIOKA3BIBAET COCTOATETHLHOCTH BBIDOPOUYHOIO CPEIHEro Kak

OIIEHKH 1M.
3amaua 2. Haiitu MerogoMm HambOOIBIIEro MIpaBIOMOI00Ms II0

BBIOOPKE I1,T3,...,T; TOUYEUHYIO OIEHKY HEM3BECTHOI'O IIapaMeT-
pa A MOKa3aTesbHOrO PaCHpeenenus, IOTHOCTL KoToporo f(x) =
=Xe™ (2 >0).

Peutenue

CocraBuM (QYHKITHIO TPABIOIOA00MS

L= f(z1;0) - f(x2;0) ... f(xn;0),

yuursiBas, uto § = \; cregosarensuo, f(x;0) = f(z;A) = e M :

L= (}\ef/\:nl) . ()\67/\5”2)...()\67)“’1“") _ )\”e*)‘zmi_
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Haiinem sorapudmMuteckyto (pyHKIUIO TPaBIOTOA00ws
InL=nln\— )\ZIBZ'

U TIEPBYIO TIPOU3BOIHYIO IO A

dlnL
= n/\— sz

Banuiiem ypapBHEHUe TpPaBIONOm00ust, JJIsi 9ero MpUpaBHIEM
HepBYIO NPON3BOAHYIO HyJ0: n/A—Y z; = 0. Haiigem kpurndaeckyio
TOYKY, JIJTd Y€ro PeriuM MoJyIeHHOe YPaBHEHNE OTHOCUTETBHO A

1 _
A Sy T

Haiinem BTOpyfO MpOu3BOIHYIO TIO A

d?InL
v (—n) /2.

Jlerko BugeTh, uTo mpu A = 1/Z BTOpasi MPOU3BOIHAS OTPHUIA-
TeJIbHA; CIeJ0BATENbHO, 9T TOYKA €CTh TOYKA MAKCUMyMa, W, 3Ha-
YUT, B KAUECTBE OIEHKU HAUOOJIBIIIEro MpaBI0Tog00usa HaI0 TPUHATD
BeJIMUNHY, 06paTHY0 BHIOOPOYHON cpeaneii: \* = 1/Z.



JEKIIUSA 7

METOIBI PEAYKIIAN

7.1. IloctanoBKa 3a/1a4 peayKIIuu

[IpeamosoxumM, 9T0 HAM HEOOXOIUMO OIEHUTH BEKTOP MapaMer-
pos f1 = (f1, fo, ..., fx) NI OTIEIBHBIE €X0 KOOPAHHATHI TI0 H3BECT-
HOMY Apyromy BekTopy &1 = (£1,&a,. .., &), KOODAEHATEI KOTOPOTO
JINHEHHO 3aBUCAT OT KOODJUHAT BEKTOPA f, T.e.

k
fzzzaz]fja (z:1,2,,n)
Jj=1

Torga MbI TTOIYyYUM JIMHERHYIO CUCTEMY yPaBHEHUIT

E=Af+v, (7.1.1)
roe A — MaTpuia BUIA
a1l aik
A= R I
an1 ... Qpk
a Bektop v = (v1,vs,...,V,) OIIpEJEIgeT TOYHOCTH TAKOI'O IIPe]l-

CTaBJIEHUsI, B YACTHOCTU TOYHOCTH M3MepeHusi BeKTopa &.

Baaua peLyKIun COCTOUT B TOCTPOEHUHU TAKOT0 JIMHEIHOTO OTie-
paropa R, momeiictBoBaB KOTOphIM Ha ypasHenue (7.1.1), Mbl MOr-
Jin OBl TONTYYnTh HeoOxoauMyio Ham uHaopmanuio U f o Bekrope f
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C MUHUMAJIHHON CpeIHeKBAIPATHIHON MOTPENTHOCTHIO; 3mech U —
W3BECTHLIN JWHEHHBIN omepaTop. B 3amate Tak Ha3bIBaeMOil HecMe-
merHoi peaykmun ormeparop U = RA. Torga moydauM COOTHOIIEHIE

R¢ = RAS + Ry,
NJIN 5KBUBAJIECHTHOE eMy
R¢E=UF + Ru. (7.1.2)

Cuagasa mpeamnonoxkuM, aro U = I, u paccMOTPUM 3a1a49y: Hali-
1 Marpuiy R takyio, uro RA = I u M||Rv||?> ~ min. Takyio 3a-
nady OyaeM Ha3bIBaTh 3a/1avueil HECMEIIEHHON PeyKINN K eIuHII-
vomy omeparopy U = I. 3amerum, 94T0 OHA MOJHOCTHIO COBIAIAET C
3aJa4eil JUHEHHOrO OleHWBAaHUMA MapaMeTpoOB C MUHUMAJBbHON JUC-
nepcueii. Takyto 3agaay paccmarpusaau B cBoe Bpemst Layce (meron
HAMMEHBIINX KBaJIpaToB) u MapKoB (MeTOJI IMHEHHOTO OIeHUBAHS,
OCHOBaHHBII Ha MUHUMH3ALMU gucrepcun). Pernenune 3amaum Mero-
JIOM PEIyKIIUHA B 3TOM CJIyUae TOJHOCTHIO COBMATAET C PElIeHUsIAMH,
TOJIYy9€eHHBIMU METOZ0M HANMMEHBITUX KBa/JIPATOB WUJIN I10 CbOpMy.}'[a.M
MapkoBa. B jekiuun 6 Ob170 MOKAa3aHO, UTO JIMHEHHAS HECMEIEH-
Has OIEHKA f IUTsT BEKTOPa, [, mojydaeMasi METOAOM HaWMEHBIITIX
KBAQJIPATOB, JAETCS COOTHOITEHNEM

f=(A*A)""A%e.

Torma omepaTropoM HECMEIIEHHONW PEIYKIMY MOXKHO CIUTATh Orepa-
TOp
R=(A*A)~'A*. (7.1.3)

Jlncrmepcust MOTPENnTHOCTH TaKO#W OIEHKN PaBHA

k n n
M||Rv||> = M(Rv,Rv) =Y > > R;jRisMvj;u. (7.1.4)
i=1j=1s=1

Ecm koopauHaThl BeKTOpa v HesaBucuMel, Mv = 0 u Dy; = o?
(i=1,2,...,n), T0

2 -
g 7 ] - S?

0 . j£s j=12,...,n. (7.1.5)

Mvjvg = 0253'3 =
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Torma nya coornomenns (7.1.4) ¢ yaerom (7.1.5) nmomy<amnm

k n
M||Rv|? = o Z Z R?j = o’trRR",
i=1j=1

rae RR* ¢ ygerom (7.1.3) paBuo
RR* = (A*A)'A*A((A*A)71)* = (4"4)~ "
B wnrore nostyunm, uto
M||Rv|]? = otr(A*A)~".

B manbreiiem MBI OTKayKeMCsT OT yCI0Bus HecMmernennoctn RA = U
U moyauM 0ojiee TOYHYIO OIEHKY Jijis BeKTopa f.

Oka3blBaercs, 4To »Kecrkoe TpeboBanue HecMmerleHHoctn RA =
= U wue Bcerga onpasganuo. OCobeHHO ec/ii MOTPEITHOCTh I 00JIb-
masi, a orneparop A 1maI0X0 00yCIOBJIEH, TO TOTPEITHOCTD PELYKINN
Ry 6yner Gosbimoit. B aToM cydae 1eH0il HEOOIBIIION0 CMEIeHHs
omeparopa R M0XKHO 1006UThCS CHUIBHOTO MOJABeHUs ryMa, Ru.

Urax, nycts RA =~ U. Torga ayst coornomenus (7.1.2) moxydmnm
BBIpaXKeHNe

R¢E=Uf+ (RA-U)f + Ry,

rne (RA — U)f upencraBisier coboii oxubiii curnan. [lomobpas
COOTBETCTBYIOIUM 00pa3oM omepaTop R, MOXKHO JTOOUTLCS 3HAMH-
TeJILHOU KOMIICHCAaIIH LHyMa RV. TaKaﬂ IIOCTAaHOBKaA 3a/J a9 HOCHUT
Ha3BaHUe CMeIeHHoil peAyKuuu. IIpu 3ToM OIeHKy BeKTopa mapa-
MEeTPOB MOXKHO HO.HyLH/ITB C MIHIMAaJIBHONI Cpe;[HeKBa;[paTI/I‘{HOﬁ 10~
I'PEIIHOCTDIO.

7.2. HekoTopble cCBeJeHUdA N3 TEOPUN OIEPATOPOB
I'mas6epra-ITIMmuara

Omneparop I'masbepra-IlImugra

IMycrts A — HenpepIZIBHblﬁ, JIMHEIHbIA, OrpaHuYeHHbId o1Ieparop,
nmeiicreytommuit u3 R 8 R. OmepaTop HAZBIBAETCS OTPAHNICHHBIM, €C-
m ||A|| < co. R u R — ruasbeprossr npocrpancTsa. O6o3HadmM
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uepes e;, €; OPTOHOPMUPOBAaHHBIE 6a3uCchl B T 1 i COOTBETCTBEHHO.
[e.°]

(0]
Torna Ae; = Y (€, Ae;)é;, 1 =1,2,...,uecm z = ) (z,€;)e;, TO

j=1 =1
B CUJIy JIMHEWHOCTHU W HENpepbIBHOCTH A

o [o. oo o]

Ax = AZ(:E, ei)e; = Z(w, ei)Ae; = Z Z(x, e;)(€;, Ae;)é;.

i=1 i=1 i=1j=1

Takum obpazom, st Beakoro z € R 3uadenme Az ompemesnsercs
marpuueit {(€;, Ae;)} oneparopa A. OueBnzgro, 4TO0
o
5. Ae. 2 _ Ae; 2
(€5, Aei)” = || Ae;||” < oo,

j=1
o0 o0

Z(éjaAei)2 = Z(elaA*é])2 = “14*%]“2 < 0.
i=1 i=1
Orpanuvennsiii onepatop A HasbiBaercs oneparopom ['mabbep-
ta-IlImuara, ecan
o0
1AI5 =D (&), Aei)? < oo
Z-’j
Yucino || Al|o naseisaercs nopmoit T'nibbepra-IIvuara oneparopa A.
[TockombKy

o0 o0
IAZ = [l4el” = [[A%¢?,
i—1 j=1

T0 HOpMa || Al|2 He 3aBHCHT OT BHIOPAHHBIX OPTOHOPMHUPOBAHHBIX Ha-
3ucoB e; u €5, mpudeM [|Alls = [|A*||2.

Knacc omeparopos I'mibbepra-llImuara Oymem 00603HAYATH
HR — R) € BR = R), e B(R — R) — xnacc uneinmx,
OrPaHUYEHHBIX OMEPATOPOB.

Onpenemnv B H(R — R) ckansproe nponssesenne:

o
(A,B)2 = (Ae;,Be;), A,BEHR—R).
=1

3/1ech e; — HEKOTOPBIT OPTOHOPMUPOBAHHBIN Hasuc B R.
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Eciin MBI mMeeM 71710 ¢ KOHEYHOMEPHBIM CJIydaeM, TO OIMepaTop
A npezcraBisier coboit maTpuiry pazmepom (m x n). B arom ciydae

|A|2 = trAA*. (7.2.1)

B camowm gere,

n

1AlI3 = Z [ Aeil|* = _(Ae;, Aei) =

i=1
n

TL m n
=220 arjelasse] = (7.2.2)
i=11=1 ]_1
m n n n
J S
=2 > > ajasy_ele;.
I=1j=1s=1 i=1
n .
Tax xax '21 el ef npencrasisier coboil CKaJISIPHOE IPOU3BE/IEHHE IBYX
1=
CTPOK YHUTAPHON MaTPUITHI, CTOIOIIAMY KOTOPOIi SIBISIOTCS BEKTOPSI
n .
e, (i =1,...,n), To sicio, uro Y elef = §;5. Torna BeIpazkenue

i=1
(7.2.2) mpuobperaer Buj

m n "
AR =SS af = trAA* = trA*A =Y p?,

1=1j=1 i=1

re P1,-.., Pt — HEHYJIEBbIE CHHTYJIAPHBIE YUCIa omeparopa A.
KoBapuanuoHHbIii omepaTop
Onpezenm a1a cayuaitaoro snementa f € R, M||f]|? < oo ko-
BapHWaHTHBIN omeparop F, meiictBytommuit u3 R B R mo mpasury

Fe=M(z,f—Mf)(f—Mf), VreR. (7.2.3)

s koBapuanTHOTO omeparopa F' u BekTopa iy € R cripaBeLinBo
TaKKe COOTHOIIEHNE

B Tom ciyuae, Korja Mbl HIM€eM JIeJI0 C JIByM CIIyYailHbIMA BeK-
topamu f € R u & € R, MOXKHO BBECTH B3aUMHBII KOBapUAIMOHHBIT
omeparop, meiicreytommuit u3 R B R mo dpopmye

Yepr = ME(f,x), Vo eR. (7.2.5)
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s sTOrO oneparopa u BeKTOpa y € N crpaBeinBO COOTHOIIEHUE

(Zerz,y) = M(f,z)(€,v). (7.2.6)

Beezewm erme onuo Baxkuoe omnpenenenne. [Iycte A € B(R — R)
u A > 0 — NOoJIOKUTETHHO TMOIYONIpeIeeH bl omeparop. Torga
CYIIECTBYET eIMHCTBEHHBIN omepatop B € B(R — R) rtaxkoii, uro
B? = A,B >0, u eciu g1 nexkoroporo oneparopa C' € B(R — R)

AC = CA,

TO 1

BC =CB.

Oneparop B Ha3bIBaeTCd HEOTPULIATE]IBHLIM KBaJAPATHBIM KOPHEM
m3 omeparopa A u oGosnauaerca A/2.

7.3. CmerneHHasi OIEHKAa IapaMeTPOB IIPU 33JaHHOM
omepaTope W HaJu4Yuu arrpuopHoii nHdopmaumn

IIycTh MBI UMEEM JIMHEHHYIO CUCTEMY YpaBHEHUIT
&= Af +u, (7.3.1)

rie & € R, — U3BECTHBII C MOTPENTHOCTHIO I BEKTOP, A — JIMHEHHBI
omeparop, geiicTBytomuit u3 R,, B R,,, n TpebyeTcss OIeHUTH BEKTOP
f € R, ueumssecrubix napamerpos (f1, fo,..., fn) win, Hanpumep,
UX JIMHEWHY0 KOMOWHAIM0, 3amanuyo B suge U f.

[Ipemanomoxum, 9T0:

1) v u f — HEeKOppeMpOBaHHbIE CIYJYaiiHble BEKTODBI;

2) Mv=0,Mf =0.

Kpowme Toro, HaM M3BECTHHI:

1) KOpPeIANMOHHBIN OnepaTop myma :

Yz = M(z,v)v,
2) koppessinoHHbIit oneparop F' Bekropa f:

Fao = M(x, f)f.
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Ecnm w3BectHb oneparopst A, Y, F') TO TOBOPAT, 4TO 3aTaHa MOJEJb
[A, X, F.

JList pereruns 33291 METOIOM CMEIEHHON PeayKInu HyKHO 10~
CTPOUTH TAaKOW JIMHEWHBI omeparop R, Ha3bIBaeMbIil OmeEpaToOpoOM
pelyKIum, nojeiicTBOBaB KOTOPhbIM Ha ypasHenue (7.3.1), Mbr Mor-
s 661 TosTyunuTh BeKTOp U f ¢ MUHUMAIBHOM CpeIHEKBAIPATHIHON
MTOT'PEITHOCTHIO.

Ywmuoxkum ypasaenue (7.3.1) Ha R U MpeamoioRuM, 4TO OIe-
parop RA jmms mpubmnkenno pased omeparopy U, t.e. RA = U,
TOT/Ia TOJIyIUM HOBOE ypaBHEHUe

R¢ = RAf + Rv
WJTA SKBUBAJEHTHOE €My
R¢E=Uf+ (RA-U)f + Ry, (7.3.2)
rae (RA — U)f — "noXHBINH’ CUTHAT, C TOMOIIBIO KOTOPOTO Gy1em

nomaBsaTh mym Ry. Bimsocts oneparopoB RA u U MOXKHO OIleHUTH
B Hopme ['mabbepra-Ilmuara

p(U, RA) = [tr(U — RA)(U — RA)*]"/2.
OnruMasibHbBIN OTIEPATOP PeAYyKINN R OyzeM UCKATD U3 YCIOBUS:
M||R¢ - Uf|]” = m}%nMHRf ~Uf|*. (7.3.3)
Banumenm Boipazkenne (7.3.2) B Buje
R¢—Uf=(RA-U)f + Ru,

TOTIa,

M|R¢—UFf|* = M|(RA—U)f + Rv|.

Bsemem oboznauenne

®(R) = M||(RA - U)f + Rv|? (7.3.4)



Jlekrmst 7. Meronpr pexgykiun 85

u Oynem paccmarpuBarh P(R) Kak (bYHKIIHOHAT OT OMEpaTopa pe-
nykiun R. 3anuiiem Boipaxkenue 7y ¢ depe3 cKajisipHOe TPOU3Be-
JIeHne, TOT/a, IOy YuM

®(R) =M||(RA-U)f + Rv|* =
=M((RA-U)f+Rv),((RA-U)f +Rv)) =
= M(|(RA-U)f|?> +2(RA=U)f,Rv) + || Rv|]?). (7.3.5)
Tak KaK BEKTOPHI f W V HE KOPPEIUPYIOT APYT C APYTOM, TO
M((RA—-U)f,Rv) =0,
u Boipazkenue (7.3.5) mpuobperaer Bu
®(R) = M||(RA -TU)f||*> + M||Rv|>. (7.3.6)

Obosmaunm wepes e; U €; OPTOHOPMUPOBAHHBIE 0a3UCEl B Ry u Ry,
COOTBETCTBEHHO.
[TpeoGpasyem BTOpOE Craraemoe Boipazkenus (7.3.6)

n n
M| Rv|* =Y M(Rv,é;)* = > M(Rv,é;)(Rv,é;) =
j=1 =1
n n
=Y M(v,R*&) (v, R*¢j) = > _(S,R*E;, R*¢;), (7.3.7)
=1 =1
rae Y, — KOBApUAHTHBIN OMepaTop IIyMa V. ITOT OMepaTop CaMO-

1/2 1/2
CONPSIKEHHBIN U MOXKeT OBITh MPEJCTABJIEH B BHUIE X, = X

1/2 _ (2 1/2)*

I

IpudeM X, . C yderoMm 3TuX 3aMeYaHuil mOIyIUM

M||Rv|? = Y (8)/°R'¢;, 5,/°Rg)) =

j=1
Z R21/2 R21/2 *~ Z || R21/2 *~ ||2
7j=1 7j=1
= ||RE,1/2||§ — trRY, R*. (7.3.8)

Caenas aHaI0rmIHOE MPEOOPA30BAHUE /I EPBOTO CJIATAEMOT0
BoIpazkerust (7.3.6), oy M

M||(RA=U)f|? = |(RA - U)F'?|3 =
= tr(RA-U)F(RA-U)", (7.3.9)



86 Yacre II. Maremaruyeckad CTATHCTHKA,

rae F' — xoBapmarmonuslii omeparop BekTopa f. C yuerom BeIpazke-
muit (7.3.8),(7.3.9) momywamM, aTo

®(R) = tr((RA—U)F(RA —U)* + RS, R"). (7.3.10)

i1t TOro 9T00bI BEIYUCIUTD oreparop R, MuanMu3upyomuit pyHK-
monanr $(R), HeobXoauMO BHIYMCINTL Hpon3Boanyo P (R) mo ome-
paropy R w npupasuaTh ee nymo. [Ipouseoguyro ®'(R) maiinem us
CJTEJTYIOIIETO COOTHOIIEHMUSI:

®(R+Y)— ®(R) = (®'(R),Y)s + oY), (7.3.11)

rae Y — mekoropoe npupaienue oneparopa R, o(Y) — Geckoneuno
MaJias bojiee BHICOKOTO TOpsiaKa, deM Y. Tak Kak

®(R) = tr(RAF(RA)* — UF(RA)* — RAFU*+
+UFU* + RY,R*) = tr(RAF(RA)*—
—2UF(RA)* + RS, R* + UFU*) =
= tr((RA — 2U)F(RA)* + RY,R* + UFU*),

B(R+Y)=tr((R+Y)A—2U)F((R+Y)A)*+
+(R+Y)S,(R+Y) +UFU*) =
=tr(RA+YA—-2U)F((RA)* + (YA)*)+
+RY,RF+YYX, R+ R, Y*+YX,Y*+
+UFU*) = tr((RAF(RA)* + Y AF(RA)*—
—2UF(RA)* + RAF(YA)* + YAF(Y A)*—
—2UF(YA)* + RY,R* + 2RX, Y+
+Y2,Y*+UFU"),

(7.3.12)

TO

B(R+Y) - ®(R) = tr(2RAFA*Y* — 2UF A*Y *+
+2RY,Y* + YAF(YA)* +YX,Y*) =

= 2tr(RAFA*Y* —UFA*Y* + RE,Y*) + O(Y) =

=2 ((RAFA* —UFA*+R%,)e;,Ye;) + O(Y) =

i::12((R(AFA* + %)) —UFA"),Y); + O(Y).

[IpupaBHsaeM TPOU3BOTHYIO HYJIIO

R(AFA* +%,) —UFA* =0 (7.3.13)
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1 TIOJIYYUM OIIepaTop peayKITUU
R=UFA*(AFA* +3%,) ", (7.3.14)

rIe CUMBOJ

—’ o3Hadaer mceBmoobpalenne. Beegem obo3nadermne
Q=AFA"+%,,

rorpa dopmyna (7.3.14) npuobperaer Bus

R=UFA*Q". (7.3.15)

BammrreM TakKe BBIParKeHHe [T TOTPEIHOCTH PeTYKINHU, HCIOIb-
3ysi Beipaxkenue (7.3.12)

hU) = M||R¢ - Uf|]* =
= tr((RAFA* —2UFA* + RS,)R* + UFU*).  (7.3.16)

13 dhopmyner (7.3.13) cremyer, 1ro
RAFA* =UFA* — RY,.

[MoxcraBum 310 BRIpaxkenue B (7.3.16), Torma ayIst NOrpentHOCTH pe-
JYKIIUW MOy 9MM COOTHOIIEHUE

hU) = tr

tr
tr
tr

(— UFA*R*+UFU*)—

(-UFA*(UFA*Q )" + UFU*) =

(— UFA*(FA*Q )*U* + UFU*) =

U(F — FA*Q~ AF)U*. (7.3.17)

3amaua 1. [Tokazars, 9T0 €c/iu KOBAPUAHTHBIN OMEPaTOP Ompe-
nessercs popMyoit

Fx=M(z,f —mf)(f —MFf),

TO B KOHEIYHOMEPHOM ciy4dae F' mpezcraBisger coboit KOBAPUAHTHY IO
MAaTPHUITY CIyYaifHOro BeKTOpa f.
Perrenue

M(z, f = Mf)(f =Mf)=M(f = Mf)(f = Mf)Tz = Fa.



88 Yacre II. Maremaruyeckad CTATHCTHKA,

I/IB 9TOro COOTHOIIIEHUA BI/I,HHO, qTo
M(f = Mf)(f —Mf)T = F

npejcTaBisier coboif KOBapUAIMOHHYIO MaTPUILy BeKTOpa f.

3amaga 2. Ilycrs B pe3yibrare 3SKCHEPUMEHTa IOy Y€HbI
IBa. aHCAMOJIS OJHOBPEMEHHBIX HAOJIIOAEHUN CIyIallHbIX BEKTOPOB
¢ € Ry, uf € Ry, MexXTy KOTOPBIMU MMeeTCsI CTATUCTUIEeCKasl CBA3b,
JIOTTYCKAIOIIas TTPe/ICTABIEHIe

§=Af+v,

e A — HEKOTOPBIi JIMHEWHBIH omepaTop, AeicTyommuit u3 R, B
R,,, KoTOpBIiT HAM Hem3BecTeH, a V € R, — BEKTOp MOTPENTHOCTH
TAKOI'0 MIPE/ICTAB/ICHUSA.

Tpebyercss Ha OCHOBE AIPHOPHOII MHMOPMAIINN, COaepKAIeiics
B JAHHBIX HaOIIOZEHW, TOCTPOUTH METO BOCCTAHOBIEHWS BEKTOPA
f mo m3BecTHOMY BEKTOPY & C MUHMMAJIBHON CpEIHEKBAIPATUIHOMN
MTOT'PEITHOCTHIO.

Pentenne

Pemmenne 3amaun cBogUTCS K HAX0XKIEHUIO TAKOTO ormepaTopa R,
C TIOMOIIBI0 KOTOPOTO MOXKHO OBLIO OBbI MOyYaTh OIEHKY f = R¢
BeKTOpa [ C MUHUMAJBHONU CPEIHEKBAIPATUYUHON MTOIPEITHOCTHIO.
Taxoit omeparop, 0YEBHUIHO, MOXKHO HANUTH W3 YCJIOBUS MUHUMYMA
dyukunoHaIA

©(R) = M(R¢ — f)? (1)

Ha MHOXKECTBe orepaTopoB R.
Banumewm dynkimonan ®(R) uepes ckagaspHOE MTPOU3BEIEHUE

®(R) = M((RE — f), (RE — f)) = M||RE||” — 2(RE, f) + M||f|

M PACCMOTPHM KayKJ0€e CIaraeMoe.
O6o3uaunm qgepes {e;}7™, {€}I; OPTOHOPMUPOBAHHBIE HABNUCHI
B R,, u R, COOTBETCTBEHHO.
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JL1s mepBOro CIAraeMOoro MOy IIM

n

M||R¢||” = ZMR&eJ Z (RE, ;) (RE, €)=

J=1 J=1

n
Z (&, R*¢;) (¢, R ¢)) = Z(EgR éj, R*¢;).
j=1 j=1

Ecmu npepcraBuTh KOBapHallMOHHBIA ONEpaTOp ¢ B BHIE Y¢ =

_ 2]1/2 1/2 /2 (231/2)*

U YIeCThb,4TO E ¢

, TO IOJIy9UM
= 1/2 1/2
M||R¢|? = Z( R¢;, S/ R*¢;) =
- Z R2y?)e;, (R2Y?) e) =
1/2 *~ 1/2 %
= Z IR *) &)1 = |RS%|3 = trRSR*. (2)

BTOpOG CjIaraeMoe paBHO

J:1 J=1
= (RE,&))(f,¢)) = D M(RE,&)(f, &) =
]:1 7=1
= Z (& R e])(f, 63) Z(EfﬁR e]aeg)
J=1 j=1

Ecnu npencrasute oneparop e R* B BUIe
LreR" = (ZpeR)' (2R

1 y9ecTh CaMOCOIPSKEeHHOCTh oneparopa X e R*, To momyamv

n

M(RE, f) =Y ((SyeR)%8;, (SyeRY)Y25) =
j=1

= [(SpeRY) V28|12 = [|(ZeRY)1/23 = trE e R (3)
j=1
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U, maxoner, BLIYACIUM TPETHE CJIaraeMoe:

MIHfH2 ZMf,e] ZMf,e] faej):
j=1
=Y (Féj,¢)) —||F1/2H2 trF. (4)
7j=1

C yuerom (2)-(4) nomyunm
®(R) = tr(RX¢R" — 2% + F). (5)

s roro 9Tobbl HAWTH MUHUMYM 3TOTO (DYHKIIMOHAJA, BBITHC-
M ero npoussoguayo ®'(R) no R w npupasusem nymo. C 3roit
IeJIBI0 TAUM TIpupaltenre Y omeparopy R u 3amuineM cieyoree
COOTHOIIIEHHE:

Q(R+Y) - (R) = (2'(R),Y)2 + oY),
rie o(Y) — cmaraemoe Gostee BHICOKOTO MOpsiika MajgocTh. Tak Kak
PR+Y)=tr(R+Y)S(R+Y) =253 (R+Y)" + F) =
=tr(R+Y)5R" + (R+Y)5Y" — 254 R*—
—28pY* +F) =tr(RER" + YR + RE:Y "+
YV 25 R — 25 Y + F),
TO
D(R+Y) — B(R) = tr(YSeR* + REY* + YE Y — 25, Y™).
B cumy toro uro tr(Y¥¢R*) = tr(RX¢Y™), noayanm
O(R+Y)—P(R) =tr(2(REe — Xp)Y™) +trY XY™ (6)

Beenem obosmauenne C' = RY¢ — Xy, TorJa HepBoe claraeMoe B
npapoii wactu hopmysbl (6) MOKHO 3aUCATH ¢ TOYHOCTHIO JI0 MO~
CTOSTHHOTO MHOYKHUTE/ISI B BUJIE

r(CY*) =2> 3 Cy;Yij = (Cei,Ye) = (C,Y)s.
j=1j=1 i=1
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13 3T0r0 BHIpaykeHus ciaeayer, 4To Marpuiia C' sSBISeTCs MPOU3BOJI-
Hoit pyukmmonana ®(R) no R. [lpupaBusiem ee HyJi0

RY— Sy =0
U TIOJIy9MM BBIPAKEHUE Tt ONTHMAJIBHOrO 3HAYEHUs oreparopa R:
R=Y%p% " (7)

[MorpemrocTs pegyknuu ¢ yaerom coornomrennit (5), (7) pasha

h=tr(F — (25 — R%)R*) =
= tr(F — (287 — SpeBg ' 8¢) (SreBg 1)) =
= tr(F — 3¢ ' Nep). (8)



JEKIIUS 8

METO/J CTATUCTUYECKOI1
PEI'VJIAPU3AIINN

8.1. HexkoppekTHOCTh OOpaTHBIX 3a7a4

B ey 7 MBI pacCMOTPEIH OAMH W3 METOJOB PEIIeHUd 0OpaT-
HBIX 33/[@9 — MeTO/ PeAyKImu. Tak Kak 00paTHbIe 33139, KaK Ipa-
BILJIO, SIBJIAIOTCA HEKOPPEKTHBIMHU, TO I UX PEHIeHUs HeOOXOIUMO
MMeTh HEKOTOPYIO JIONOHUTENbHYIO (anpuophyio) uadopmanuio 06
nckoMmoit yukimu (wim BekTope). B 9Toit Jeknuu paccMoTpuM erme
OIVTH METOJ, PEIIeHnst 00PATHRIX 3307 — METOJI CTATHCTUIECKON pe-
IYJISpU3aIyi, IOy YABIINI MIXPOKOE PACIIPOCTPAHEHNE IIPU UHTEP-
nperaruy (pU3NIECKUX IKCIEPUMEHTOB B OCHOBAHHBIN HA MCIOIB30-
BaHU METOJ0B TeOpUumn BepOﬂTHOCTef/'I 1 MaTeEMATHUYECKON CTaTUCTHU-
K.

MbI OorpaHMYMMCs pacCMOTpPEHHeM JIMHeHOl 3a/1a491, KOTOPYIO
MOXKHO 3aIllCaTh B BUJE

Ap = T, (8.1.1)

rie f — mu3BecTHas DYHKINS; (@ — nCKOMas MyHKImnsd;, A — JnHeil-
HBII oepaTop.

Ecnu Bektop f(z) m3BecreH HAM He TOYHO, a C HEKOTOPOii TO-
T'PpenrHOCTBIO 6(:5), 3a CHET IKCIEPUMEHTAJIbHBIX W BBIYUC/INTE/IBHBIX
ommbOK, TO HEKOPPEKTHOCTH ODPATHOl 3aJa9i COCTOUT B TOM, UTO
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CymecTByeT GECKOHEYHOe MHOXKECTBO CIydailHbIX (byHKIWi @(y),
yJI0oBIeTBopstomux ypasuernnio (8.1.1), r.e. ycmoBuio

b
7@ = [ Alw, )@yl < e(o), (512)

HO He sBgomuxcs pusnveckum penrernem 3agaqm @(y). B cesasu ¢
yCUJIeHHeM OMIUOOK CPely HUX MOTYT CYIIECTBOBATH (DYHKIIUU CKOTh
YTOJHO JIaJIeKue OT UCTUHHOTO pemenus ¢(y). Beixoq u3 sroit cury-
alluyu 3aKJTI0YAETCs B IIPUBHECEHUN B 33a49y JTOTOJHUTETHHON alpu-
opuoit madopmaruu 00 uckomoit dyukiuu. [Ipubnamxkennoe perre-
HUe, HAMJeHHOe TIPY MCITOMBL30BAHIN ATPUOPHON WHMOPMAIINN, Ha-
3BIBAETCS PETyJISIPU30BAHHBIM. PasHbIM criocobaM BHECEHUS alpuop-
HOW WHMOOPMAIINN COOTBETCTBYIOT PA3HBIE CIIOCOOBI PEryISPU3aIINNI.

8.2. AxarebOpaum3anus HEKOPPEKTHOI 3aJaadm

Tak Kak Jjisi MPUMEHEHUs] METOJOB BBIYMCIUTETHHON MareMma-
tukn ypasaenue (8.1.1) no/pKHO ObITh TAaK WaM WHAadYe asrebpan-
SHUPOBAHO, Mbl MOYKEM, HE OTPAHUYMBAs OOIIHOCTH, CUUTATEL, UTO (O
B ypasuernu (8.1.1) ecTb BEKTOP B N-MEPHOM NPOCTPAHCTBE UCKO-
MBIX (DYHKIMH, f — BEKTOP B M-MEPHOM IIPOCTPAHCTBE HAYATHHBIX
nannbix, A = {a;j} — IpsSMOYyroabHAs MATPHI[A COOTBETCTBYIOMIEH
Pa3MEPHOCTH, & € — BEKTOP OMMOOK U3 1M-MEPHOrO MPOCTPAHCTBA.
Torma moxyanm

Yaijpi=fite  (i=1,2,...,m). (8.2.1)
7j=1

Bynem mpeamonararh, 9TO €; BKIIOYAIOT TAaKXKe OIMHOKHU ajaredpan-
zaruu. Hamma 3a7awa cBOAUTCA K ONMPEIeIEHUIO N-MEPHOr0 BEKTOPA,
(0 TI0 BATAHHOMY 1M-MEPHOMY BEKTOPY f, KaXKgash KOOPAMHATA KOTO-
POTO OTATOIIEHA, OMTNOKOM £;.

[Tycts B anrebpanyeckoii cucreme (8.2.1) pasMepHOCTH BEKTOPOB
@ u f cosmamawor, T.e. f, € R™. llpu anredbpansaiun ypaBHEHUsI
(8.1.1) my»)HO BCerga pa3yMHO BHIOPATH MOPSAJOK MPUOJNKEHUS N.
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Jeno B TOM, 9TO MpH CIUIMIKOM OOJIBIIOM 7. cucTeMa (8.2.1) moxker
CTaTh ILJIOXO ODYC/IOB/IEHHOW W TEM CAMBIM CIWIIKOM UyBCTBUTE/Ib-
HOI K IOIPEIIHOCTAM E;.

O6ycnosnennocts cucrembr (8.2.1) TecHo cesazana ¢ HAOOPOM COO-
CTBEHHBIX 4mces iy Marpunsl A*A (A — marpuna cucremsr (8.1.1),
A* — rpancrnonupoBanHas Marpuna). 3BecrHo, 4ro 00yCioBIEH-
HOCTb TTQJTA€T C POCTOM OTHOIUIEHUS [imax / fimin- 1IPU 9TOM pelieHus
naubosiee OnryTMO “pas3basTHIBAIOTCA B HAIPABIEHUAX COOCTBEH-
HBIX BeKTOpoB Wi marpunbl A* A, COOTBETCTBYIOMINX MAJBIM COO-
CTBEHHBIM YUCTIAM [ -

Anrebpan3anus HEKOPPEKTHON 3aga4m Beerga (IIpu I0CTATOYHO
BOJIBIIIOM TIOPSIIKE TPUOIMKEHUsI 1) JaeT MI0X0 00YCIOBIEHHYO CH-
CTeMy ypaBHEHHit, OO MOYKHO MOKA3aTh, UTO €CIU UCXOMHAST 33294,
HEKOPPEKTHA, TO fimax/fmin — OO, Koraa n — o0o. CremoBaresb-
HO, BBIOUPAs MOPAIOK MPUOINKEHUsT TOCTATOIHO DOIBITNM, MOXKHO
caenarh cucreMy ypasHenwii (8.1.3) CKOMb yrOIHO IMIOXO 06YCIOB-
JIGHHOM.

8.3. Amnpuopnasa uuHdOpMaIus

Kaxk y»ke ormedasiocs, npu perrennn HeKOPPEKTHOI 00paTHOit 3a-
naqn Tpebyercst Kak Obl JJOOMPEIETUTh e ITyTeM BHECEHUs TOTOTHY-
TesibHON mHMOopMalmu 06 uckomoit pyrkimu. CyIliecTByerT HECKO/Ib-
KO cIocoboB 3ajaHnga Takoi mHdopMarmn. Hampumep, MOXKHO 3a-
TIaTh CTEMeHb TVIAKOCTH UCKOMOM (DYHKINU WU HAJOKUATH OTPAHU-
JeHusa Ha 00/1aCTh 3HAUeHM 3Toi (pyHKImn. AnpropHas nHbopMa-
nus 00 MCKOMOI (DyHKIIMKM MOXKET ObITh 33/jaHa TAKKe B BU/IE CTATU-
CTUYECKUX W BEPOSTHOCTHBIX XaPAKTEPUCTUK, €CJIM MbI PACIOIAraeM
HEKOTOPBIM CTATUCTUYIECKUM aHCaMOJ/IeM, MoaydeHHbIM B Hojiee paH-
HUX SKCIIEPUMEHTAX.

8.4. BepositHOCTHBIE Orpanndennsi. CrarucrudeckKas
Peryaapu3anns

Wness MeToa CTATUCTUYECKON PEryasipu3alliil COCTOUT B TOM,
9T0 anmpuopHag wHQOpPMalua 00 MCKOMO#W (DYHKIMU BHOCHTCS IIy-
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TeM 33JIaHUs HEKOTOPOTO PAaCIpeJie/IeHUsl BEPOSITHOCTEH. DTO TpH-
BOJUT K 3aMeHe TOYHOTO ypaBHEHWS Ha HEKOTOPOE MPUOIMKEHHOE,
"peryigpu30BaHHOE” pEeIIeHue.

Sajanue anpuopHoil nHGOPMAIMN MyTEM BBEIEHUS OTpaHUYe-
HUIl BEPOATHOCTHBIM 00pa3oM 00JaJaeT 1Mo Kpalineii Mepe IByMs
MPENMYIIECTBAMH.

Bo-mepBrix, 3amada penrerunst HEKOPPEKTHON oOpaTHON 3amadn
BBICTYIIAeT B IPUJIOXKEHUIX KaK 33/1a9a 00pabOTKU SKCIIEPUMEHTA/Ib-
HBIX JAHHBIX, JIJIsT KOTOPOil BBEJEHUE BEPOSTHOCTHBIX MOHSITHI STB-
nagercsa Hem30exHBIM, nO0 ommbKa € mpasoit wactu (8.2.1) HOCHT
CJIyJaifHbIli XapaKTep W MOXKET ObITh OXapaKTepPU30BaHA JIUIIb Be-
posiTHOCTHBIM 0Opa3oM. [1oaToMy BepOATHOCTHBIN Crocob 3aaHus
ANpuoOpPHON NHGMOPMAINK sIBJIIETCS HAUbO/Iee eCTECTBEHHBIM.

Bo-BTOpHBIX, BEpOogTHOCTHBIN CIOCOD 1MO3BOJIIET 0OJIEEe TTOTHO UC-
MI0JIB30BATh TPEBIIYIIUI ONbIT, YIUTHIBAs €r0 B AIPUOPHOM PAac-
TTPEIEeTeHIHN.

YT0o0bI U3/MI0KUTH CYNIHOCTH METO/Ia CTATUCTUYIECKON Perysisapu-
3aInn, HeoOXOAMMO ChHOPMYINPOBATEL HAIIY 33/1a9y KaK 33/1aTy Ma-
TeMATUIeCKON CTATUCTUKH.

[Iycts B pesynbraTe 9KCIEPUMEHTa M3MEPSIOTCS 1M BeIwIuH &
C TIOIPEIIHOCTAME Vj, TOrJla TOYHOe ajrebpan30BaHHOE ypaBHEHUE
Oyaer uMeThb BUI

n
53 :Za]Z(PZ+V], ]: la2a-"ama (841)
=1

rae aj; — daeMenTsl Marpunel A. Ypasuenne (8.4.1) moxHO 3anm-
caThb B MATPUYHOM BHUJIE, & UMEHHO:

E=Ap+u.

Bynem npeanonaraTh, 9T0 KOOPAMHATHI /j BEKTOPA I CTATHCTHU-
JeCKW He3aBUCHUMBI W PACIIPeNIesIeHbl TI0 HOPMAJTBHOMY 3aKOHY C W3-
BECTHO# mumcrnepcueit 0]2 U HYJIEBBIM MaTeMATHIECKUM OXKUTAHUEM.
Cnyuaitsbiit BEKTOp vV MpuHAAIeRUT mpocrpanctey R™. O6o3Haamm
uyepe3 P, (V) IIOTHOCTE BEPOSTHOCTH 3TOr0 BeKTOpa. OYeBUIHO, UTO

BEJINYNHBI f] ABJIAIOTCA TaK>Ke CJIy‘IafIHbIMI/I 1 3aBUCAT OT UCTUHHBIX
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3HAUEHUI ¢; U CAydailtHbIX ommOOK Vj. YCI0BHAs ILIOTHOCTH Bepo-
SITHOCTU BeKTOpa & MpHu 33JaHHOM BEKTODE (¥ €CTh

P(lp) = P,(§ — Ap). (8.4.2)

ITpu cie/laHHBIX BBILIE OPEIIOJIOMKEHUAX 3Ta BEPOSTHOCTh paBHa,
m
P(&lp) = H 271'0 —1/2 exp{—— Zaﬂtpl] }. (8.4.3)

Boipaxxenne (8.4.3) MOKHO ympOCTHTE, €CIIH BMECTO BeJIWInH §; BBe-
CTU BeJIMYUHBI ¢, U3MepseMble ¢ paBHOI abCOMIOTHON TOUYHOCTHIO:

7 COOTBETCTBYIONLYIO MATpuily L ¢ MAaTpUIHBIMU d7IeMeHTaMI

o
Lji = —'aji.
g3
Benmmuuny o onpenennM Kak CpejHee reOMeTPUIEeCKoe BCeX OMMOOK
usMepenus &j, T.e.

m
:Ho’
7=1

Takum 06pa3oM, yCIOBHYIO BEPOSITHOCTD (8.4.3) MOXKHO 3aMKCATh B
BUJIE

P(E]p) = (2m0%) ™2 exp —ﬁm _ Lo’} (8.4.4)

Teneps MBI MOXKEM CHOPMYIAPOBATEL 33Uy CIETYIOMINM 00pa-
oM. HemsmecTHBINT BEKTOD ¢ XapaKTePU3yeT COCTOSHWE MPUPOJIHI.
Hekoropsiit ciayuaiiubiil mpotiecc gaeT HaM BEKTOP &, TpUIeM yCa0B-
Hasl MI0THOCTH BepositHocTn P(€|p) ussectra. Uro MOXKHO cKazarh
0 BEKTOPE ( 110 U3BECTHOMY BEKTOPY & 7 DTO U eCTh OCHOBHAS 33/a9a
MATEeMaTHIECKON CTATHCTHUK.

[Tpm Takoit mocTaHOBKE 3amadM HAC MPEXKIe BCEro OymeT WHTe-
pecoBaTh, KaKOBa ILUIOTHOCTH BepoaTHocTH P(p|£) BekTOpa ¢ mpu
YCTIOBUM, 9TO B PE3yIbTATE W3MEPEHHi moaydeH BeKTop & 7
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YTobbl HAiTU Cpegu BEKTOPOB (o peIleHre OOpaTHON 3aaaquu,
nMetoree (pU3NIECKUil CMBICT, HEOOXOIUMO HAJIOKUTH HA ITO MHO-
JKECTBO OTPAHUYHUTEIbHBIE YCIOBUS, XapaKTEePU3YIOIINE pPeabHOe
COCTOSIHUE OMpPEe/IIeMOr0 BeKTOpa, T.e. BHECTU aIPUOPHYI0 WHMOP-
Maruio o perrernn. Takas wHGOPMAIIAA COAEPKUTCH, B TACTHOCTH,
B IJIOTHOCTH BeposaTHOCTH P(yp).

HomycTum, 9T0 MBI pacrojiaraeM armpUOPHBIM aHCaMOJieM BO3-
MOXKHBIX PEIIeHU, COCTOAINX U3 HEeHTPUPOBAHHBIX BEKTOPOB (P, KO-
TOPBIE MOYKHO CUMTATDH TOIYIEHHBIMU CJTYYIaiHO BBIOOPKOI, TTOTIH-
HEeHHOI anpuoproMy pacnpenenenuto seposraoctu P(p). Torma mbr
MOKEM TIOCTPOUTH KOPPEJISIITUOHHYI0 MATPUILY

Cij =< 0] >apr= / i P(p)dyp. (8.4.5)

W3 koppendrmonnoit Teopun U3BECTHO, YTO €CIU PACIIPEIE/ICHIE
P(p) mogunnsgeTcs HOpMAJTbHOMY 3aKOHY, TO OHO MOXKET OBIThH TPEJ-
CTaBJIEHO B BHUJE COOTHOIIEHUS

Plp) = Grymmgs {50 o)k (8.4.6)

2
rae |C| — ompenenurens marpuisl C.

Pemernus (8.4.1), yzmosserBopsiomue (hbu3MIECKOl MTOCTAHOBKE
3a/1a4u, JIOJXKHBI OJJHOBPEMEHHO HAXO/UTHhCS CPeIu paclpeie/ieHuit
(8.4.4) m (8.4.6) u, creoBaTENIBHO, JOMIKHBI 0OPA30BBIBATH MHOKE-
CTBO CIy4aifHbIX BEJVYUH, XapaKTePU3YIOIUXCs COrIacHO hopmyIie
Baiteca dyukimeit pacnpenenenus

___P)P(Ely)
J P(e)P(E|p)dp

®opmyna (8.4.7) onpenensier yCI0BHYIO BEPOSITHOCTH TOTO, 9TO TIPU
3aJaHHOM BeKTOpe ¢ (PHU3MIecKoe COCTOSHIE MCKOMOTO IIapaMeTpa
ONMCBIBAETCS BEKTOPOM (© (AIOCTEPHOPHOE PACHPEIEIEeHNe PEry.JIs-

P(elt)

(8.4.7)

PH30BAHHBIX DEIIEHMI).
Ucnonesys (8.4.4) u (8.4.6), mo dopmyse Baiteca (8.4.7) mosy-
YaeM arocTepruopHOe pacrpe/ienerne (C TOYHOCTBIO [0 TIOCTOSIHHOIO
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MHOYKUTEJIsI, HECYIIECTBEHHOTO /IS JTAJTbHENIINX OMeparuii):

P(plt) =

= const - exp{ 5 5[(¢, (UL +0°C™)p) ~ 2L, 9]}, (8:48)
KOTOPOE TAKKE SIBJISIETCH HOPMAJILHBIM.

Urak, Mbl HE 3HAEM BEKTOP (0, HO 3HAaeM BeKTOp &. Maremarude-
CKagd CTaTUCTHUKA JOZKHA JATh HaM PEeKOMEHTAIN, KaK JefiCTBOBATD
B 9TOM CJIydae, JOKHA YKA3aTh CTPATErUI0 MPUHATHAS PEIIeHUs TPU
HEU3BECTHOM (, HO M3BECTHOM &.

[TockosibKy MBI UMeeM €0 CO CAyYalHBIMU BeKTOpaMmu &, u
X BEPOSATHOCTHBIMU XaPAKTEPUCTUKAMU, TO SICHO, UTO IIPU PEIICHIH
sajaun (8.4.1) MOXKeM TOIYUYUTH HE TOYHOE PEIIeHue ¢, a JIHIIb ero
OIIEHKY (D, M HAIA CTPATErUsl JIOJYKHA HOCUTH OIIEHOYHBIN XapaKTep.

[Ipumensisi BHIOpAHHYIO CTPATErWIO, B 3aBUCHMOCTH OT CJIydasd
TOJTyIaeM JIYUIInil WIn XyIIInit pe3yJ/IbTat, T.e. OIeHKA ¢ B DOJIbIIei
WJIM MEHBIIeHl CTerneHr TPUOINKAETCI K UCTUHHOMY 3HAYEHUIO (.
[ToaToMy ecTecTBEHHO BHIODATH TAKYIO CTPATETHI0, KOTOPAas B CPeJ-
HEM JaeT HAWIYJIIuil pe3yibTar. TaKas CTpaTerns Ha3bIBaeTCs Daii-
ecoBoil. YT0oObI BEIYUCIUTE OAfleCOBY OIEHKY () BEKTOpA (v, HAIO TI0
dbopwmyie (8.4.8) BbrumnciuTh anocrepuopHoe pactpeenenue P(p|)
U YCPEeIHUTH BEKTOP (p IO 3TOMY PACIpPEIeeHnIo, T.e.

P =<p>= /soP(wlf)dw- (8.4.9)

Taxwum 06pa30M, BEKTOD () OMPEIEIIeTCs KaK MATEMATUIECKOe 0XKU-
JaHWe BEKTOpa ¢ 1o pacupenenernio P(p|f) u aBisiercs, ecrecTBeH-
HO, HanboIee BeposTHBIM permenneM 3aaa4n (8.4.1). Tucnepcus (nmm
CpeIHEeKBAIpATHIHAS OIIMOKA) BOCCTAHOBJIEHHST BEKTOPA (0 OMpe/ie-
Jsisiercst (popMyJioi

ot =<lp— ¢ >= [ (o= 9 Plple)dp. (5.4.10)

,ZLJIH BBIYHUC/ICHUA MaAaTEMATHUYIECKOI'O OXKUJTaHWMA @ BEKTOpa @ "

JCTIEpCHE 02

5 (MM cpesHeKBapaTHIHOM ONMOKN) BOCCTAHOB/TEHNS
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HATIOMHUM OCHOBHBIE (DAKThI O HOPMAJIHHOM PACIPEIETEHUU B 71
MepHOM TipocTpancTie. Obmuiuit Bui HOPMAIBHOTO PACIpeeTeHnsT

Plp)=c ep{-5(0.Bp) + o)), (8411)

rne B — mpowusBosibHAS TMOI0KUATEIBHO ONPEIe/IeHHAsT CUMMETPU Y-
Hasg MATpuIa, b — Mpou3BOIbHBIN BeKTOp. KoHCTaHTa ¢ onpeess-
eTcst U3 YCI0BUS HOPMUPOBKU:

det(B)
= . 8.4.12
Maremariyeckoe 0xKHUJIAHIE BEKTOPa, ¢ ecTh B~ 1h:
¢i=(B7t); (i=1,2,...,n). (8.4.13)

Koppensaiuonnas MaTpuia KOMIIOHEHT BeKTopa ¢ ecTh Bl

< (pi—@i)(p; — @) >=B Yy (,5=1,2,...,n). (8.4.14)

B wacTroCTH, MucHepcus (; ompeaeasaeTcs Yepes3 uaroHaIbHbIE Ma-
TPUIHBIE JIEMEHTHI:

<(pi—@i)?>=B Yy (=1,2,...,n). (8.4.15)

C yuerom dopmysn (8.4.8), (8.4.13) u (8.4.15) moayumm, 4T0O pe-
IyJIIPU30BAHHOE PEIIEHNE () ONMPEIE/ITETCsl COOTHONIEHUEM

¢ = (L*L + o?C~ 1)Ly, (8.4.16)
a CpegHWiT KBaApaT ONIMOKN BOCCTAHOBJIEHUST €CTh

(U?p)i = o?((L*'L +o2C™H ™. (8.4.17)

Bagauva. Ilycrs B mponecce momenmmpoBanusi (MM M3MEPEHUs )
nomyaen Habop dyuxmumonanos: & = (£1,&a,...,&,)* ¢ pasHOii ab-
COJIIOTHOM CPEIHEKBAIPATUIHON TOYHOCTBHIO 0, KOTOPHIE CBA3AHBI C
HEM3BECTHBIM HAM BEKTOPOM f COOTHOIIEHUEM

§=Af+v,



100 Yacre II. Maremaruuyeckad CTATHCTHKE,

rae A — simHeitHbIE oneparop, a v = (v, Ve, ..., V)" — BEKTOD MO-

rperrHocTeil onpeaeaenns &.

Bynem cunrars, uro M f = 0, Mv = 0, 3, = 0*I u nam u3Becren
KOBapHAIMOHHEIA ormeparop F =< ff* >.

Jlokazarh, 4TO, peras 00PATHYIO 3a/1a9y ONPEeIe/IeHrs BEKTOPA,
f 1o m3BecTHOMY BEKTODPY & METOJAMM PEIYKITUU U CTATUCTUIECKOT
peryJigspu3anuu, Mbl HOJIyYUM COBIAJAIOIINE PEIICHUS.

Pentenue

Pemrast obparryto 3ajady METOIOM peayKuuu (CM. JIEKImio 7),
MIOJTYIUM OIIEHKY BEKTOpa f B BUJIE COOTHOIIEHUS

f=R¢, tme R=FA*(AFA*+3%,) L

Permrenine obpaTHoit 3387341 METOIOM CTATUCTUIECKON PEryisapu-
BalUK MOXKHO TIPE/ICTABUTH B aHAJOTMYHOM BU/IE:

f=Rf, tne R=(L*L+c*C™H7'L"

Tak Kak B ycioBusx Hammedt 3agaun L = A, C+F, 10 R npuobperaer
BIJT

R=(A*A+o2F 1) tA*

g permenns Hameil 3a7a91 JOCTATOYHO MOKa3aTh, 9To R = R.
C 370l 1IeNIbIo cIeTaeM HeKOTOPbIE TOXK TECTBEHHBIE TPEOOPA30BAHNS
BRIpaxKeHuda mig R:

R=(A"A+o*F )" A* = [(A*AF + o2 1) F~']71A* =

= F(A*AF 4+ 0%I)A* = F(A*AF + A*(A") "o~ A" =
F[A*(AF 4 (A") 'o?I)] 'A* = F(AF + (A*) o) ! =
F(AFA*(A*) 1+ (4% to?) 1 =
F[AFA* +0%I)(A*) 17! = FA*(AFA* 4+ %)~ L.

C yuerom coornomenus o2l = ¥, momydum
R=FA*(AFA* +%,)7},

njiim

R=R.
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Taxkum obpaszom, pereHuss 0OPATHON 3aaYu METOAOM PEeAyKIMH U
CTaTUCTAYECKON peryigpu3aluid IPU JaHHBIX YCIOBUAX COBIIAIAIOT.

OpHako ciiegyer 3aMeTUTh, UTO TPHU PerreHnn 0OpaTHON 3a/1a-
91U METOJIOM CTATUCTUYECKON PEryaspu3aliuu TpeOyeTcs ampuopHast
rHMOPMAIHUS O PACIIPEIEICHIH BEPOATHOCTEN, & IPU UCITOIH30BAHIHI
MeTO/Ia PeAyKIIUU — HeT.



JEKIIUS 9

ITPOBEPKA CTATUCTUNYECKUNX I'MITOTE3

9.1. IlocramoBka 3amaun. Teopus

Buauvane npusemem mpumep. [Ipemgmomoxum, 910 AByMS HCCIE-
JIOBATEISIMU HE3ABUCUMO JIPYT OT JIPYTa U3MepsieTCs HEKOTOpas (hu-
3WvecKasi BeJIWYMHA W B PE3yJIbTaTe JKCIIEPUMEHTa IOJIYyYeHbI IBE
BBIOODKHU CJIYUYANHBIX BEJUYUH & U Y 0O0BEMOM 7, T.€.

X =(z1,29,...,20), Y = (Y1,Y2,- -+, Yn)-

Benuuunbr x u y Oymem cunTaTh pacHpeseeHHBIMUA 0 HOPMAJIb-
HOMY 3aKOHYy U He3aBuCuMbIMU. [IyCTh, KpomMe TOro, HaM HU3BECTHBI
CPEIHEKBAIPATUYHbIE OTKJIOHEHNUS 0y W Oy ITUX BEJIHMINH.

[Ipemgnomoxum, 9T0 B PE3y/IbTaTe TOTO SKCIEPUMEHTa, CPEIHUE
3HAYEHUd T W Y OKA3aJIMCh PA3IUNYHBIMU, U HAM CJIEJIyeT IIPOBEPUTH,
CYIIECTBEHHO JIN 3TO PA3/JINYINe WJIN OHO SBJSIETCS HE3HAYMTETbHBIM
U 3HAYECHUA T U Y MOXKHO CUNTATH COBIIQJAIOIINMMU.

Torma wmbr BeigBUTaEeM rumoredy Hy (HyJIeBaﬂ FI/IHOTe3a) 0 TOM,
9TO 3HAUEHUS T ¥ § coBmajatot, T.e. Mx = My. IIpu sToit rumorese

BeJIMYNHAaA B B B B
-y _(@—yn

IR e

byner pacnpezenena mo 3akory N (0,1). asee Mbl 3a7aeM ypoBeHb

z

(9.1.1)
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3HAYUMOCTHU (¢, KOTOPBII HOCUT CMBIC/I BEPOATHOCTHU IOTPEITHOCTH.
st 5TOTO YpOBHSA 3HAYUMOCTH MOYKHO OTPEIETUTH BEJIUINHY Zq
TaKyIo, ITO

Pz > 2a) = 1 — 28, (24) = cv. (9.1.2)

Bemmunna z, onpeeger TpaHUIly TaK HA3BIBAEMOH KPHUTHYECKOil
obs1acTH, KOTOpasi Olpeessercs yciosueM |z| > zq (puc. 9.1).

/ | |
| ' |
—Za 0 Za
Puc. 9.1. Kpurnueckas 061acTh (3aIITPIHXOBAHHASI YACTh OCH) [IPU
yPOBHE 3HAIUMOCTH (¥

Barem na ocunose BbIGOPKHU 110 opmyste (9.1.1) nomyuaem KOHKper-
HOe 3HaueHue z. Ecin |z| > 24, TO z JIEKUT B KPUTHIECKOiT 0bacTu
¥ HaIa rumore3a o ToMm, 9to Mz = My, nomxuaa ObITH OTBEPrHYTA.
Ecin xe |z| < zq, TO MOKHO yTBEpKJATh TOJIBKO TO, Y4TO TUIIOTE3R
HE MPOTUBOPEYUT JAHHBIM HAOJIOIEHUI.

MBI paccMOTpen YacTHBIA Crydail MIpOBEPKU TUIIOTE3HI.

B 6oniee obiiem ciydae mocTymnatoT ciaemyommM obpazom. Ilycts
Ha, OCHOBE BBIOOPKHU HEKOTOPOU CAyYailHOW BEJTWYWHBI CIEAYeT IPO-
BeputTh HyjeByto runorely Hy. Hynesas rumoreza Hy MoxkeT OBITH
TUIIOTE30i1 0 paBEHCTBE MAapaMETPOB paCIpefe/ieHus, 3aKOHOB Pac-
npenenennsa u T.4. Hapsmy c rumore3oit Hy MOXKHO pPaccMOTPETH
aJbTePHATUBHYIO (KOHKypupyiomulyto) rumoresy Hp. Hampmvep, ec-
JIN TIPOBEPSIETCsT THIOTE3a O PABEHCTBE mapamMerpa 6 HEKOTOpoMy
3alaHHOMYy 3Hadenuto Oy, T.e. Hy : @ = 6y, TO B KauecTBe ajbrep-
HATUBHBIX THIIOTE3 MOYXKHO PAaCCMOTDPETHh THIIOTE3bI: H{l) 20 > 0y,
H£2) : 0 < 0y — OIHOCTOPOHHSIST KPUTUUIECKast 00JIaCTh, WX HF’) :
0 # 6y — IBYCTOPOHHSSA KPpUTHUIECKAsT 06,1aCTh. JI1s1 MpOBEPKHU THTIO-
Te3bl HEOOXOAMMO TPEXKJie BCEro BhIOPATH KOHTPOJBHYIO BETHIHHY
T. Dra BeaMUMHA, KAK MPABUJIO, SIBJsIeTCsS (DyHKIHEH BHIOOPKY, W
OHA, JOXKHA OBITH MPUCIOCOOIEHHON K JaHHOM 3aa4e. 3aTeM 3a/1a-
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eTCsl YPOBEHb 3HAUMMOCTH (¥ U BBIOMPAETCs Kpurudeckas obacts B
U3 CJIeIYIONIero yCAOBUS:

P(T € B|H, Bepna ) < a. (9.1.3)

Kpurndaeckyio obiacte B Mbl MOXKEM HAWTU TOJIBKO TOT/A, KOTIA
HaM W3BECTHO pacIpejie/ieHre KOHTPOJIBHON BeJWYuHbI ', TTO9TOMY,
oTipe/iesisis KOHTPOJBHYIO BEJUYUUHY, MbI JOKHBI 3HATH €€ pacipe-
[leJIeHue.

IIposepka runoressr Hy cocrout B ciemyromem. Ha ocHoBe BbI-
OOpPKU MBI MOJIydaeM YacTHOe 3HaueHue ¢ KOHTPOJIbHON BeJTUYUHBI
T. Ecin t € B, To or runoressl orkasbiBatorcs. Ecaun ke t ¢ B, o
JIeJIAIOT 3aKJ/II0UEHUe, UTO JaHHbIe BRIOOPKU HE MPOTUBOPEYAT MPH-
HATOW rUmorese.

B Teoprunm MPOBEPKU CTATUCTUYICCKUX TUIIOTE3 UMEeTCA IMOHATUEe
ommbOK mepBOro u BToporo poga. OumimbKoi mepBoro poga Has3bl-
BaIOT OMUOOYHOE pellieHne, Korja runore3a Hy orBepraercs, XOTs
OHa W BEpHA. 3aMETHM, YTO YE€M MEHBIIIEe (¥, TEM MEHBIIIE BEpPOsIT-
HOCTBH COBEPIIUTH OMMUOKY MEPBOTO pPOMa, T.e. OMIMUOOYHO MOMACTh
B KpuUTHUYIeCKyio obsracth. BepositHOCTL OmmbKu 1mepBoro poma pas-
Ha YPOBHIO 3HAYMMOCTH «. OHmINOKOI BTOPOro poaa HA3LIBAIOT
ommbOYHOE perenne, Koraa runoresa Hy He oTBepraercsi, XOTs OHa
HermpaswibHas. 13 coornorrenus (9.1.3) BUIHO, 9TO KPUTHIECKYTO
obs1acTh MOYXKHO BBIOparh mo-pasznomy. Ilosromy ee ciemyer BbIOU-
paTh M3 TeX COOOpayKeHmii, 9TOObI BEPOATHOCTDL OIIHOKH BTOPOTO
poza ObLIa TTO0 BOBMOYKHOCTH MEHBIIIeH.

9.2. HekoTopble BakKHbIE paCHpPEaeICHUS

a) x’-pacrpenenenue

ITycrs coyvaitabie BEIUYUHBI L1, L9, - - - , Ly — HE3ABUCUMBI U PaC-
Tpejiesiensl o HopMaabHoMy 3akony N (a, o). Iloctpony dbynkmmo
BBIOOPKHT

1 n
2= = > (zi —a). (9.2.1)
=1

Pacnpe;[eﬂeHI/Ie 3TON BEJIMYMHBI HA3BIBAETCS X2—pacnpe;[eﬂeHHeM C
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n crenensiMu cBobombl. [l1oTHOCTD X%—paenpeaeneHHH naercst pop-
MYJIO#

Px3(z) = %)

n

o0
rae I'(p) = /e*“"xpfldx — raMMa-yHKIHS.

0
[Ipoussossiiast GpyHKIMST MOMEHTOB JJIsi 9TOT0 PAaCIpee/eHnst

paBHa
M (t) = (1-2t)=.

MaremMaTHaeckoe OKHJAHHE U IUCIEPCH X -DaCIpeIe/eHus
PaBHBI:

My? =n, Dx? = 2n. (9.2.2)

0) t-pacupeaesnienue (pacnpenenerHue CTbioieHTa)

t,-pacIpeesleHueM C 1 CTEIeHIME CBOOOIBI HA3BIBACTCS PACIIPe-
NesIeHre CIyIaitHOl BeJIMIuHbl ¢, = /1), rae & uMeeT HOPMAJIbHOE
pacnpegesnenne N(0,1), a n = xp/v/n — ¢ n crenensimu cBOGObI,
KpOMe TOro, £ U 1) HE3aBUCHMBI. t,-PACIpeIe/IeHue IMEeT ILIOTHOCTE

F n—_|_1 _(n;l)
Py, (z) = M L (1 + 33—2) : (9.2.3)

r@ Ve 't

B) F-pacupenesenue
Fy, m-pacupenenenuem c (k,m) cremeHsaMi CBOOOJIBI HAa3BIBAET-
2 o
cd pacupejesienue CaydaiiHoil BeqwmauHbl Fj p, = % / Xﬁ, rue X%
w X2, — HE3aBUCHMBI W OTpPEJe/NeHbl B TMyHKTE a). ILtorHOCTh F-
pacnpeenenus jgaercsa popMmyoit
kg m_q k_ _ktm
kx> tm2 lzrt(kz +m) 2 F(k—i—m
k m
NONE 2

) (9.2.4)

Pr, .. (z) =
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9.3. Ananu3 BpIOOpPOYHOII AucIiepcun

IIpu mpoBepke CTATUCTUIECKUX TUIIOTE3 MBI YACTO OYyIE€M MMEThb
JIeJI0O C BBIOOPOYHON MJIM SMIUPUYECKON IuCIepcueit SQ, KOTOPYIO
onpeaesnuM CTaTUCTUKOMN

Z(wi —I)?, (9.3.1)

rJe ; — SJIEMEHTHI BBIOODKU, T — CpellHee 3HAUEHUE, MOJIYIEeHHOe
mo manHoi BeIOOpKe. Hac mpek e Bcero 6yaeT HHTEPECOBATH BOPOC
0 TOM, K KaKOMY BH/y PaCHpe/eeHus] MPUHAIIEKUT CTATHUCTUKA
(9.3.1).

IIpeobpa3zoBaHUe ciIy4daiiHbIX BEJINYUH

[MpeamonoxnM, 9T0 HAM HEOOXOANMO TTpeodPa30BaATh CJIyYaiiHbIe
BEJIUYIUHBI L1, L2, .- ., Ly B h1, ho, ..., hy, IPUIEM IPU KaXKIOM § UMe-
er MecTto 3aBucCUMOCTb h; = hi(z1,Z9,...,ZT,). 3aMeTUM, UTO ec-
ma f(x1,%2,...,%y,) ABJISETCS COBMECTHON MIOTHOCTHIO BEPOSATHOCTH
CyYaiiHbIX BEJIUYUH T1, ..., Ty, TO GYHKIW f() IpH mepexoae or
(21,...,2pn) K (h1,...,hy) npeobpasyercs 10 MPaABUILY

a(xl,xz,. .. ,(I:n)
O(h1,ho, ... hy)

g(h1,...,hp)dh = f(x1(h),z2(h),... , 2n(h)) dh,

rae |0(z1,%2,...,2n)/0(h1,ha,...,hy)| — abcomorHoe 3HAYEHHE
saxobmana mpeodpa3oBAHUS.

Hac 6ymer muTepecoBaTh JIMHENWHOE OPTOrOHAIBLHOE MPE0OPa30-
Banue. HanmomMuuM, 94TO JIMHEIHBIM OPTOTOHAIBHBIM TPEOOPA30OBAHN-
eM Ha3bIBAETCS JIMHEHHOe Mpeobpa3oBaHue

n
hi:Zcijwj (1=1,2,...,n),
=1

IIPHU 3TOM OOJI2KHO BBIIIOJIHATHCA YC/IOBHUE
n n
2 _ 2
dohi=) i (9.3.2)
i=1 j=1

fxobman Takoro mMpeodpa3OBaHUS PaBEH eINHMUIE.
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JIerko II0Ka3aTb, 9TO €CJIh €11 = C12 = ... = C1p = C1, TO €CTb
n
hl = C1 Z :Ej,
j=1

10 1uist ho, hg, ..., hy TOIyaIuM

n
Zcij =0 mpu ¢ > 2.
j=1

Vkazauubie CBONCTBA HETPY/IHO MOy YUTh, €CIN PACCMOTPEHHOE ITpe-
obpa30oBaHne 3AIMCATH B MATPUIHOM BHJIE

h=Cz.

Tax Kak [/ OPTOrOHAILHOTO IPEOOPA30BAHIS JOMKHO BLIIOIHATE-
csl yCJIOBHE
W'h=2"CTCx = 272,

TO OTCIOJA CJIeIyeT, YTO
ctc =1,

10 ectb C' — opTOTOHATBHAS MATpHIA, 11 KoTopoii det(C) = 1. Ta-
KOe TpeoOpa30oBaHnue SKBUBAJEHTHO BPAIEHUIO KOOPJAMHATHBIX OCe
B N-MEPHOM E€BKJINJOBOM IIPOCTPaHCTBE.

Pacupenenenue BbiOOpouHOii qucnepcun

PaccmorpuMm cratucTuky w, KOTOPasi SBJISETCA CyMMOU KBaJIpa-
TOB OTKJIOHEHWH OT CPEIHEro I:

n

w = Z($l —z)’ = Z:L"ZZ —n(z)?, (9.3.3)
=1

=1

TTOCTPOEHHYIO Ha BbI60pKe "3 N HE3aBUCHUMBIX BeJIWYUH T;, PacCIlpe-
JeJIEHHBIX TI0 HOpMaJibHOMY 3akouy N (u, o).

st Toro 4ToOBI HANTH pacupese/ieHne CayJIaiiHol BeTMINHBL W,
BOCITOJIE3YEMCsI JIMHEHHBIM OPTOTOHAIBHBIM ITpeobpazosanuem. [1ep-
BYIO KOODJIMHATY 3aJa/IMM B BH/I€ COOTHOIICHUS

x1 x2 Tn _
hi=—+—+...+ —= . 9.3.4
ey by Ry kAl (9:3.4)
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Koopmunare: h; npu ¢ > 2 06/1a7a10T CAEIYIONIAME CBOCTBAMMT:
n n n
) M(hi) =M eijag) = cijM(wj) = p Y cij.
j=1 j=1 j=1

n
Tax xak Y ¢;; = 0 npu i > 2, ro M(h;) = 0;
=1

n n
2) D(hj)=D Zcijxj = Z c?jD:ch =o? Zc?j.
7=1 7j=1

n
Tak KaK Y c?j =1, 10 D(h;) = o2.
Jj=1
Takum 00pasom, h; IpUHALIEKAT HOPMAJILHOMY PACIIPEICICHIIO
9 (2
N(0,0) npu i > 2.
J171s1 OpTOrOHAJIBHOTO JTUHEHHOIO IMPeodpPA30BAHMS BLITOJIHIETCS
yCJIOBHE

n n
D hi=) a5,
i=1 j=1

nosromy Boipazkenue (9.3.3) mra w ¢ yderom (9.3.4) 3ammmercsa B
BUJIE

w=>Y hi—hi=> hi. (9.3.5)
=1 =2

Ecin Bemmuamnanl h; HOPMUPOBATEL HA 0, TO MBI Oy 9MM, 9TO W MPH-
Ha/[IeXKUT PACTIPeIeIeHuio o2x2 ;.

Ojna crenenb cBOOOABI W MCYE3AET IOCJIE JIMHEHHOIO OpPTOro-
HAJILHOTO Ipeobpas’oBaHus B CHJIY TOIO, 9TO W 3ABUCHAT HE TOJIBLKO
OT HE3aBUCUMBIX CJIy4alHbIX BEJIUYUH T;, HO U OT UX JIMHEHHON KOM-
ounanuu . Ipyruvu ciosamu, z; = z;—z (i = 1,...,n) apagorcs
JITHEIHO 3aBHCAMBIMU, T.K. i z; = 0.

=1

Beibopounas mgucnepcus (9.3.1) ¢ yaerom coornomrenns (9.3.5)

OIPEAE/IAETCA COOTHOIICHUEM

Y -

n=1

n—1

n
> hi.
1=2
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2,2
0" Xn—
Taxum 06p330M, SZ IIPHUHAJIEZKUT PaCIIPEeaeICHUIO TL+11’ a BeJIn-
2
n—1

2 2 Xpn—
unHa, S /O’ NPUHALICKUT PaCIPeSeeHUuI0 =, T..

Y2
5?2 /o% ~ n”—:ll (9.3.6)
3amMeTum TakkKe, ITO
1 n
M(S?) = I o? =02,
n=1is

10 ecTb S2, onpenensgemasn coornomenneM (9.3.1), aBageTca HecMe-
IIEHHOI OLEHKON NUCHEepPCUU C1y4YaiHbIX BEJIUYUH T;.

Paccmorpum Termeph cirydait, KOTa MBI UMEEM JBe BBIOOPKM:
T = (xla L2y 7$n1) ny = (yla Y2, ... 7yn2) HOpMaJIbHO pachipeze-
JICHHBIX BEJWYWH C OJWHAKOBOW Iucriepcuei 02, T.€.

:I?NN(NI,O'), yNN(N%O-)'

Ha ocroBe 3Trx BBIOOPOK MOXKHO MOCTPOUTH TAK HA3BIBAEMYIO
00beUHEHHYIO OIEHKY AUCIEPCUN o2

1 i(xi -2)° + i(yi -9)?|- (9.3.7)
=1

=1

§2=——
n1+n2—2

Breipaxenue ni 4+ no — 2 B 3HaMeHaTeje 00bSICHIETCS TEM, UTO B
UUCIUTEe MMeeTCsl TOIBKO N + N — 2 He3aBUCHMBIX CIyYaifHBIX
BestmunH. Takas oneHka o2 6yJeT HeCMeIeHHO. BEISCHIM, K KaKo-
MY BUIY pacHpeeseHns MPUHAIIEKNT BeTUINHA

52 1 nl N2/ .2 — 2/ 2
= S w22+ i - 9)?/0?| . (938)
=1

o2 ny + nNg — 2|4
=1
Yucnurens Boipaxkenus (9.3.8) mpezcrasisier coboil CyMMY JBYX Be-
ni ng
1 ~\2 1 12
maauH 5 30 (2 — %) 1 o3 30 (yi — ¥)°, PACHPEeNeHHbIX COOTBET-

2 2
CTBEHHO 110 3aKOHaM %1 .
anfl Xanl
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I3BecTHO, 9TO Mpon3BodIas (hyHKIIS MOMEHTOB B CIyUae X 2-
pacrpezeeHns paBHa

M (t) = (1 —2t)7"/2,

YVaursiBast TOT (PAKT, ITO TPOU3BOAAINIAT (DYHKIINA CYMMBI TBYX
HE3aBUCHUMBIX BEJIUYUH paBHA IPOUBBEIECHUIO COOTBETCTBYIOMIIX
MIPOUBBOASAIINX (DYHKIWI CJIAraeMbIX, MOy IUM, 9TO

M, -

Xn1—1+X7212—1(t) = (1 — 2t)_(n1+n2—2)/2.

Crogmiee crpaBa BHIPayKeHHE €CTh IIPOU3BOAAIASA (DYHKIIUS MOMEH-
ToB BesmumHbl X2 ¢ (n] 4+ ng — 2) crenensvum cBoboapl. Tlosromy
sesmanna S2 /02, onpenensgemas dopayoit (9.3.8), mveer pacmpe-
nenenne x2 4. of (n1 4+ ng —2).
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KPUTEPUUN ITPOBEPKUN I'MIIOTE3

10.1. t-xpurepmii

Yro0bl MOSACHUTH CYIIHOCTH (-KPUTEPHUs, PACCMOTPUM BHAUAJIE
caydaii, KOTJa Ha OCHOBE BBIOODKU (Z1,Z2,...,Tn), HTEMEHTHI KO-
TOpoit mMeroT HopmasbHoe pacnpenenerne N (u, o), MBI TOCTPOUIH

n

7 — 1 . . u o
CpejiHee 3HAUYeHWe T = -~ ) T; U XOTUM TIPOBEPHTH: C KaKO# Mepoit

HAJIEKHOCTU €r0 MOYKHO CturaTs MaTemaTITeCKIM OYXKUJTAHUEM [
[Ipu sTOoM ByZeM cauTaTh, ITO MBI 3HAEM TOYHOE 3HAYCHUE (i, & T —
HEU3BECTHO.
HyneBas runoreza Hy B 9TOM CIy9ae COCTOUT B TOM, 9TO T = [i.
Beegem craructuky

KOTOPasi, KaK M3BECTHO, OyJeT MMETh HOPMAJBbHOE PaCHpeje/neHune
N(0,1). Tax Kax 02 HAM HEH3BECTHO, TO 3AMEHIM €0 SMITHPIICCKOIl
JUcCLepcuen

= E=mvn (10.1.1)
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[Ipeo6pasyem coornorrenne (10.1.1) k Bumy

t= (:/}) g—z— U/f/\/E (10.1.2)

B sTOM BBIpakeHUN UUCTUTETH % MPUHAIEKUT HOPMATHHOMY
pacmpenesennto N (1,0), a 3Hamenaresb, cormacHo dhopmyiie (9.3.10)
nekunn 9, — K pacnpejesnenuio Xn—1/vn — 1. Tlosromy crarucruka
t TPUHAIEKUT K by, 1-pacnpenenernio CThioeHTa.

Kpurnueckyto obacts B 71 JAHHOTO KPUTEPHUsT MOXKHO YCTAHO-
BUTH CJIeAyommM obpa3om. JIis ypoBHS 3HAYUMOCTH (¢ 110 TaDIUIAM
IJIs Ty -paciupeeieHs HaX0AUTCs by, 1 o TAKOe, 9TO

tnfl,oc
pr,_, (x)dz =1—a, (10.1.3)

*tn—l,a

TJe pt,_, — IJIOTHOCTb BEPOATHOCTH %, |-PacIpe/ieeHus.

Ecnu Borancnennas cornacuo (10.1.1) peanusarys ¢ y10BaeTBo-
pster yciaosuio [t| > t,_ 1,4, TO runoresy Hy orBepraioT. YpoBHEM
BHAYUMOCTU KPUTEPHUs CANTAIOT MapaAMETP (.

t-xpuTepuii, OJHAKO, Yallle BCEr0 CJIYKUT [IJIsl CPDABHEHUS JIBYX
CpeIHNX 3HAYEHUH T U {, MOJYUYEHHBIX HA OCHOBE BBIOOPOK W3 HOp-
MaJIbHO PaCIpeIe/IeHHBIX NeHePAIbHBIX COBOKYITHOCTEH B ITPEIITO/I0-
JKeHWH, 9TO JUCIHEPCHA 05 U 0, PABHBI, XOTS U HEW3BeCTHHI. B Kade-
crBe HyJeBoi runmore3nl Hy Bo3bMmeMm yTBepxkaeHue, uro Mx = My.
[Ipemmonokum, 9TO BBIOOPKU (T1,Z2,...,Tn,) A (Y1,Y2,- -+ Yny)
HE3aBUCHMbIE U UMEIOT Pa3HbBIE 0OHEMBI.

Eciu 661 MBI 3HAINM BeIMYUHY ¢, TO MOIJIM OBbI B3dTh B KA4eCTBE
KOHTPOJIbHOM BEJTUIUHY

pacnpegenennyio no 3akory N (0,1). OgHako Tak Kak 0 HEM3BECTHO,
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TO BMECTO Z BO3bMEM

P ) (10.1.4)
[S2 52
N + -
ni n2
rie
2 1 = 2 = 2
S = - PR P— —
1+ 1y — 2 [;(xz )"+ ;(yz ) ]
(10.1.5)
_ 1 o 2 o 2
T [(nl 1)S2 + (ns 1)sy]

— obbemHEHHAsS OIEHKA Auciepcruu. B 9ToM BbIpakeHun

2 1 & 2 2 1 & N2
SZ = Z($l — )%, Sy = Z(yz —y)°.

n— 15 i=1

ng — 1
Ecmn moncrasuts coornommrenne (10.1.5) B (10.1.4), To momy<anm
‘ (z—g) [ung _
S ny + ng
_ (z —9) \/n1n2(”1 +ng —2) (10.1.6)
V(11— 1)82 + (n2 — )83 ny 41y

Coorromrerre (10.1.4) MOXKHO 3amHECaTh TAKKE B BHIE:

—1
t = % (@) . (10.1.7)
o2 o

ny N2

2
B jekmum 9 ObLI0  MOKA3aHO, UTO % TTPUHAITEKUT

(Xni+no—2/v/n1 + ng — 2)-pacupenenennto. Kpome Toro, z me
ni

na
sapucur or Y. (r; — Z)2, a §j ne 3asucur or Y. (y; — 9)?, To u S?
=1 i=1
He 3aBUCHT 0T (Z — y), mosromy crarucruka (10.1.6) mpuraTexuT
T +ny—2-PACIPEICICHNAIO.
IIposepka runoresst Hy: Mx = My ocyIiecTBIsgeTCS IO aHAJIO-
TUW C TIEPBBIM CIIyYaeM.
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10.2. F-xpurepmnii @uimiepa

F-xputepnit CIyKUT A1 TPOBEPKU TUIOTE3Bl O TOM, UTO JHC-
NEePCUU Oy U Oy CIyIailHbIX, HE3ABUCHUMBIX, HOPMAJIBHO pacrpese-
JIEHHBIX BeJIUYUH T U Y PABHBI, T.€. Oy = Oy.

W3 kaxk10it renepaabHON COBOKYITHOCTH ITPOU3BOIAATCH BHIOOPKH
00BEMOM 7] U Ng. 3aTEM BBIYUCISIIOTCS SMIMPUIECKUE TUCTIEPCUN:

2 1 - 2 zX% 1
§2—_ - 7\ L g2 Al
%8
1 n2 X2
52: )2 o 42 n2—1.
VT > (i — ) O

=1

Hynesas runoreza Hy cocrouT B TOM, 9TO

B xagecTBe KOHTDOJBHON BEJIMUUHBI YIOOHO B3ATH BEJUUUHY

F 51
nwe = o3 (10.2.1)
2
roe vy = nyp — 1, 9 = ng — 1; npuvuem B KadecTBe ducanTesasd OepyT
DOJIBIIIYIO BEJIMUUHY.
Tak Kak WMEIOT MeCTO COOTHOIIEHUS

2 2.2 2
St T2 Xin [V _ X /W1

2 2,2 ) ’
SZ UyXVg/VZ XVQ/VZ

TO BUJHO, YTO BesqudnHa F,, ,, TpHHAJIEKUT K F-pacnpeneseHuio
¢ (v1,19) crenensiMu CBOGOIBI.

J11s1 IpOBEPKH TUIIOTE3hI HEOOXOANMO 33aTh (r M 3aTeM II0 Ta-
Ommne ang F-pacnpeneneHna HallTH KpUTHIecKoe 3Hadenue F,, ., o
(v — umeno cremeneit CBOOOIBI YMCIUTENS, & Vy — 3HAMEHATENS).
Ecmm peammsarmua F, ,,, TOTydeHHas Ha OCHOBE BLIOODKH, MEHBIIIE,
geM Fy, yy o, TO TUIOTE3a IPUHAMAETCA C HaJIeKHOCTBIO 1 — av.
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10.3. y*-xpurepuii [Iupcona

HpI/I TMOJIYyIE€HUN CTATUCTUYICCKUX OIEHOK YaCTO MCIIO/JIb3YyeTCA
MPEJINOIOKEHNe 0 HOPMAJLHOCTH PACIIPEIETIeHNs CIy YAl HbIX BeIH-
YUH.

Ecau 370 npeanonoxkenne BHI3LIBAET COMHEHUE, TO MOYKHO IIPH-
MEHUTEL Y2-KpuTepuii U IPOBEPHUTH MPABUILHOCTH 3TOIl THIOTE3EI.
Taxum obpasom, x> -KpuTepmii CTy:KUT J/Ts MpoBepKn Tumoress Hy
0 ToM, 4TO pacupezenenue Fg(z) crywaitnoit Benmamubl § PABHO
HEKOTOPOMY 3ajaHHoMy pacnpenenennto Fy(x). B mamem cryuae
Hy : Fe(xz) = N(p,0).

CHaHaJIa 6yﬂeM CYNUTATh, 9YTO HaM MU3BECTHBI TOYHBIC 3HAYCHUA
napaMerpoB 4 U O.

[Tycrs y mac umeercs Boibopka &; obbema n, T.e. (€1,&2,...,&n)-
PesyabraTsl u3aMepenuii rpynnupyor no uarepsagam A;. s ompe-
IeJIeHHOCTH OyeM CYNUTATh, 9TO MbI PA30W/IN HAIW PEe3yJIbTaThl Ha,
[-unTepBamoB (—oo,x1), (x1,x2),. .., (x;—1,+00). Obo3HAUMM UYepe3
M,; IUCTI0 COOBITHI, TIOMABIINX B MHTEPBAJI C HOMEpPOM 4. Torma nmeer
MECTO COOTHOIIIEHUE

n=mi;+ms+...,mi. (10.3.1)

[Iycts p; ecTh Teoperwdeckass BEPOATHOCTH TOTO, 9TO & IOMAIAeT B
uarepBasn A;, ecau runoresa H, sepua. Eciu A; = [z;1,%;), TO

pi = ®g (u> — @, (M> . (10.3.2)
g g

SamMerum, UTO KaxK7asi B OT/IEJbHOCTU BEJUYUUHA 1M; PACIPEIeIeHa
110 OMHOMUATILHOMY 3aKOHY
_ mi,mi n—m;
Pn(ml) _Cn Zpi Zqz' la
rne ¢; = 1 —p;, a CJ* — gucno covetanuit u3 n no m;. [lpn 6ob-
IMIOM 9IHUC/Te M3MEPEeHNii OMHOMHUATBLHOE PACIPEIeTIeHIe MePEXOIUT B
pacnpenenenne [lyaccoma
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CO CpeIHUM 3HAYEHUEeM W JIucCIepcueii, paBHbBIMU A = np;. B cBoio
ouepeb, pacupenenenune [lyaccona mpu A > 5 yKe J0CTATOYHO XO-
POIIIO alPOKCUMUPYET HOPMaJ/IbHOE PACIIPE/IEIEHIE.

Takum obpazom, npu np; > b ciaydaitHas BeJIUYUHA 1M; PACIpe-
JleJieHa IPUMEPHO 110 HOPMaJIbHOMY 3aKOHY CO CPeIHWM 3Ha4YeHneM
np; u gucnepcueii np;. [losTomy ecnmm Mbl BbIOEpeM WHTEpBabl A;
TAKUMH, 9TO YUCIa M, OyAyT Y/IOBJIETBOPATH YCJAOBHUIO My, > 5, TO
pacnpeeeHne BeJTMINHbBI

m; — Np;
np;

Z; =

oyaer npumepno cosnagars ¢ N (0,1). Takum obpaszom, BesnunHa,

l

u= El:zl? = (rmi — np:)® (10.3.3)
=1

=1 P

pacrpejie/iena, Mo 3aKoHy x2.

BoiicHEM Temeph BOINPOC O YHCIE CTemeHeil CBOOOIBI X 2-
pacnpenenenns, onpeaensemoro coorromennem (10.3.3). Bymewm
CYUTATDH, 9TO 1M; SBIAIOTCS HE3ABUCHMBIME CTyYailHBIMU BEJTHINHA-
MH. TOFﬂa BeJIMYNHA U 3aBUCHUT OT l HE3aBUCHUMBIX BEJIMYUH 77l; 1 UX
JUHEHON KOMOMHAIMN 1, onpeessemoii cooraomennem (10.3.1). B
9TOM C/Iyuae u uMeeT x2-pacupesesenue ¢ | — 1 cremensivMm cBOBOIbL.

Ha mpakTuke HaM 0OBIYHO HEM3BECTHBI TTAPAMETPBI HOPMAJIBHOTO
pacrpeesienns f u 0. [109TOMYy TIpH BBIYUCIEHUN BEPOATHOCTEN p;
no ¢opmyse (10.3.2) BMECTO mapaMeTpOB 4 W 0 MBI MOXKEM B3ITh
ux onenku T u S. Torma momydanm

. T, — T Ti 1 — T
=Py | —— | — Dy [ ——— ). 10.3.4
Di 0< 5 > 0( 5 ) (10.3.4)

B sToM citygae BMeCTO U Clle[lyeT B34Tb BEIUIHHY

. (m; — np;)*
U = -, 10.3.5
i 103

=1
Tax Kax JTaHHbIE HAOIIOIEHUN UCITIOIB3YIOTCS JIJI OIEHKHU JIBYX HEU3-

BECTHBIX TTAPAMETPOB Z U S, OT KOTOPBIX 3aBUCHUT P;, TO CTATUCTUKA
1 B 9TOM ciay4ae nmeer | — 3 creneneit cBOOOIbI.
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B nmpeamonoxkennn, uro runore3a Hy BepHA, U TMEET aCUMITOTH-
veckoe y2-pacnpesenenne ¢ k = [ — 3 cremensyu coboasl. Tax kax
1 eCThb Mepa OTKJIOHEHWsI NCTUHHOI'O PACIPEIEJIEHU OT TEOPeThue-
CKOTO (IIPE/IIIOIaraeMoro), To THII0Te3a OTBEPTaeTCsl, eI 3HAUCHIE,
BBIUUC/IEHHOE 110 KOHTPOILHOI BbIGOpKE cormacHo (10.3.5), mpesbI-
IIAeT OMpeJie/IeHHOe KPUTUYECKOe 3HAUEHHEe. DTO 3HAUCHUE Xl273,a
I 33IaHHOTO YPOBHS 3HAYUMOCTH ¢ U [ — 3 cremeHeil cBOOOIbI
HAXOMAT U3 TAGJIUIBI X >-PACIIPE/IeICHI.

BaMeruM, 4TO TAKUM K€ CIIOCOOOM MOYKHO IIPOBEPHUTH IIPUHAJI-
JIEYKHOCTH CJIYYIANHBIX BEJUYIUH K JIPYTOMY THUITY PACIpEeeeHUs.

3amaua 1. [lo aByM He3aBUCHMBIM BBIOOPKAM, 00bEMBI KOTOPBIX
n1 = 11 u ng = 14, u3BJIEYEHHBIM U3 HOPMAJIbHBIX M€HEPAIBHBIX CO-
BokymHOcTelt X u Y, HalileHbl BEIOOPOYHBIE JUCTIEPCUAN Sg( =0,76u
5'12/ = 0,32. [Ipu yposue 3uaanmoctu o = 0,05 mpoBepuThH HyIEBYIO
runoresy Hy : D(X) = D(Y') o paBeHcTBe reHepaibHbIX JAUCIEPCHii,
npu KoHKypupytomeit runoreze Hy : D(X) > D(Y).

Pentenne

Bagauy Oymem perrarh ¢ ucnoab3opanneM F-kpurepus Purrepa.
JLnsg sToro HalieM OTHOIIEHUE OOJbIeil BEIOOPOYHON aucnepcun K
MEHbIIICH:

Fiaaon = 0,76/0,38 = 2.

[To ycmosuio KoHKypupyiomas runoresa umeer sug D(X) > D(Y),
I09TOMY KPUTHYIECKasd 00acTh — mpaBocToponnss. [1o Tabiuie u3
TIPUIOXKEHNd 3, 0 ypoBHIO 3HaUunMocTn « = (0,05 m uncaam crere-
Heit cBoboAbl k1 =n1—1=11—-1=10unky=n9—1=14—-1=13
HaXOJIUM KPUTHUYIECKYIO TOYKY:

Fep = (0,05;10; 13) = 2,67.

Tak xaK Fyap; < Fxp, TO HET OCHOBaHMII OTBepraTh IUIIOTE3y O
PaBEHCTBE TeHepabHbIX jaucnepcuii. Jpyruvmm ciosamu, BBIGOPOU-
HBIE JIUCIEPCHU PA3IUIAIOTCI HE3HATUTETHHO.

Bameuanmne. B cayuae koukypupyromeii runoresst Hy : D(X) #
# D(Y) xpuruueckyio Touky Fyp,(a/2; k1, ko) uniyT mo ypoBHio 3Ha-
qumocTn /2 (BABOe MeHbIIleMy, YeM 3aJaHHbli) U YucIaM CTereHeii
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cBobonel ki u kg (ky — umcmo crenemneii ¢cBoGOaBI GOMbIei AuCTIep-
cunn). Ecmu Fiasn < Fxp, TO HET OCHOBAHUIT OTBEPraTh HYJIEBYIO I'U-
noresy. Ecmt Fyasy > Fyp, HyJIEBYIO TUIIOTE3Y OTBEPraioT.

3amaua 2. [lo aByM HE3aBUCHMBIM BBIOOPKAM, 00bEMBI KOTOPBIX
n1 = 12 u ny = 18, W3B/IeYEeHHBIM W3 HOPMAJbHBIX TI'€HEPAJTHHBIX
coBokymHocTeit X u Y, HaiifieHsl BeIOOpOUHBIE cpemnne T = 31,2,
7 = 29,2 u BBGopounsie mucrepcun S3 = 0,84 m SZ = 0,40.
Tpebyerca npu yposue 3uadumoctu (0,05 mpoBepuThH HYJIEBYIO T'M-
noresy Hy : M(X) = M(Y) npu xoukypupyiomeii runoreze Hy :
M(X) # M(Y).

Pemntenue

BribopouHble aucrepcun pas3inydHbl, TO3TOMY TPOBEPUM MPEIBa~
PUTEJIBHO TUIIOTE3Y O PABEHCTBE T'eHEPAJIbHBIX JUCIEPCHil, UCIO/Ib-
3ysa F-xpurepuit Qurepa.

Hajinem ormomenne GosibIneil mucrnepcuy K MeHbINeH: Fy.gn =
= 0,84/0,40 = 2,1. ducnepcus S% 3uaanressHo GOTbITe IHCTIED-
cum S%, MOITOMY B KauecTBe KOHKYDUDYIONIeH TPHMeM THTIOTesy
H, : D(X) > D(Y). B srom ciayuae kpurndeckas obaactb — mpa-
BoctopouHsis. [lo Tabmure mpuaoxkenus: 3, M0 YPOBHIO 3HAYUMOCTU
a = 0,05 u unciram cremeneit cBobogpl k1 =n; — 1 =12—-1 =11
uky = ng—1 = 18 — 1 = 17 Haxonu™m KPUTUUECKYIO TOUKY
Fip(0,05;11;17) = 2,41.

Tak kak Fiyaen < Fxp, TO HET OCHOBaHMII OTBEPraTh HyJIeBYIO T'Hi-
IoTe3y O PABEHCTBE reHepabubix mauctepcuii. [Ipegmomoxenue o pa-
BEHCTBE T'€HEPaJIbHbIX ﬂHCHepCHﬁ BBITIOJTHAETCH, TTO3TOMY CPAaBHUM
cpennue 10 t-kpurepuio (CThIOJEHTA).

Boruuciaum nabiromaemoe 3uadenue kpurepus CTbiogeHTa.:

A ] ninz(ny + ne — 2)
Hal - .
T Jn =182+ (ne - 1)S? 1+ ng

[ToncraBuB umcI0BBIE 3HAUEHUS BXOISIIUX B Ty (POPMYJy BEJIUUNH,
IOy IUM tyagn = 7, L.

ITo ycnoBuio koukypupytomas runore3a umeer sug M (X) #
# M (Y'), mosromy Kpurndeckas 061acTh — IByCTOPOHHsIA. 110 ypoB-
uro 3uagaumoctu 0,05 u wumciy cremeneit cBobonbr kK =ny +ne — 2 =
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= 12+18—2 = 28 naxoaum 10 Tab/IUIE TPUTOKEHUST 2 KPUTUIECKY IO
TOUKY ngyer. kp(0,05;28) = 2,05.

Tax Kak tuasn > tapycr. xp, TO HYJEBYIO THUIIOTE3y O PaBEHCTBE
cpemuux orBepraeM. pyrumu cioBaMu, BBIOOPOUHBIE CPEIHUE Pa3-
JIMYAIOTCS 3HAUUMO.

Bameuanmne 1. [Ipu koukypupyiomeii runorese M(X) > M(Y')
HAXOAAT KPHTUYECKYIO TOUKY tnpapocr. kp. (€4 k) MO Tab/nIe mpuio-
JKEHUsl 2 10 YPOBHIO 3HAYNMOCTH (v, TOMEIEHHOMY B HUKHEN CTPO-
Ke TabJuIbl, W 9HCIy CTemeHeil cBobompl k = ni + ng — 2. Ec-
M tyasnr < tupasocr. xkp, TO HYJIEBYIO TMHOTe3y NPUHUMAIOT. Ecmm
tua6n > tupasocr. xp, TO TunoTesy Hp oTBepraior.

Bameuanne 2. [Ipu koukypupyiomeii runorese M(X) < M(Y')
HAXOJAT CHadaJIa KPUTHYECKYIO TOUKY frpapoct. kp MO AHAJOTHU CO
cuygaem M (X) > M(Y') u monaraiotT tuepocr. xp = —tupasocr. xp- ECIN
tua6n > —tupasocr. xp, HyJI€Basd TUIOTe3a NpuHUMaeTcd. Eemn tyae, <
< —tupasocr. xp, TANIOTE32 H)y oTBEpraercs.

Banaua 3. Ucnonssysa y2-kpurepuit [Iupcona mpu ypoBHe 3Ha-
gumoct 0,01, ycTaHOBUTH, CIAyYaifHO WM 3HAYUMO PaACXOXKJEHUE
MEXKY SMIUPUIECCKUMU YACTOTAME 17; U TEOPETUIECKUMU Np;, KO-
TOPBIE BBIYUC/IEHBI, UCXOMd W3 THIOTE3bI O HOPMAJIHLHOM PacIpe/ie-
JIEHUU T€HEPATbHONW COBOKYIHOCTH X :

m; | 8|16 | 40 | 72 | 36 | 18 | 10
np; |61 18|36 | 72 | 39 | 18

rIae n = Y. Mm;, Pj — BEPOSITHOCTDH TOMAJIaHUsA COOBITUSI B - WHTEP-
i
BaJI.
Perrenne

Haiinem HaG/mogaeMoe 3HAUCHHE Y 2-KPUTEPHSI

mi — np;)>
Z( P).

2
Xuabn —
np;

3

CocraBuM pacueTHyIO TabJIAILY.



120 Yacre II. Maremarndeckas CTaTHCTHKA
i m; | np; | mi—np; | (mi —np)2 | (m; —np;)?/np;
1 8 6 2 4 0,667
2 16 18 -2 4 0,222
3 40 36 4 16 0,444
4 72 76 -4 16 0,211
) 36 39 -3 0,231
6 18 18 0
7 10 7 1,286
> | n=200 2 on = 3,061

N3 »sroit Tabaunbl HaxommMm HAOIIOIaEMOE 3HAYEHUE KPUTEPUS:
Xiam = 3,061. ITo TabyuIe KPUTHUECKUX TOUYEK PACIPEIeICHNs X2
(cm. mputoxkenune 1), mo yposuio suaumvoctu 0,01 w wmcnay crerme-
Heit cBobonbl kK =1 — 3 = 7 — 3 = 4 HaxoauM KPUTUUECKYIO TOUKY

MPaBOCTOPOHHEH KPUTHYIECKO# obacTn Xip(O, 01;4) =13, 3.

2 2 .
Tak Kak Xgasr < Xxp,TO HET OCHOBaHUIl OTBepraTb IHIOTE3Y O
HOPMaJIbHOM PACIPEeIe/IeHIN IeHePAIbHON COBOKyMHOCTHU. pyruMu
CJI0BaMU, PACXOXKJEHNEe MeXKJy SMIUPUUYECKUMHU U TeOPeTUIeCKUMU

4aCTOTAMU HE3HAYUTEJLHO (CIyvaiiHo).




JEKIIUNA 11

PA3JIOYKEHUE CJIVUAMHBIX ITOJIEN
I[1O0 ECTECTBEHHBIM OPTOT'OHAJIBHBIM
BA3VICAM

11.1. ITocTaHoBka 3amaun

[Ipu w3yuenun cirydaiiHbIX GU3NIECKUX MONEH IACTO UCIIOIB3Y-
10T PA3/I0KEeHUsT MOJIeil 110 PAa3IMIHBIM OPTOHOPMUPOBAHHBIM 0a3u-
caMm: B Tpuronomerpudeckuii psy Pypbe, mo cdepuueckuM QyHK-
musm u T [Ipr 9TOM BOBHMKAET BONPOC: KaK HalTh Takoii 6asuc,
C MOMOIIBI0 KOTOPOTO MOXKHO OBLITO ObI ammpOKCHMUPOBATEH JTAHHOE
noJsie ¢ 3aJaHHON TOYHOCTHIO MHUHUMAJIBHBIM YHCIOM HJIEHOB Pa3/10-
JKeHUs !

[MTockonbKy MBI OyseM PacCMaTPUBATHL TOJIBKO CIydaiiHBIE TTO-
JIsT, TO TOJ, TOYHOCTHIO OyIeM MOHUMATH MATeMATHIECKOe OKIITAHIE
KBIPATA CIyYANHON OIMTUOKY AIrPOKCUMAIIIH.

Urax, nycrs y mac umeercsa ciaydaiinas dynkmms X (t). Pazmo-
KuM 91y QyHKImo B psix Pypbe

X1 =3 ardt ),
k=1

e a; — Ko3bdumenTs! pasnoxennus, a {@F(t)} — mexoroperii Ga-
suc. Ha mpakTuke OOBIYHO MMEIOT [1€JI0 He C (PYHKIUSIMU, & C BEK-
topamu. B srom ciayuae dynkmusa X (t) u 6a3uc 3a1a10TCa B KOHEU-
HOM 9HCJI€ TOYEK t1,%2,. .., L. Torma caygaitayio dyHKIuo u 6a3uc
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MOXKHO PacCMATPUBATEL KaK 17-MEpPHbBIE BEKTOPDI
X = ($17$27 s 7$m)7
(pk:((plf’(pé:’""(pﬁl,)’ k:]"2""’m’
KOMIIOHEHTaMH KOTOPBIX ABJIAIOTCA
r1 = X(tl),IQ = X(tQ), ey Ly = X(tm),
oF = F(t1), o5 = ok (ta), ..., 0k = O (tm), k=1,2,...,m.

Cucremy 6a3MCHBIX BEKTOPOB Oy/IeM CUUTATH OPTOHOPMHUPOBAHHOI,
TO €CTh

k I 1 opn k:l,
% ,w)—{ 0 mpu k#L (11.1.1)

a MaTEeMATUIECKOe OXKWIaHWe BEKTOPAa X PaBHBIM HYJIIO.
B sTom ciydae mamr BekTop X MOYXKHO TPEJCTABUTH B BUIE Pa3-

JIOZKEHU A m
X = Z ak(pk,
k=1
e
m
o = (X, ") = XTpF =3 0k (11.1.2)
=1

[Toctpoum Teneps npubinkeHHOE 3HAUEHNE BEKTOPA X , OTPAHUYINB-
much n (n < m) YiIeHAMH Pa3I0XKeHWs, ¥ 0DO3HAYNM ero depes
XM 1o ectn

n
XM = Z apet, n<m.
k=1

Obo3HaYMM Yepe3 € — BEKTOP OMNOOK anmpPOKCUMAIINN:
_ n
e=X—-Xx",

TOT/Ia IUCIEPCHUS OMIUOKN AMMPOKCUMAINY CIydaifHoro BekTopa X
paBHA

on =M (g(xz —kﬁlakWﬂZ) =

i1=1

M (%

=1

n n n
:1:22 — 2z; kzl akgoi-“ + kzl lzl akalgoi?goﬁ-b . (11.1.3)
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[Toncrasus Bepazkenne (11.1.2) Bo BrOpoe craraemoe (11.1.3), mo-
JY9IAM, ITO

n

ZI —2222%%%%
k=1i=1j=1
n n m

+Zzakaz2wi“wi : (11.1.4)

k=11[=1 =1

Yunreag yeaosme (11.1.1) oproHopMmpoBaHHOCTH BeKTOpoB ¢,
nociaeauion cymmy B (11.1.4) MoKHO mpeacTaBuTh B BUjE

m

Z Z O ay 2(107, Y = Z ap e = Z sz 37](,02 (10] (1115)
k=

11=1 =1 k=1:=1j5=1

Torma Beipazkenue (11.1.4) 3amumercs B Buje

m n m m
- Zmi - Z ZZuz‘jwfsof, (11.1.6)
i=1

k=1i=1j=1

e fij — K03(bdUNIeHTH KOBAPUAINE MKy KOODANHATAMA T; U
Zj, T.€. BIEMEHTHI KOBAPUAIMOHHON MATPHUILBI || 47| CIydaifHoro Bex-
Topa X.

Hama 3amaga cocTouT B TOM, 4TOOBI HAITH TAKYIO CHCTEMY BEK-
Topos {pF}, koTopast GbLIa 6bI OPTOHOPMUPOBAHHOI 1 obeceYnBaIa
MUHAMAJIBHYIO CPEJIHEKBAIPATHIHYIO MOIPEITHOCTD 0y,. Takyio cu-
CTeMy BEKTOPOB HA3BbIBAIOT €CTECTBEHHBIMU OPTOrOHAIHHBIMU BEK-
TOpPAMH.

11.2. HaxoxkageHue eCTECTBEHHBIX OPTOTOHAJIBHBIX
BEKTOPOB

Teopema. MuanMyM O'% JIOCTATAETCS Ha CUCTEeMe DA3MCHBIX BEK-
topos {¢F}, sBstonmMxCs COBCTBEHHBIMI BEKTOPAMH KOBAPMAIMOH-
HOI MaTpuIbl ||f4i;]|, IpU 5TOM BEKTOPBI ¥ apmsroTcs oproronasn-
HBIMH ¥ HOPMHUPOBAHHBIMH.
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Hoka3zarenbcrBo. Haiigem munnmym coornomenus (11.1.6)
TIPH YCIOBUH, 4TO BeKTOphI {¢*} HopMupoBamnb::

m

(") =S (eh)?2 =1, k=1,2,...,m.
i=1

DTO 3a/1a4a HA YCJIOBHBIN SKCTPEMYM, [IJIsl PEIIeHNsT KOTOPOii BBEJIEM
vuOKuTe M Jlarpanxka A\p u obpasyem pyHKITHOHAT

= 0’ + Z Ak (Z — 1)
=1
nan 6oee TOIPOOHO
P =3 Y303 et e 3o (3 () 1) 2

=1 k=11i=1j=1 =1

Yenosue munnMyMma s (11.2.1) numeer Buz

oF m N N
oon = 22 el + 2w =0,
“p =1
nJjain
m
> el = el =12...,m. (11.2.2)

=1

Cootrrormrerne (11.2.2) MOXKHO 3ammCaTh B MATPUTIHOM BHIE

sl = Aatp®, (11.2.3)

TO eCThb Y MPeaCTaBIsaioT cOO0it COOCTBEHHBIE HOPMUPOBAHHBIE BEK-
TOPBI KOBAPHAIMOHHON MATPHIB! || 15| OHI Kak pas u obecrevnsa-
0T MUHUMYM Op,. TeHep]) TMOKazKeM, 9TO CHuCTeMa CO6CTBeHHbIX BEK-
TOPOB MATPUIIBI ||/4;f]| SBIIS€TCA OPTOrOHAIBHOI.

Iycrs @F u ¢! — m06bIe 1Ba COBCTBEHHBIX BEKTOPA MATPHIIBI
llwijll, @ A m Aj — coorBercTByIOImHUE UM COOCTBEHHbIE 3HAYEHUS.
Torma WMeoT MEcTO COOTHOIITEHMST

k _ k
islle® = A", (11.2.4)

ijlle" = Mg (11.2.5)
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JIOMHOKEM CKaIsspHO paBencTso (11.2.4) ma ¢!, a pasencrso (11.2.5)
ua, @F. Tomyunm

(i l10", ") = A (@, ), (11.2.6)
(luijlles %) = Nl ). (11.2.7)
Ha ocnose Toxkmectsa Jlarpam:ka MOXKHO 3alUCATDh, 9TO
(luisle', ") = (@', gl ®).
Tax xak Marpuna ||p;;|| cummerpuunas, T.e.
T
sl = Mz I* = Nl
TO MMEET MECTO COOTHOIIEHUE
(il ") = (liglle®, o). (11.2.8)
Berawrag (11.2.7) u3 (11.2.6), ¢ yaerom (11.2.8) mosyunm
Ak = M)(@", @) = 0.
Tak xax A\, — A # 0, 10 (¢*, ') = 0, T.e. coberBenmbIe BEKTOPEI
MaTPHUIIBI ||f4;5]] OPTOrOHATBHEL.
[IpakTH9eCcKN SMIMPUYECKHE OPTOTOHATBHBIE GA3MCHI CTPOATCH
CJIeTYIOIUM 00pa30M.
Ha ocmoBe 60sbIioro mMaccmBa [JaHHBIX HADJIIOAEHUN BEKTOPOB

X = (x1,x9,...,%y) BBIUACAIIOT cpegnee 3uadenne X BeKTopa X,
KOOpAnHaTaM”W KOTOPOr'O ABJTAIOTCA

1 X _
T; = szjlxz(]), (1=1,2,...,m),

re j — HOMep peajm3arnuu BekTopa X, a [N — obIiee 4ucio peau-
3aluii. 3aTeM BBIYUCISIIOT MAaCCUB OTKJIOHEHW OT CPEIHEro

X'=X-X
" 110 STOMy Ma,CCI/IBy CTpOHT KOBa,pI/IaI_[I/IOHHyIO Ma,TpI/II_[y
T
il = M(X'(X")7).

ocite storo ajs nosyuenus 6asuca {@F} pemaercst 3amaua wa cob-
CTBEHHBIE 3HAYEHUS
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11.3. Hekoropble OCHOBHBIE CBOMCTBA Pa3/I0>KEHUHA
CIy4alHBIX IOJIEl IO eCTEeCTBEHHBIM
OPTOTOHAJILHBIM BEKTOPAM

a) ducnepcust K03hOUIMEHTOB PA3IOKEHUST af OMPEIE/ISTeTCsT
COOTHOIIIEHUEM

m
D(ax) =M ijgo? =

m m m m
_ ok Ek) ko k
=M | Y>> wiwjoi s | =D il (11.3.1)
i=1j=1 i=1j=1
Ecmn A\, — cobcrBernoe 9ncIo KOBapHAIMOHHON MaTPHIB ||j4|, a
©* — coorBercTBYIOMIMIT My COOCTBEHHBIH BEKTOpP, TO BBIPAXKEHHE

(11.3.1) mMoxkHO 3ammcaTh B BHJE

Z(‘OZ ZM@](P] - >‘k Z(pz (pz (1132)

Orcrosa BUIHO, ITO CO6CTB€HHbIe YUCTA A KOPPEISIMOHHON MaTpHU-
ubl ||pi]] mpescraBisior coboit mucnepcun Ko3bQHUIMEHTOB PA3JIo-
JKEHUS Q.

Coornomenne (11.1.6) ¢ yuerom Beipaxenuii (11.3.1) u (11.3.2)

=D pii— ) Ak (11.3.3)
=1 k=1

3allUIIIeTCAd B BUIE

[Ipn n = m nomyunm
m m
Spi =3 A (11.3.4)
i=1 k=1

6) Koadpdpunmenrsr pasmoxenuss ay sBISIOTCS NOTAPHO HEKOP-
penupoBaHHBIMU. B camom mere,

May,a] ZZM:E zilofel = sz Zum%

i=1j=1 =1 j=1

m
=N ¢ipi=0 mpu k#L
=1
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CMBICT pa3oKeHnsT CIYyYafiHOTO BEKTOpa HA CYMMY €CTECTBEH-
HBIX OPTOTOHAJBHBIX COCTABJISIONINX COCTOUT B TOM, UTO M3 IKCIIE-
PUMEHTAJIBHBIX JaHHBIX TIPEXK/Ie BCErOo BBIAC/IACTCA JIMHEeHasT KOM-
OuHAINS @1, WMEIONas HAUOOIBIIYI0 W3MEHINBOCTE (IHCIEPCHIO).
Ota JinHelHasT KOMOWHAIIAST COOTBETCTBYET CODCTBEHHOMY BEKTOPY
@' KoppesnsuuonHoit MaTpunpl |||, cooTBeTcTByIOmEMY HANGOMb-
meMy u3 cobCTBeHHBIX umcen A1. Jlajmee paccMarpwBaroTCs JuHEH-
HbIe KOMOWHAINN G, HEKOPPEIUPOBAHHBIE C @1, U U3 HUX BBHIOUPAET-
Cd Ta KOM6I/IHH.L[I/I$I a2, KOTOpadA mMeeT HaI/I6OJH)IHyIO N3MEeH4YUBOCTbD,
u 1.1. [locie orbopa HEOOMBIIOrO WHCIa TAKKMX KOMOWHAIMI M3MEH-
YUBOCTH BCEX OCTAJILHBIX JIMHENHBIX KOM6I/IHH.L[I/Iﬁ OKa3bIBACTCA y2Ke
mautoii. [ToaTomy, cTpeMsich OMucaTh HOBITYO YACTH N3MEHUNBOCTH,
MIPUCYIIEl COBOKYIMHOCTU 3HAYEHUN L1, T2, ..., LTy, MOKHO HCITOTD-
30BaTh HE BCe JIMHENHBbIE KOM6I/IH&I_[I/II/I Ak, & JIUIIb HECKOJIBKO TaKUX
KOMOUWHAIINN, KOTOPbIE COOTBETCTBYIOT HAUOOJBIINM COOCTBEHHBIM
qUCTAM .

JL7ist OIEHKW JIOMYIIEHHON TPU ITOM IMOTPEITHOCTH MOYKHO HC-
MOTBE30BATH OTHOCUTEIBHYIO JUCITEPCHIO OMNOKN

m n 2
MS 2= apel
9 i=1 k=1
o = W :
=1

KoTOpas ¢ yaeroM coornomenmii (11.3.3), (11.3.4) 3amumercs B Buge

-1

M =1=> (D M
k=1

k=1

Bemuuma
-1

n m
=3 (M

k=1 k=1
XapaKTepU3yeT JOJII0 IIEPBLIX 1 €CTECTBEHHBIX COCTABIAIOIINX B CyM-
MapHO# JAuCrepCcun.
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Takum obpazom, paszjoxkeHHe CIydaliHO# (QyHKIUU 1O ecTe-
CTBEHHBIM OPTOTOHAJBHBIM COCTABJISIIONIMM MO CPABHEHUIO C PA3JIo-
JKeHMeM ee TT0 JIo0oil Apyroit cucTeMe OPTOHOPMUPOBAHHBIX (PYHK-
1nii UM BEKTOPOB JlaeT Hambosiee ObICTpOe yObIBAHME JUCIEPCUU OT
OJHOM COCTaBJIAIOLIEHA K APYroil.

MHuorouyncieHnbe TPUMEPhI BEIYUCTEHNST eCTECTBEHHBIX OPTOTO-
HaJIBHBIX COCTaBJIAIOIMIUX IJIA FeO@I/IBI/I“IeCKI/IX T10J1ei npuBeICHBI B
monorpadmn [19].

B zakmiodenne 3Toit EKIUM 3aMETHM, ITO PA3JIOKEHNe CIydaii-
roit byrxmm X (t) C R™ o Gasucy {p*}?_,, rme n < m, pasHo-
CUIBHO BhIUMCIeHnio npoekiun dbyukinun X (t) HA n-MepHoe 0pTo-
roHaTbHOe TomIpocTpancTBo { kT C {pF}m .

B camom geste, st mpoexnnn X ) crpaBeinBo COOTHOIIEHHE

X" =p, X,

rae P, — opTOoroHa bHbIN TPOEKTOP HA N-MepPHOE MOIIMPOCTPAHCTBO.

Tax kax " o
XMW =376 X) =Y @9 X,
i-1 i=1

TO OPTOTOHAJILHBIN MTPOEKTOP P, BBIPAXKAETCSI COOTHOIIEHTEM

n
Pr=) o) =oo", (11.3.5)
i=1
rne ® mpesacraBiasger coboit MaTPUILy, COCTOSIIYIO U3 71 CTOJIOIOB,
SBJISIONINXCS BEKTOPAMHI .

I[IpescTaBum Temepb KoBapuanuonHyio mMarpuiy ||u;j|| = C' B Bu-
e

C=<X'"(x"">, (11.3.6)

e cuMBO < >” o3HadaeT ocpenHenue mo ancambio. C ydyerom

m
coorromenns X = 5. ap® momyamm
k=1

m m

C=< Zalxpi Zaj(wj)T >= Z Z < aja; > ' (") (11.3.7)
i=1 j=1

i=1j=1
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Tak kak < a;a; >= 5ij < a;a; >= a? = \;, TIe 5ij — CHUMBOJI

Kpomnexkepa, To coornorrerne (11.3.7) mpuobperaer Bu
m . .
CY ') => P, (11.3.8)
i=1 =

U HOCUT Ha3zBaHMe (DOPMYJIbI PA3IOKEHUsT KOBAPUAIMOHHON MaTpPH-
bl C' 110 OPTOrOHABHBIM [TPOEKTOPAM.
3anaqa. /lokazarh, YTO HA MHOXKECTBE HOPMUPOBAHHBIX BEKTO-

POB © = (1,92, .., Pm) Cymma

m m
DD Higip (1)
i=1j=1
“MeeT MAKCHMYM, PaBHBIM HAMOOJbIIEMY COOCTBEHHOMY YHCIY Ap
KOBAPHAIMOHHON MATPHIBI ||457]|. DTOT MAKCHMyM JOCTHUTAeTCA HA
BEKTODE (, PABHOM COOCTBEHHOMY BEKTOPY (', COOTBETCTBYIOMIEMY
COOCTBEHHOMY UUCTY .
Pemenne
1 2 m o 6
[Mycts @', 0%, ..., 0 JINHEHHO-HE3aBUCUMBIE COOCTBEHHBIE

BEKTOPBI MATPHIbI |||, TOrZa BEKTOP ¢ MOKHO MPEICTABUTH B
BHU/IE JIMHEHHONW KOMOMHAITIN:

0 =cro' + e’ + ...+ cnp™
[Moxcrasssist 10 BHIpazkerue B (1), momyanm
S5 e =3 3w 33 e @5 Z A3 gt @5,
i=1j5=1 i=17=1 k=11=1 k=1 i=1j5=1

B CHJIy OPTOrOHAJIBHOCTU COOCTBEHHBIX BEKTOPOB. Vcmombs3ys opro-
TOHAJBHOCTH COOCTBEHHBIX BEKTOPOB W YCJIOBHE HOPMUDPOBAHHOCTU
BEKTOPOB (0, Oy IUM

m m
ZZMJ%% —chkkz "2 => M <A D¢ = A
i=17=1 i=1 k=1 1

@ = @', Tak Kak B 3TOM ciaydae ¢ = 1,0 = ... = ¢, = 0.



JEKIIUSA 12
SVD-AHAJIN3

12.1. ITocTaHoBka 3amaun

IIycrs y mac mmerorca maBa ancamM0O/isd CHHXPOHHBIX HAOJIIOIeHMI
cayuaitnbix dpusngeckux moseit S(z,t) u Z(y,t), 3aBUCSIIIX OT MPO-
CTPaHCTBEHHBIX TIEPEMEHHbLIX X W Yy COOTBETCTBEHHO W BPEMEHU t.
[Ipeamooxkum, YTO 3TU aHCAMOJIN TPEICTABIAIOT CODOM BBIOOPKU
HEKOTOPOro 00beMa N u3 Caydaiinbix mporeccos S(z,t) u Z(y,t).
Bynmem cuntarh 9TH MpoOIECChl SProgudIecKuMu, T.. CPETHUE M0 aH-
caM0bJISIM COCTOSTHUI COBIAIAIOT C COOTBETCTBYIOIIUMU 3HAMEHUSIMU
cpemaux 1o BpeMmenu. Kpome toro, OyaeMm cautarh, 9To mojst S u 7
3aJIaHbl B BUJIE BEKTOPOB:

S(z,t) = (s(x1,1t), s(xa,t),...,s(zN,, 1)),

Z(yat) = (z(yl,t),z(yg,t),. e ?Z(yNzat))

B JIMCKPETHBIE MOMEHTBI BPDEMEHU t1,%2, ..., y.
[IpeamoioxkumM, 9T0 MaTEMaTHIECKIE OKUIAHUST BEKTOPOB S U 7,
pPaBHBI HYJIIO, T.C.

< S(z,t) >=0, < Z(y,t) >=0,

e "< >” — CUMBOJI OCpeTHEHWs TI0 BPEMeHH, T.e.

1 n
< S(z,t) >= - > S(z, ).
i=1
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Jpyrumu cinoBamu, BMeCTO mojieil S u Z Oy/ieM pacCMaTpuBaTh UX
OTKJIOHEHUS OT CpeJHUX

S=85-<8>; 7'=7—-< 7>,

O/IHAKO 0DO3HAUEHWS 3a HUMH COXPAHUM MPEsKHIUE.

V3yuenne CBA3M MeXKIy IBYMsI HOJIAMHU OyJeT COCTOATH B BbI-
JIEJIEHUH XOPOIIO CKOPPEIMPOBAHHBIX CTPYKTYDP (BEKTOPOB) B 3THX
HOJIAX U ANIIPOKCHMAIIUY II0/IeH ¢ MOMOIIBIO 3TUX BEKTOPOB C XOPO-
mIeit TOYHOCTBIO. 3aMeTHM, YTO TaKas 3a/a4da MMeeT CMBIC TOrJa,
KOTJa CyIIECTBYeT OTIMYHAA OT HyJS KOPPEIAUd MEKIY MOJISIMA
S(xz,t) m Z(y,t). Undopmanms 0 CTATUCTHYECKUX CBSA3SX MEXKJLY T10-
aaMu S U Z COIepKUTCS, B 9JaCTHOCTH, BO B3ANMHO-KOBAPUAITTOHHO
MaTpHIe

Cy, =< S(t)ZT (t) >, (N, x N,), (12.1.1)

a MExKJy KOOpAnmHaTaMK OTAE/IbHBIX noJieit — B ABTOKOBapPHAIIOH-
HBIX MaTpHUIax:

Cys =< S(t)ST (t) > (Ny x Ny), (12.1.2)
C.. =< Z(t)ZT(t) > (N, x N,), (12.1.3)

e T — cuMBOJI TPAHCTIOHUPOBAHUS.
s m3ydenust cBA3U Mexkay mosisiMu S U Z yI00HO almpOKCH-
MHUPOBaTh UX COOTHOIIEHUSMU BUIA

N
SN = Z APk, (12.1.4)
k=1

N
Zn = brak, N < min{Ny, N, }, (12.1.5)
k=1
rie {pr}, {qr} — HEKOTOpBIE BEKTOPHI (CTPYKTYPHI), KOTOPHIE MOXK-

HO cunTarh Gasucamu; {ay}, {bp} — KoapduIMenTH pazaoxkemnms,
KOTOPBIE ONPEIEINM Yepe3 CKaIsAPHBIE MTPOU3BEIeHNS:

ap(t) = (up, S(t) = ufS(t),}
be(t) = (v, Z(t)) = ol Z(t),

rae {ug}, {vr} Oysem Ha3bIBATH BECOBBIMU BEKTOPAMH.

(12.1.6)
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Mo2KHO 10Ka3aTh, 9TO €CJIN BeCOBble BeKTOPHI {uy } u {vy } mpex-
CTABJIAIOT €000 OPTOHOPMUPOBAHHBIE CHCTEMBI BEKTODOB, TO OHH
COBIIAJIAIOT €O CTpyKTypamu {pg} u {qx}, T.e.

Uk = Pk, (k:1,2,...,N) Vg = qk, (]{7:1,2,...,N).

B mpoTuBHOM Cciiyuae OHE COBMAJATH He OYIYT, HO MeXKIy HUMHU OY-
JIET CYIIECTBOBATE OMPEIeTeHHAS CBA3b.

JlJist perniennst MOCTABJIEHHOM 3a/1a491, & UMEHHO: BBIJIEJIUTH B 110~
JsX S U Z XOpOIIO KOPPETNPOBAHHBIE CTPYKTYPHI, KOTOPBIE OBI XO-
POIIIO OMUCHIBAIN WCXOHBIE TIOJIS, — BaXKHO, YTOOBI COOTHOIIEHUST
(12.1.4) u (12.1.5) 1OCTATOYHO TOYHO ANITPOKCUMUPOBAIN KOPPEJIU-
pyIoIye YacTH STUX TojIeil m mojeil B meaoM. B sTom cirydae BO3-
HUKAET BOMPOC: U3 KaKUX COODParKeHUil BHIOPATH BECOBBIE BEKTODHI
{ur} m {vg} m 6asucer {py} n {gx}? OueBnnmO,9TO OHE ITOTKHBI
06/1a/1aTh HEKOTOPBIMU ONTHUMAJBLHBIMEU CBOficTBamMu. B KauecrBe ma-
TEMATUIECKUX KPUTEPHEB ONTHMATBLHOCTA MOYKHO B3ATH CIETYIOIIIE
COODPAYKEHNSI.

1. Ilpu durcupoBanuom uwuciae N <9/JIeHOB Pa3JIOKEHUST B COOT-
Homrenusx (12.1.4) u (12.1.5) goKHA BBITONTHATHCI MAaKCHMATbHAST
(nnm BBICOKAst) TOUHOCTH ammpokcumarn Marputbl Cy,. Ipyruvm
ciaoBaMu, et Sy U Zy — HOpuOIHAKEHHBbIE 3HAdeHHs monefi S u
Z COOTBETCTBEHHO, TO MOYKHO MOCTPOUTH TaK HA3BIBAEMYIO HCKYC-
CTBEHHYIO0 KOBAPUAIIMOHHYIO MATPHUITY

Cn =< Sn(t)Z}(t) >
1 B Ka4€CTBE MEPbl TOYHOCTH B3ATH YUCJIO

_ ||Osz — éNH%«“

, (12.1.7)
1Cs: 1%

N, N,
rae F'— oznagaer nopmy @pobennyca (||C’||12m = ij), KOTOpast
iJ

JIOKHA, OBITH MUHAMAJIBLHOIM.

2 2
2. CpegHexkBaIpaTUYHBIE TOTPENTHOCTH 05 U 0, AIPOKCHMAIAN

moJteit S u Z B y3/1aX CETKH JOJYKHBI OBITh MUHUMAJIBHBI. DTO O3HA-
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gaer, 9T0 6a3uchl {py} u {qr} JOMKHBI OBITH BLIODAHBI U3 YCIOBHIA:

0’? = nl}licn < [S_ g(plap%"' apN)]2 >,

) k:l,Z:...,N i ) (12.1.8)
O, = H(%;H <[Z_Z(QI7QQ77QN)] >
k=1,2,....N
B nacrosiiiee Bpemst it ONKUCaHUsI KOPPEIUPOBAHHBIX (DU3nye-
CKHUX IT0oJieit IIXPOKO HCIIOJB3YIOTCA CHHIYJIAPHbIE U KaHOHHYIECKHE
PA3IIOKEHUS.

12.2. Pa3ioxkeHne MaTpuUIibl 0 CHHTYJIIPHBIM Oa3zucam.
Haxoxk/1eHne KoppeImpoOBaHHbIX TAPMOHUK

W3 nuneitHoit aaredpbl U3BECTHO, UTO s JIODOM MPSIMOYTO/Tb-
HOW MaTPHUIBI A pazMepoM m X n CyIMEeCTBYIOT OPTOHOPMUPOBAHHBIE

CUCTEMBI BEKTOPOB U, ...,Ut U V1,...,VU TAKAE, 9YTO
ALl k<t AU k<t
A’Uk — kWk, > by ATUk — kVk> b
0, k>t 0, k>t,

rae ¢ < min{n, m} — panr marpuner A. Cucremsr {uy} u {vy} Ha-
3BIBAIOTCS CUHIYJIIPHBIMEU 0a3UCaM¥, A\f, — CHHIYJISIPHBIMY YUCIAME
marpunsl A. Marpuma A MoxkeT GbITH IIpeICTaBIeHa B BUE PA3JIO-
JKEHUsI

A=UAY, (12.2.1)

rie U u V — yHHUTapHbIE MATpPUIBI, TAKWe, YTO CTOIOIBI MATPHIIBI
U spasiorcst cobcrsenubivu BexTopamu marpuist AAT u npencra-
BJISIOT COOOI OPTOHOPMUPOBAHHBIN 0a3WUC, & CTPOKK MAaTPHUIBI V' co-
CTOAT U3 COOGCTBEHHBIX BeKTopoB Marpuibl Al A w mpesacrasigior
coboit TaKKe OPTOHOPMUPOBAHHBIN 0A3NC; TUATOHATBHBIE JTEMEHTHI
MaTpuilel A (m X n) SBISIOTCS CHHTYISPHBIME YUCTAME MATPUIIBI
A. Cron6upr marpur U u VT o6pasyior cunryasprbie 6a3uchr.

Takum 00pa3oM, ecin y HAC UMeeTcs MPSMOYTOIbHAs MaTPUIR
A, To, pernus 3a1a9u

AATuk = Azuk,

12.2.2
ATAQ)k = szk ( )
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Ha COOCTBEHHBIE 3HAYEHNUS, MBI HAleM CHHIYJISIPHBIE OA3UCHI N CHH-
ryJIsIpHBIe 9ncaa MaTpunbl A.

Bosbmem Temneps B KadecTBe MaTPHIBl A B3aMMHO-KOBaPHAIHOH-
uyio marpuny Cs, u pemmm 3anaun, ananornanbe (12.2.2). B pe-
3yJIbTATe IOIYyYUM HA0Op OPTOHOPMHPOBAHHBIX CHCTEM BEKTOPOB
{ur} u {vg}, a Takxke cunryaspHbix aucesa . Vcnonabp3yem renepb
cunarysapusre 6asncel {ug} u {vx} B KauecTBe BECOBBIX BEKTOPOB CO-
OTBETCTBEHHO st nosieft S u Z u seraucanm o dpopmyaam (12.1.6)
K03 DUIUEHTH pa3a0KeHus ar u by. T K03HPUIUEHTH MOKHO
WCIIO/Ib30BATH B Kad9eCTBE KOI(MDMUIIMEHTOB PA3I0KEHUT B COOTHOIIIE-
mrsx (12.1.4) u (12.1.5). Onu 061a1210T CIEAYIONIMI CBOHCTBAMIL:

1) <ap>=0,<b,>=0 (k=1,2,...,N). (12.2.3)

HeiicrBuresnbHo, Ha ocHOBe cooTHotenuii (12.1.6) MoxHO 3amnmcars,
910

<ap >= (up, < S(t) >),
< b >= (vg, < Z(t) >) (k=1,2,...,N).

Tak xax 1o oupenesnennio < S(t) >=< Z(t) >= 0, To u3 cooTHOIIe-
Huit (12.2.4) BeiTekaer coiicTBo 1.

Ak mpu | =k,

2) < apb; >= { 0 upn l?é L. (12.2.5)

JlokazaTenbCTBO:
< apb >=< ufSZTUZ >= uf <8SZT >y = ukTCszvl =

A mpu [ =k
_ T _ k p )
_“k”\””_{ 0 mpu [#Fk.

Tak kax xko3ddunmentsr KoBapuamun < gxb; > ONKUCHIBAIOT CTa-
TUCTUYECKYIO CBSI3b MEXKJy OA3MCHBIME BEKTOpAMU (CTPYKTypaMu)
Pr W q, TO TI0 WX BEJIUYNHE MOYKHO CYIUTH O KOPPEJSIINU MeXKITy
CTPYKTypaMmu pg B mojie S u q; B noje Z. Kpome TOT0, COOTHOIIEHME
(12.2.5) moka3bIBaeT, U4TO KaxK/blil BEKTOD P KOPPETUPYET TOIBKO
C OJHUM BEKTOPOM ¢, IpuIeM K03 DUIMEHTH KOBAPUAIUN PABHEI
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CUHTYAIpHBIM unciaMm Marpuiibl Cs,. Takum obpaszom, mo BesndnHe
CUHTYJISPHBIX YHUCET A MBI MOXKEM BbBIJIEJUTH B TTONIAX S U Z mapy
BEKTOPOB P U (i, KOTOpPbIe Hambosee TECHO KOPPEIUPYIOT IPYT C
JIPYTOM.

3) < apa >= u;szsul, < bpby >= vaszvl. (12.2.6)

U3 coornomenwuit (12.2.6) BuaHO, 9TO ecin BeKTOPHI {u;} HE NpUHAJ-
nexkar sapy marpuibl Csg, & BEKTOPHI {v;} He mpuUHAIeRAT APy
marputisl Cyy, T0 < apa; >F# 0w < bpby ># 0.

BamMeruM Tak¥Ke, 9TO eCJIM BEKTOPhl S u Z COBMAJAIOT, TO Ma-
tputia Cy, MEePexXouT B aBTOKOBAPHAIMOHHYIO MaTpuily Css W CHH-
ryasapHoe pasmoyxkenne MAaTpuiibl Csg TTOTHOCTHIO COBITATAET C HAXO-
JKJEHNEeM eCTECTBEHHBIX OPTOrOHAJBHBIX BEKTOpOB. JIpyrumu ciro-
BaMU, BEKTODBI Up W Vg COBIATAIOT, Ay HOCAT CMBICT JUCIEPCHit
K03 DUIUEHTOB pa3/I0KeHus, a KOIPMUIUEHTHI aBTOKOBAPHUAIUN
K03 UIMEHTOB PA3/I0KEHUsT PABHBI HYJIO, T.e. < apa; >= 0 mpu

k1.

12.3. OnruMmajibHbIe 0a3UCHI
CUHTYJISIPHOTO Pa3JI0O>KEHUS

[Iycrs s moseit S u Z B pe3ysbraTe CHHIYISPHOTO PA3JIOKe-
aust Mmarpuilbl Cs, moaydeHbl HAOOPHI BECOBBIX BEKTOPOB {uk}{v u
{vp}V u Beramenensr KosdbdummenTsr paznoxkenns {ag Y u {by V.
Torpga mus onmcanuss noneit S u Z B Buge coorHomenwii (12.1.4)
u (12.1.5) rpebyercst moCTPOUTH elle Takue CTPYKTYPbl (6asuch)
1P} m {Gx}Y, KoTOpBIE GBI MOZBOMATH ATIPOKCHMUPOBATE MO S
¥ Z B y3JiaX CETKU C MUHUMAJILHOW CPEIHEKBAIPATUIHON TOTPEIITHO-
crbio. Takue 6a3uChl, OYEBUIHO, MOKHO HaiiTu u3 ycaosuii (12.1.8).

Paccmorpum monpobHO 3TOT BOIIPOC HA MPUMEPE MOCTPOEHUsT OIl-
TUMAJILHOTO 6a3uca s nojs 4. g mois Z cripaBeinBoO COOTHO-
IIIeHue:

<(Z-2)?>=<(Z-2)T(Z - Z) >=
=< (27722272 +777) > . (12.3.1)
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[Moncrasum B (12.3.1) coornomenne (12.1.5) moka /s MpOU3BOIL-
roro Gasnca {gx}. Torma momy«mv

N N

N
<2%72 27275 bpap + Y gl S brgy >=
k=1 =1 k=1

=< 777> -2 Z < ZTbk > qr + Z Z < bbby, > ql qk- (12.3.2)
=1 k=1

O6o3naunm Beipaxkenue (12.3.2) uepes ® u OGymem paccMaTpUBaThH

ero Kak (pyHKIIMOHAJ OT BEKTOPOB (1, G2, - .. ,N. Kpome Toro, B co-

orHomennn (12.3.2) mpowsseseHnst BEKTOPOB 3allUINEM Yepe3 CKa-

JFgpHbIe Tpousseienus. Toraa moryanm

N
O(q,...,qn) =< (Z,Z) > =23 (< Zby >, qi)+
k=1
N N
+D D < bibk > (a1, n). (12.3.3)

I=1k=1

YTo0b! peruTh 3a4a9y MOCTPOEHUsT ONMTUMAJIBLHOTO Oa3muca, HeohXo-
IUMO HAWTU MUHUMYM 3TOTO (DYHKIIMOHAJIA 10 BEKTOPAM (1, - - - , (N -
Lt 3TOr0 HYKHO B3STh MPOU3BOIHBIE MO KAYKIOMY U3 ITHX BEKTO-
POB M MIPUPABHATH WX HYJIIO.

O6oznaunm  mpousBomuyto ® 1m0  BeKTOpy  ¢n  Uepe3
®g, (q1,---,qn). DTy NPOM3BOIHYIO MOXNKHO HAWTH U3 COOTHO-
IIIEHU S

‘I)(QbQZa---an +AQm7 aQN)—‘I)(QM yqmy - - - 7qN) =
= ((I):]ma Agm) +0(Agy),  (12.3.4)
rie Ag,, — GECKOHEYHO MaJjioe MPUPAIIEHNEe BEKTOPA (p,. TaK Kak

N

(g1, Gm + A, - qn) =< (Z,Z) > =2 (< Zbg >, qi)—
k=1

N N
—2(< Zbp, >, Aqm) + Z Z bibr, > (q1, qr)+
=1 k=1

N
=1
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TO
(I)(q17"'7qm+AQma"'7qN)_(I)(q17---7Qma---an) =

N
= 2(2 < by > QlaAQm) - 2(< Zbiy >7AQm)+
=1
+(< bmnbm > AQmaAQm) =
N

= 2((2 < bibm > q— < Zbp >)7AQm) + O(AQm)-
=1

W3 mocnemsero BhIpaXKeHUs CJAEIyeT, YTO MUHUMYM (DyHKITHOHATIA

(9.3.3) 110 BEKTODY ¢y, JOCTHUIAETCS HA BEKTOPE Gy, YAOBIETBOPSIO-

1IeM YCJIOBUIO
N

> <bbm > G =< Zby > .
=1

C ygeroMm COOTHOTIIEHUIH
< bbby, >=< UZTZZTQ)m >= vlT < 27T >, = UZTszvm,

< Zbyy >=< 27T > v,, = Cyom

TIOJTYy YAM

N
> ] Coovm = Cozvm,. (12.3.5)
=1

U3 coornomenus (12.3.5) ciemyer, uro

N
> anl =1. (12.3.6)
=1

Homuoxum Beipaxkenue (12.3.6) Ha BEKTOD Uy, TOTIA U3 OPTOHOD-
mMupoBanHOCcTH Oasuca {vg} momydnm, 9To

Gm = Um (m=1,...,N).

Ananornano MOXKHO MOKa3aTh, 9TO
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Takum 06pa3oM, ecii B KAIECTBE BECOBBIX BEKTOPOB BBIOPAHBI OPTO-
HOPMEPOBAHHBIE cHCTeMBI BeKTOpoB {uy ¥ m {vg}Y, To B KauecTne
ONTUMAJIBHBIX 0A3MCOB HEOOXOAUMO BHIOPATH ITU JKE CUCTEMbI BEKTO-
poB. IIpu srom B coorrommenun (12.1.7), corsacuo treopeme Crioapra
(Stewart G.W. Introduction to matrix computations. — Academic
Press, 1973. — 441 p.), obecreunBaercsi MAaKCUMAIbHAS TOTHOCTb.

Bamaua. [Iycte A € C™*" r — rank A. Tlokazarb, 4ro cyiie-
CTBYIOT IOJOXKHUTEIbHBIE YHUCIa 01 > ... > op > 0 U yHUTApHBIE
marpunpl U € C™*" V€ C™*™ rakue, 910

A=VXIU",
rIe
o1 0
E — .. c Can.
0 oy
Pemenne

ITocTrpoum marpuiy A* A, KoTopas sIBJISIETCS IIOJIOXKUTEIHLHO-II0-
nyomnpeaenennoii, T.e. A*A > 0. g takoit MaTpuilbl CyIIecTByeT
YHUTapHAsT MaTpPUIIA

U=1luy,...,u,] € C"*",

TaKasd, 4TO

U*A*AU = diag(o?,...,02).

n

[Ipegnomoxum, uto 0; > 0npu 1 < ¢ <rwuo; =0 apu ¢ > r. Ilycts
U, =[uy,...,u] u X =diag(oy,...,o.). Torma

UrA*AU, = X2
[Tocnenree cooTHOIIEHNE MOYKHO MPEJICTABUTH B BHUJIE
(2, U AN (AU, 2, ) = 1

Cnenosarensno, marpuna V., = AU, ! takosa, uto V}V, = I
(V; mMeer oproHOpMHUpOBaHHBIE CTOOIB). Torma moayduM, 9To

VAU, = %,.
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JocTpanBasi Tpou3BOIBHBEIM 00pazoM V, 70 YHUTAPHON MaTpHITHI
V € C™*™ y npuHnMasi BO BHUMaHUe BUJ V., Oy IUM

e [0
var=[% )



JEKIIU A 13

KAHOHUYECKIUI
KOPPEJIAIIMOHHBIN AHAJIN3

13.1. Kuaccunueckuii KOppeadMOHHBIN aHAIN3

Mg onmcanus caydaitabix dpusndeckux moneit S(x,t) u Z(y,t) u
M3YYEeHUs CBA3M MKy HUMHU MOYKHO MCIOIB30BATH KAHOHWUTECKMIA
KOPPEJIAINOHHBIN aHAJIHS.

[Ipencrapum nonst S u 7, Kak u OpexJe, B BUIE PsIIOB:

B N

Sy =Y apr, (13.1.1)

) k]:\rl

Zn = b, (13.1.2)
k=1

rae
a(t) = u” S(t), (13.1.3)
b(t) = v Z(t), (13.1.4)

U,V — BECOBBIE BEKTOPBHI,

P,q — CTPYKTYDHBI (6a3uch).

Kanonuveckuit KOppeIsnOHHBIN aHAIN3 MO3BOJISET BbIIEJIUTD
B 10X S u Z Takue JuHeiiHble KOMOMHALUK ¢ U b, KOTOpble UMEIOT
MaKCHMAJIbHBIE KOI(MMUIUEHTH KOPPEIIITIN:

< ab > = max;
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mpu 3TOM Tpedyercs, uTobbl K03 duiinenTo! ar u by ObLIN HOPMU-
POBAHBI HA CPEIHEKBAIPATUYHOE OTKJIOHEHUE, T.e.

<ai>=1, <bi>=1 (k=1,...,N).

Cy1iecTByOT ABa METO/Ia KAHOHUYIECKOTO KOPPEJISITMOHHOTO aHa~
JIN3a: KJIACCUYeCKUN KAHOHUYECKUN KOPPEIALMOHHBIA aHaJ/Iu3 U Ka-
HOHWYECKUN KOPPESIMOHHBII aHAJU3 C IpeIBApUTETbHON (Db
Tpauuei.

PaccmorpuM BHaUase KaacCUIecKWii KAHOHMIECKTN aHATINS.

B sTom Metozie BecoBble BeKTOPHI {uy }Y u {vy}Y maxomarca us
pellIeHns 3aJa4u:

<a(t)b(t) >=ul< St)ZT(t) > v = u’ C,,v = max
IPH YCIOBHSIX:

<a?(t) > = u'Cseu = 1,

(13.1.5)
<b*(t) > = vI'CLv = 1.
Hnga pemenust 3amaam (13.1.5) HA yCIOBHBIN SKCTPEMYM MOXK-
HO BOCIIOJIb30BATHCSI METOIOM MHOXKUTeseil Jlarpan:ka. OmHAKO MBI
MOCTYIIMM HECKOJILKO MO-UHOMY. BBeJeM BMECTO BEKTODOB Ui W Uk
HOPMUPOBAHHBIE BECOBbIE BEKTODPHI Uj ¥ Uy, TAKHE, ITO
_1
— 2 4
up = Css® Uy,
i (13.1.6)
— 25
v = Cu2 g

IMoxcrasue Boipaxenus (13.1.6) B 3aga4y (13.1.5), noaydnm, 4ro
oHa TPaHChHOPMUPYETCs K BHJLY

~ ~ _1 _1
<a(t)b(t) >= 4" Ao = max, A= Css2C,C.2

npu yCJIOBUAX:

(13.1.7)

(S5
Il
—_
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DTa 3a7a4a, 1o CYIIECTBY, HAEHTHIHA 3a/arle Ha CHHIY/IAPHOE pa3-
JIOYKEHUE MATPUITBI A, TOITOMY, BEIUNCINB CHHTYISIPHBIE DA3UCHT Ma-
TPUIBI A, MBI TEM CAMbIM TIOJIy YUM Ba OPTOHOPMUPOBAHHBIX Oa3nca

{ap} u {op}7:

r. )1 mpn k=I,
k 0 mpu Fk#I.

BecoBbie BEKTOPBI 4 1 v Bhraucasaiorcst 1o dpopmynam (13.1.6), u oran
yKe He OyIyT yIOBJIETBOPATH YCIOBHIO OPTOTOHATBLHOCTH, TIO3TOMY
OHM HE MOIYT OBbITh B35ThI B Ka4eCTBE ONTUMAJIbHBIX Gaszucos {py}
u {qx} B coornomenngx (13.1.1) u (13.1 2) (cwm. sexmumio 12).
CHHIYJISIpHbIE BEJMUUHBI Aj, MATPHIbI A HA3BIBAIOTCS KAHOHI-
yeckumu Koppensaiuamu. Oru aBasiorcs kKoaddunmenramu Koppe-
Januu Mexay Kodddunmentamu passioxkenus ap u by. Kosdpduru-
eHTBI PA3/IOKeHns BBIIUCISIOTCS 10 dopmynam (13.1.3) n (13.1.4)

7 yAOBJETBOPSIIOT YCIOBUSIM

<apa >=0, <bby>=0 mnpu k#I (13.1.8)

13.2. OnruMmajbHbIe 0a3UCHI
KAHOHUYECKOTO Pa3JI0>KEeHUS

Onrumasibable 6a3UCHI KAHOHUYECKOTO PA3/IOKeHNs OyIeM CTPO-
UTh 10 AHAJOTHH C ONTUMAJILHBIMU 0a3UCAMU CHHTYJISIPHOTO PA3JI0-
xerus. HamoMHUM, 9TO B KaUeCTBe ONMTUMATHHBIX DA3UCOB CIEIyeT
B35ITh TaKWe, KOTOPbIe Obl AlIPOKCUMUPOBaIN 1oyist S u Z B BUJE
COOTHOIIICHU:

N N
S=Y apr, Z=Y bidx
k=1 k=1

C MUHUMAJIbHOU CpeIHEKBaIPATUUHON MOIPENTHOCTBIO B y3J/1aX CeT-
KW, T.e.

< (S =S@p1,...,pn))% >= min < (S—=8(p1,...,pn))° >
i=1,2,...,N B
<(Z-2(q,..-.qn))") >= min < (Z—Z(q,..., )" >

i=1,2,...,N
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PaccvoTpuM 3ToT Bonpoc Ha npumepe noss S. s moss S crnpa-
BEJJINBO COOTHOIIIEHNE

<(§=8)2>=<(8§-9T(8-8)>=
=< (875 —2575 + 873) > . (13.2.1)

[Moncrapum B (13.2.1) coornomenne (13.1.1) moka u/asi MPOU3BO/IB-
HOro Gaszmca. B pesysibrare mosmydnm

N N N
< (STS — 28T Z arppr + Z azp;[ Z akpk) > =
k=1 =1 k=1

N N N
=<8Ts> -2 Z < STay, > pi + Z Z < aiap > plTpk. (13.2.2)
k=1 I=1 k=1

Ecmm a; n ap — xoabdunmenTs KAHOHUIECKOTO PABTOKEHUS OIS
S, TO TOrma CIPaBeIINBO COOTHOIIECHIE

< .- 1 opu [ =k,
@ik ==9 9 npu [ #k,

U3 KOTOPOro CJIefyet, uro Bhipakenne (13.2.2) npuamnmaer Bug

~ N N
<(S=9)2>=<8TS> -2 < STar>pr+3 plpe. (13.2.3)
O6o3naunm Boipaxkenne (13.2.3) uepes ® u OGymem paccMaTpUBATH
ero kak (pyHKI[MOHAJ OT BEKTOPOB P1, . .., PN . Kpome TOro, B COOTHO-
mernn (13.2.3) npousBeieHns BEKTOPOB 3alUIIEM Yepe3 CKaJsIPHbIE
npousBenenns. Torma moayaum

Q(plw"apN)::
N N

=< (5,8) > =2 (< Sa, >,pr) + > Pk, 1) (13.2.4)
k=1 k=1

st Toro 4To0BI HANTH MUHUMYM 3TOro (OYHKIIMOHAJIA 10 BEKTO-
paM pi1,p2,. .., PN, HY?KHO B3ATb IPOU3BOJHBIE TI0 KAXKIOMY U3 TUX
BEKTOPOB U NPHUPABHATH UX HYJIIO.
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O6osznaumm nponssoayio & mo BekTopy p; wepes @), (p1, ... ,pN).
DTy NPOU3BOAHYIO MOKHO HANTU M3 COOTHOUIEHUS

(I)(plap27 Ry U +Apl7 v 7pN)_ (I)(pla Ry JPR 7pN):
= (@}, Api) + o(Apy), (13.2.5)

rae Ap; — HEKOTOpoe OECKOHEYHO MAJIOe IIPUPAILEHHE BEKTOPa Pj.
Tak kak

@(plap%"'apl +Apla apN) =< (S?S) > =

N
—2) (< Sag >,pr) —2(< Sa; >, Apy)+
k;l
+ " (pr, i) + 2(p1, Apr) + (Apy, Apy), (13.2.6)
k=1

To Beipaxkenne (13.2.5) ¢ yuerom (13.2.4) u (13.2.6) npuobperaer
BH

(I)(pla"'apl+Apl7"'7pN)_(I)(pla---apla"'apN) -
= —2(< Sa; >, Apy) + 2(pi, Apy) + (Apy, Apy) =
=2((m— < Sa; >), Apy) + (Apy, Apy). (13.2.7)

13 coornomenus (13.2.7) ciemyer, uro

(I);)l(pl,...,pN) = Q(pl— < Sy >). (13.2.8)

[TpupaBHUBag HyJIO TPOU3BOAHbIE $) O BCEM BEKTOPaM, TIOTY9HM,
4TO

p=<Sa> l=1,..N. (13.2.9)

Ha cucreme Bexropos {p;}, [=1,..., N, Oyzer nanvenblas (cpe-

T IPYTHX CHCTeM BEKTOPOB {py V) cpemnekBagpaTHanas morper-
HOCTBH alIIIPOKCHUMAIINN TIOJIA S I10J1EM g

[Moncrasum B (13.2.9) Bopazkenne (13.1.3) masa xosddunmenTos
Pa3JI0KeHnd, TOrJa MOJIyINM OKOHYATE/IbHOE BbIPDazKeHue /1 OITH-
MaJIbHOTO Oazuca

P =< SST > u; = Cysuy. (13.2.10)

AnanornyabiM 06pa3oM MOXKHO IIOCTPOUTH DA3UC I MO 7 .
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Paznoxxenune mo KaHOHUYIECKOMY Oa3WUCy IMO3BOJISET BBIIETUTH
Hanbojiee CKOppPEeIUPOBAHHBIE CTPYKTYPhI B moisax S u Z. Onna-
KO €CJIM B 9TUX IMOJIIX, KPOME MCTUHHBIX 3HAYEHUI TIOJIeil, TPUCyT-
CTBYET €Ille W IIyM, TO STOT IMOJXOJ CTAJKUBAETCS C HEKOTOPBIMHU
TpyaHOCcTsMu. B camom mese, T.K. KOI(MDMUIMEHTHI PA3JIOKEHUS 10
KAHOHUYECKOMY 0a31Cy HOPMUPOBAHBI HA CPETHEKBAIPATUIHBIE OT-
KJIOHEHUsI, TO HAnbOIee CKOPPEINPOBAHHBIMUA MOTYT OKa3aThCd Tap-
MOHWKW, ONMUCHIBAIOIIHME IIyM. Jljisi yCcTpaHeHus: 3TOro HeIOoCTaTKa
OBLI IPE/JI0KEH KAHOHUYIECKUY KOPPEIAIMOHHBIN aHAIU3 C IPeIBa-
pUTeNBbHON (DUTHTPAIIIEI.

13.3. KaHoHun4eckuii KOPppeJadIMOHHbII aHAIN3
C IIpeaBapuTeabHOl duabTpanuei

W mest TOro moaxoma COCTOUT B TOM, 9TO BHAYAJIE OJIA S U 4 pac-
KJIQABIBAIOTCA IO SMIIUPUIECKUM OPTOTOHAJIBHBIM BEKTOPaM WJIN II0
CHHTYJIIPHBIM 6a3mcaM, 3aTeM 0/ (PUIBTPYIOTCS IIyTeM HCKJII0Ue-
HIA BBICOKOIACTOTHBIX TaPMOHUK W K (bl/IJII)TpOBa.HHbIM IOJIAM TIPpU-
MeHdeTCd KJIACCUYeCKU KAaHOHUYECKUIl KOPPEIAlMOHHbIA aHAIN3.

[Ipencrapum mosist S u Z B BUJE PA3JIOKEHUI 110 SMIUPUIECKUAM
OPTOrOHAIBHBIM BekTOpaM {pg 1V i {qp }1V*:

N

S=>" appy, (13.3.1)
k=1
N.

Z =" by, (13.3.2)
k=1

npudeM COOCTBEHHBIE BEKTOPBI 3aHYMEPOBAHBI B MOPSIKe YOBIBAHUS
cobcrBenHbIxX uncen. Torma mociennre cOBCTBEHHBIE BEKTOPHI OYIyT
ONMMCBhIBATH BBICOKOYACTOTHBIE TaPMOHUKM, OTHOCAIINECA TJIaBHBIM
obpazom K mrymy. IlycTs, Kpome TOTO, HAM U3BECTHO, YTO BEKTOPHI S
U Z TOMYYeHbI C OTHOCUTEJbHBIMU CIYYAWHBIMU MTOTPEITHOCTIMU €4
u €, coorBercTBeHHO. Torma st punabrpanuy moseir S u Z, 09eBu-
HO, B coorHomenusx (13.3.1) u (13.3.2) HEOOXOAMMO OCTABHUTEH TaKOe
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koaudecTBO N1 u N JTUAUPYIOMIUX TAPMOHUK, YTOOBI BBIMO/IHSIINCH
COOTHOIIIEHUS:

1 1
Q2 2 2 2
<(S=8)°> > el <(Z-2)"> > e
< 8% > <7Z?>
rae S’ w7z — 0TUIBTPOBAHHBIE TTOJIS:
S=>" appy, (13.3.3)
k=1
~ N2
Z =" by (13.3.4)
k=1

K ordumsrpoBanusM momsayM S u Z Temeph MOXKHO IPHMEHSITH
KQHOHUYIECKUI KOPPEIIINOHHBIN anaan3. s ymenbienns pa3mep-
HOCTH 3a/1a9i KAHOHUIECKHUiT KOPPEJIAIIOHHbI aHaIn3 yI00HO c/e-
JIATH He B IPOCTPAHCTBE BEKTOPOB S U Z, a B HPOCTPAHCTBE KO-
dburmenTos paznoxkenus {a} u {b} 3TUX BEKTOPOB.

Urax, Mbl nmeem nabop sextopos a(t) = (ai(t),...,an, ()T u
b(t) = (b1(t),...,bn,(t))T. st 5THX BEKTOPOB MBI TIOCTPOEM TAKHe
JINHEHHbIE KOMOMHAIINY — KAHOHUYIECKNe KOI(MDMUITUEHTH Pa3/IoKe-
HUA:

a(t) =ula(t), (13.3.5)
B(t) = vTb(t), (13.3.6)
KOTOpPbIe OBl OBbLIM MaKCHMAJIBLHO CKOPPEINPOBAHBI, WHAYE TOBOPS

< aff >= max. Becosrie BekTopsl {uy} n {v} B 3TOM C1yUae Haxo-
OATCI W3 COOTHOIIEHUNA

_1
U = Caa2 ’E[/k, (1337)
_1
Vg = Cbe@k, (13.3.8)
riae Caa n Cbb — JHUaroHaJIbHbIE MaTPHIbBI, JIEMEHTaMM KOTOPBIX

SABJIAIOTC ucrepcuu K03 duimenToB pasjoxenus ¢ u b coorser-
CTBEHHO; & BEKTODHI {U)} u {0k} ABIAIOTCS CHHTYISIPHBIMA OA3WCa-
MU MaTPUIBI

~ _1 _1
Cab = Caa2 Cﬂbcbb2‘ (1339)
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Bexropsr {ug} n {v} aBasiOTCS BECOBBIME BeKTOpaMmu B IIPO-
crpancTBax K03 dunneHToB pasioxkenus. Ham ke HEOOXOIUMO BbI-
IUC/INTH BECOBBIE BEKTOPHI B MMPOCTPAHCTBAX BEKTOPOB S 1 7.

[IpencraBum BekTOPHI @ 1 b KO3DDUITHEHTOB PABIOKEHUSA TOJIEH
S u Z 1o SMIUpUYeCKUM OPTOrOHAJBHBIM Oa3ucaM B BUJIE:

a = PTS,

(13.3.10)
b=QT7Z,

rae cToabinl MaTputt P u (Q cocroar u3 N1 u Ny BeIyIIIX SMITPHAYe-
CKHMX OPTOrOHAJILHBIX BEKTOPOB {pk} n {qx} coorsercreenno. ITocie
nozcranoBku coorHomennit (13.3.10) B (13.3.5) u (13.3.6) moyunm

COOTHOIIIEHUS
o = u} PT'S,

/6142 = UZ’QTZ,

"3 KOTOPBIX CJIEAYET, 9YTO BECOBBIE BEKTODPHLI B MPOCTPAHCTBAX BEK-

TOpoB S 1 Z omnpenensorcs (popMmyiamu

u = Puyg,
o * (13.3.11)
U = Qug.

Koadbdunmentsr o u B ¢ yaerom coornomennii (13.3.11) 3anu-
IIyTCA B BUJE
ap = &gS’,

13.3.12

T.e. qf U [ MOXKHO PacCMaTpUBAThL KaK KaHOHHYECKHe Kodhdurm-
eHThl pa3/i0yKeHus nojeir S u 7.
s mpeacTaBaenus moieit S u Z B BUIE PSIIOB

~ Nl
S = Z akﬁka
=1 (13.3.13)

ANR
Il

N2
> Bri,
k=1
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KOTOpbIE Obl ANMpPOKCUMUPOBAJIN HAIIM TIOJIsl B y3/1aX CETOK C MHU-
HUMAJIBHBIME TIOTPEIIHOCTSMU, HAM HEeOOXOJMMO BBIOPAThH €le Oll-
Tivasbabie Gasncsr {Pg YVt w {Gp} 2. Cormacko dbopwyre (13.2.10)
5TU GA3UCHI OMPEIETIOTCS COOTHOMIEHUSIMH

= Cssa )
bh N (13.3.14)
Gk = C. 0.

MakcrnManbHO CKOPPETNPOBAHHBIMI TAPMOHUKAMU B TIOJISAX S H
Z 6yayT Te, KOTOPbIE COOTBETCTBYIOT MAKCHMAJIbHBIM CHHTY/ISIPHBIM
amcaam marpuier Cyy (13.3.9).

AnamornaHeIM 00Pa30M MOXKHO MOCTPOUTEH KAHOHUIECKOE PAa3JIo-
JKeHue mojieit S u Z 1mo KaHOHWYECKUM 0a3ucaM ¢ MpeIBapuTe/bHOM
dunabrpanmeit moseit mo CUHTYJIIPHBIM 0a3UCaM.

3amaua. [lycrs mMeroTcs aBe BBIOOPKM Cy9ailHBIX BEKTOPOB
X ={Xy,..., X} uY = {Y1,...,Y,}, cpenune 3HaueHus KOTO-
PBIX paBHBI HYJIIO, ¥ OIleHeHbl KAHOHMYEeCKHne KOd(MMOUIMEHTH KOP-
PeJIFnun p1,. . ., Pp MAPHI CIyJaiiHEIX BeKTOpoB X,Y, e p1 > p2 >
> ... > pp, p <min(m,n) u p; =0 opu i > p.

[Mokazarh, Kak HamgIydmmM 00pa3oM (C MUHUMAJILHON CpesHe-
KBAIPATUIHON TIOTPENTHOCTHIO) OIEHUTH BEKTOP Y 10 M3BECTHOMY
BeKTOpy X, HCIO/IB3Ys Pe3yTbTaThl KJIACCUIECKOr0 KAHOHUYECKOTO
aHaJjIn3a, eC/iu 3TH BEKTOPH! HE MPUHAJJIEkKAT YKA3aHHBIM BbIDODKAM.

Pemenne

IIpencraBum ciayuaitabie BeKTOpbl X n Y B BUE alllIPOKCAMUPY-
IONIUX PSITOB:

=

p
Z AkPk>
1

k

~h
I
M=

bkpk:a

B
Il
—

IOJIy9eHHbIX B pe3yJbIaTe pa3joKeHus BeKTOpoB X U Y IO omTu-
MAJIbHBIM (a31CaM KAHOHUIECKOro pasnoxenus: {pgth_q, {akHh_.-

B srom cirydae perenue 3ajadi CBOJUTCS K HAMJTydIIed OIEH-
ke BekTopa b = (by,b2,...,b,)" KO3DDUIMEHTOB pa3IOKeHHs [T0-
751 Y 1O M3BECTHOMY BEKTOPY G = (@1,a2,...,ap)", Tak Kak Oasmc
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{qi}¥_, ye onpesesnen B pe3yjbTaTe KAHOHUTIECKOrO aHamm3a. [is
9TOTO BOCIIOIB3YEMCST METOIOM PETyKIHH (CM. JIEKITHIO 7, 3amady 1).
Hawmnyumrast B cpegHeKBaJIpaTUIHOM OIEHKA BEKTOpa b gaercs co-
OTHOIIEHIEM
b = Ra,
rre
-1
R=CuCy .
Tak kak kaHoHmveckue koddbdunuentsr Koppenauuu p; (1 =
=1,...,p) onpenensaorcs bopMyIaMu
< abj >= dijpi,
rie
1 mpu =y,
dij = o
0 mpm i #j,
TO KoBapuarmonnas mMarpura Cg, UMEET BUT
P1
Cao=1]10 "-. 0
Pp
YuuThiBag TakxkKe CBOHCTBO K03(bdUIMeHToB pasaoxenunsa b; (i =
=1,...,p)

1 mpu k=I,
< bpb >=
0 mpu k #I,
MOy IUM, UTO
1
b =10 . 0|=1
1

Torma omenka BeKTOpa b OTIpenensIeTcst COOTHOITEHWSIMI

b; = pia;, 1=1,...,p,

a HaWIydIlee pelllenne Hallleil 3a/1a91 3alnIIeTCs B BUJIE

2 LA
Y = Z bqu.
k=1



JEKIIN A 14

KJIACTEPHBIT AHAJIN3

14.1. BBeneHue u ompeaesieHUA

IIpu obpaborke maHHBIX HAOIIOMEHWI WM YUCICHHBIX DKCIIEPU-
MEHTOB MHOI/Ia BO3HUKAET HEOOXOINMOCTh PA3Ie/JINTh NCXOTHYIO CO-
BOKYITHOCTH JTAHHBIX HA OJHOPOHBIE MOAMHOXKECTBA, T.e. Kaaccudu-
IUPOBaTh nX. [loHATHE OTHOPOIHOCTH OOBLIYHO BBOIUTCS MCXOMIS U3
KOHKPETHOI 3aaum uccienoBanus. Kiaaccudunupyembie 00bEKTHI
MOT'YT UMETH CAMYIO Pa3INUIHYIO IPUPOY, HAIPUMED: BEKTOPHI T'e0-
dusmyeckux mosei, 3aJaHHbIe B y3JIaX CeTKW, HAOOP KHUI B HAYY-
HOM OmbmoTeke m T.7. MeToanka KaacCupUKAIINT TTO3BOISET BhIIe-
JINTH U3 MHOXKECTBA, 00EKTOB TAaKUE, KOTOpbIe ObI MMeH KaKue-no0o
O/iM3KHMe CBOIMCTBA, T.e. TPUHAJIEYKAIA HEKOTOPBIM K/IacTepPaM, I0-
9TOMY KJIACCH(DUKAITIS HOCUT TaKKe Ha3BaHNEe KJIACTEPHOTO AHAJIM-
3a. 3aMEeTHM, 9TO He CYIIECTBYeT eIMHCTBEHHO "TIPaBUJIBHON’ KJrac-
cudukanmn Kakoro-imbo HabOpa JAHHBIX. Pa3judHble UHUCTEHHBIE
crparernu OOBIYHO MPUBOAAT K COBEPIIEHHO PA3HBIM PE3yJIbTATaM.
Boobire anropurM KaaccuuKAIRE COCTOUT U3 ABYX OCHOBHBIX IIIa-
TOB: BBIYKC/IEHNE METPUKW WJIM ITOKA3ATEIEH CXOICTBA ¥ IOIIArOBOE
mocTpoeHune KyiaaccoB. MeTpuka uin MoKa3aTe Tl CXOICTBA BBIUUCIS-
IOTCS Ha OCHOBE HEKOTOPBIX ITPU3HAKOB 00HEKTOB.

B s70it steknum MBI pacCMOTPUM TaK HA3BIBAEMYIO HepapXude-
ckyto Kiaaccudurammo. [Ipu Takoit KiraccuduKamm rpyIobl paccMa-
TPUBAIOTCS MMOMAPHO KaK BO3MOXKHBIE KAHIUIATH I O0'be IUHEHWSI.
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Kpurepuem obbeauHeHMs CIyKUT BO3MOXKHO MEHBIIIEE YBeJIMIeHne
HEOTHOPOHOCTU BHYTPH TPYIIIbLI TPU 00beIMHEHNN.

QopMupoBaHUE CUCTEMBI KJIACCOB MOYKET HAYMHATHCS C HEOOJIb-
IIUX KJIACCOB, COCTOSINIUX JaXKe U3 OJMHOYHBIX 0ObeKToB. M3 Hux
mar 3a marom obpasyiorcs 6osiee mu MeHee OJHOPOIHBbIE 00beau-
HEHHBIE KJIACCHI. DTOT MPOIECC HA3BIBACTCS NEPAPXUIECKON BOCXOIsI-
mieit kyraccudukanueit. Bo3moxken u 00paTHBI TPOIECC MOIITAr0OBOTO
pa3zeseHns KJIacCoB Ha JBe YACTU, HAUMHAS C MHOXKECTBA BCEX dTe-
MEHTOB W KOHYAd OJHOIIEMEHTHBIMHU KJjaccamu. Takas mporeaypa
HAa3bIBAETCS UEPAPXUIECKON HUCXOMAIIEH Kaaccudukaiueit. Y Kazan-
HBIE JIBe KJIACCU(DUKAITMOHHBIE CXEMbI TAIOT B PE3yJIbTaTe MepaAPXUI0
KJIACCOB.

14.2. Mepsl cxozcTBa U pa3anvdus

MBI paccMOTpUM MEPBI CXOJCTBA, MEXKJIy ABYyMsi O0beKTaMu WJIH,
9TO MeHee 0OBITHO, MeXK /Ty AByMs mpu3nakamu. CTporo roBopsi, yBe-
JIMYEHUE TOJIOKUTEJIHHOW MEpPhl COOTBETCTBYET YBEJWYEHUIO CXOJI-
CTBa B CIydae Mepbl CXOJICTBA W YMEHBIIEHUIO CXOJICTBA B CIydae
MEpBI Pa3Indus, OJHAKO 9TO Pa3aIudhe He BCerya COOJIOIaeTcs, u
vacTo B 000MX C/IydasX TOBOpPAT O Mepax cxoiacTa. Ha mpaxkTuke
BCE COBPEMEHHBIE CUCTEMBI KJIACTEPHOTO aHAIN3a UMEIOT JEeJI0 C Me-
paMu pa3audus.

B snurepaTtype MOXKHO HAiTH OPOMHOE KOJTMYECTBO Tpejara-
eMBbIX Mep, HEKOTOpPbIE M3 KOTOPBIX JOBOJBHO HEOOBIYHBI, OJHAKO
MBI OTPAHUYUMCS CIeAyonmMu Mepamu: 1) kKoadbdumnment koppe-
AAnuK; 2) Mepbl, OCHOBAHHbIE HA IBKJIMJIOBOW METPHKe; 3) MephbI,
OCHOBaHHBIE Ha MAaHXETTEHCKOI Merpuke; 4) nH(OPMAINOHHBIE MeT-
puku. Paccmorpum KaKaplit w3 9TUX KJIacCOB. Bymem 0003HaYaTH
T1j ¥ Tgj 3HAUEHUS j-I'O UUCIOBOIO IPU3HAKA JJIF IBYX OOBLEKTOB.
B ciywae GunapHBIX NPU3HAKOB MCNOAL3YyeM (a, b, ¢, d)-0003Hauenms,
r7e @ — YUCI0 MPU3HAKOB, KOTOPBIMHU 00/1a1af0T 06a obbekTa; d —
YUCI0 MPU3HAKOB, HE BCTPEYAIONINXCSI HU Y OIHOTO U3 JABYX OOBEK-
TOB; b M ¢ — uUmMCIa TPU3HAKOB, KOTOPHIMHU 00JIa1aeT TOJIHKO OINH
3 00beKTOB. JIpyrue CUMBOJIBI U TEPMUHBI OYIYT OMPEIe/SAThCA 10
Mepe Hag00HOCTH.
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14.2.1. Koaddbunuenr koppeJsisimn

Kosddurment Kopperanuu HCIoab3yeTcsa B KJIACCHIECKOR CTa-
TUCTHUKE KaK Mepa CBA3M MeK1y AByMs rnepemenubiMu. [Iycrs ;5,25
— BHAYEHHd j-TO U Kk-T0 IPU3HAKOB COOTBETCTBEHHO -0 ODBLEKTA,
BXOJAIIEro B aHcaM0O/ib, cocrodmiuii u3 N 00bEeKTOB, U IMyCTh Zjm
Tj — CpeIHHe Mg 3TUX JABYX IPHU3HAKOB IO BceM obbekTaMm. Torma
K03 DUIMEHT KOPPEIANUT MEXKTy jJ- U Kk-TIPU3HAKAMU BBIYUCISIIOT
o opmyie

Z(wij —Zj)(zi — Tp)
Tk = . :
J \/Z(IBU —Z;)? Z(xik — Tp)?

i

(14.2.1)

B Boruucienusx ob6pr9HO 3Ta POpMysTa HE TPUMEHSETCS W3-33 Ha-
KOTLJIeHUS OMUOOK, CBA3AHHBIX C BBIYUTAHUEM CPEIHEr0; YNCIUTE/H
3aMeHSeTCd TOXK/IECTBEHHO PaBHBIM BblpayKeHHEeM

1
> ik — - Yowip Y ik

B 6unaprom ciaydae, Korja j;, Tir—1 nam 0, MbI MOXKEM HCIIOIb30-
BaTh obo3HaueHus a,b, c,d. Popmyna aaa KoddduimenTa Koppes-
MW, W3BECTHOTO B 9TOM Caydae 00bIdHO Kak (p-kodddurment [Tup-
COHA, TPUHUMAET BU/I
~1/2
(ad — bc)[(a +0)(a+c)b+d)(c+ d)] .
14.2.2. EBkjin1oBa METPUKA —
5T0 MeTpuKa MUHKOBCKOTO BTOPOTO TIOPAIKA, OTPEIeaseMast

dopmyioit

1/2
} (14.2.2)

p(r1,12) = {Z(ﬂﬂlj — 13;)°
J
14.2.3. ManxeTTeHCKasd MeTpukKa —
9TO METPHKA, SIBJIAIOIIALACT YACTHLIM CIydaeM MeTPpUKH MuHKOB-
cKOro mopsaka 1, ompenensgemas GOpMyIoit

p(xy,x9) = Z |15 — 224 (14.2.3)
J
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14.2.4. UadopmanmoHHasi CTATUCTHUKA
PaccmorpuMm mHekoropyio dusndeckyo cucreMy X, KOTOpas MO-

KeT MPUHNMATH KOHEYHOe MHOYKECTBO COCTOSIHUH ¥1, T2, ..., Ty C Be-
POATHOCTAMU P1, P2, - - - y Pn, TIE
pi = P(X =) (14.2.4)

— BEPOATHOCTDH TOTO, YTO CHCTEMA HAXOAUTCS B cocrogunn ;. Ode-
BU/IHO, YTO

> pi=1 (14.2.5)
=1

IIpemgnomoxum, 9TO cocTOsiHMe cucTembl X 3apaHee HEU3BECT-
HO, T.. OHA CJIyYaiiHBIM 00pPa30M MOXKET OKA3aThCS B TOM WJIA WHOM
cocroguuu. Takoit cucreme MPUCYIA HEKAsl CTENEeHb HEOIPeesIeH-
Hoctu. B KavgecTBe Mephl ampuoOpHON HEOMPEeIeIeHHOCTH CUCTEMBI B
Teopun wHMOPMAIUY TPUMEHSETCS CIeIUaIbHAsd XapPaKTEePUCTUKA,
Ha3biBaeMas suTponueil. [longTue 06 SHTpoONUN SB/ISIETCS B TEOPUN
nHMOPMAIUU OCHOBHBIM.

DHTpOMNMell CUCTEMBI HA3BIBAETCS CYMMa TPOU3BEIEHUI BEpOsiT-
HOCTEI Pa3JUYHBIX COCTOTHUI CHCTEMBI Ha, JIOTApUMOMbI 3TUX BEPO-
SITHOCTEH, B3dTasi C 0OPATHBIM 3HAKOM:

n
H(X)=- Zpi log p;. (14.2.6)
=1

3HaK MUHYC Tepell CyMMOil MOCTaBJIEH JJIsi TOrO, UYTOOBI HTPOIUSI
OBLIA TOJIOKUTEBHON (YMCIa p; MEHbIIe eJUHUIBI U UX JIOTAPU(DMBI
orpunarenbubl). Jlorapudm MoxkeT ObITH B3AT TpU JI060M OCHOBa-
Huu ¢ > 1, BEIOOp KOTOPOTO PABHOCUJIEH BBIDOPY €IUHUIIBI U3MEpe-
HUS SHTPOIINHN.

QuTponusa 00aTAeT PSIOM CBOWCTB, OIPABIBIBAIOIINX €€ BbI-
060p B KauecTBE XAPAKTEPUCTUKU CTEIEHW HEeOmpeieeHHoCTu. Bo-
MIEPBBIX, OHA 0OpAIAETCA B HYJ/Ib, KOTJIA OJTHO W3 COCTOSTHUI CUCTEMbI
JIOCTOBEpPHO, a Jpyrue — HEeBO3MOXKHBI. BO-BTOPBIX, TIPU 3aJTaHHOM
4uc/ie COCTOsIHMIT OHAa oDpalnaercss B MaKCHUMYM, KOTJIa 9TH COCTOS-
HUS PABHOBEPOATHBI, & IPU YBEJTMIEHUN YNCTA COCTOTHUN — yBeJIN-
unBaercsi. Hakomely, 1 510 camoe rjaaBHoe, oHa 00J1a/1aeT CBOHCTBOM
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AJUTITUBHOCTH, T.e. KOT/Ia HECKOIbKO HE3aBUCHMBIX CUCTEM O0heIn-
HSIIOTCS B OJHY, WX SHTPOMUS CKIATBIBACTCS.

Nwmeer MecTo cemyiomas TeopemMa:

Ecnu e cucrembr X C R" uY C R™ o0beuHSAIOTCS B OJIHY, TO
suTpomnus oobeaunernoi cucremsl H (X, Y') paBHa SHTPOIUU OHOM
U3 ee COCTaBHBIX yacreil mioc yeaosaas surporus H(Y|X) Bropoii
YACTH OTHOCHUTEIBLHO TEPBOii:

H(X,Y)=H(X)+ H(Y|X), (14.2.7)

e
n

H(Y,X) ==Y > Pijlog P(yj|z); (14.2.8)
i=1j=1

Pij = piP(yjlx;)

— BEPOSITHOCTH OJHOBPEMEHHOIO IOSBJIEHHs COOBITHH ; € X u
y;j € Y. Ecim cucremsr X n'Y mesaBucumbl, To coorrommenne (14.2.7)
IprodpeTaeT BU

H(X,Y)=H(X)+ H(Y), (14.2.9)
B IPOTUBHOM C.quae
H(X,Y) < H(X)+ H(Y). (14.2.10)

Tak xKax MbI OIPEAEINUIN SHTPONUIO KAK MEPY HEOIPEeIeTeHHO-
CTU COCTOSIHUSI HEKOTOPOU (hU3UIECKON CUCTEMBI, TO OYEBUIHO, UTO
B pe3y/IbTaTe IO/IyYeHns CBeJICHUI HeOPEIeJIeHHOCTh CUCTEMBI MO-
KeT ObITh yMmeHbIieHa. dem Hosbiie 00beM MOy IYEHHBIX CBEJICHMUIA,
geM OHHU Dojiee cojep:KaTelbHbl, TeM 0ojibiiie Oymer uHGOpPMAIHS
0 cucremMe, TEM MeHee HeolpejeeHHbIM byzer ee cocrosinne. Ecre-
CTBEHHO MMO3TOMY KOJTHIECTBO NH(MOPMAIUN U3MEPSITH YMEHbITEHUEM
SHTPOIHUHU TON CHUCTEMBI, [IJIsl YTOUHEHWST COCTOSIHUSI KOTOPOW Tpej-
Ha3HAYEHbI CBEJIEHUS.

Paccvorpum HekoTopyio cucremy X, HaJl KOTOPOI TPOU3BOINAT-
cs HaDJTIO/IeHIe, U OIeHUM UH(DOPMAIIUIO, IOy IaeMyI0 B Pe3yJIbTaTe
TOTO, YTO COCTOSTHUE CUCTEMBI X CTAHOBUTCS MOJTHOCTHIO U3BECTHBIM.
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Ho nonyuenns csenenuii (anmpuopn) sHTponus cucreMbl 6bta H (X);
[OCJIE TIOJTYYeHUsl CBEJIEHNI COCTOSTHIE CUCTEMBI MOJTHOCTBIO OIPeIe-
JILJIOCH, T.€. SHTPOMUs cTaja papHoit Hysr0. Obozuaunm I, uaOP-
MAIHIO, MOJIYYAeMYI0 B PE3YJIbTaTe BBISCHEHUS COCTOSHUS CHCTEMBI
X. Ona paBHa YMEHBITEHUIO SHTPOINN:

I, =H(X)-0

N

I, = H(X), (14.2.11)

TO €CTh KOJIMYECTBO nHMOpMAaIMU, TProOPEeTaeMoe TP TIOJTHOM Bbi-
SICHEHUH COCTOSHUST HEKOTOPO# (hU3NIECKOil CUCTEMBI, PABHO SHTPO-
IIUU 9TOI CUCTEMEL.

[Iycrs nrdopmarmonnoe comep:kanne AByxX cucreM X 1 Y paBHO
coorsercTBeHno [, u Iy u mycTh 00e cucTeMbl 00bLeJNHEHB! B OJIHY
rpymnmny Z ¢ na@OpMAIMOHHBIM cogepxKanueM I,. Torma Mo:KHO ompe-
nenTh WHPOPMAIMOHHBIN BBIUTPHINT OT 00bLEIUHEHUsT TBYX CUCTEM
dopmyiioit

Al =1, — (I, — 1)

njiim

AT = H(X,Y) — (H(X) + H(Y)). (14.2.12)

14.3. Crparerus o0beaunHEeHUS

Paccmorpum onwa u3 mambosee rubkux u MHGOPMATUBHBIX Me-
TOJOB KJIACTEPHU3AIUU — BOCXOSIILYI0 NEPAPXUIECKYIO Ktaccupuka-
nmio. IIpexxae geM CTpONTh CTPATErnio O0hHEeIMHEHNS, TAJINM HEKO-
TOpBIE OIIPEJIe/IEHNUSI.

[Iycts MBI MMeeM HEKOTOPOE MHOXKeCTBO HabsomeHuit X =
= {z1,22,...,xN}, cocrosiiniee u3 N peasmsauuit z;, 1 = 1, N,

KOTOPbIE MPUHAJIEXKAT TPOCTPAHCTBY cocroguuit R™, T.e.
zi = (zi(1),...,zi(m)).

ITox ognopoaueim Kiaaccom C), (HIH IPOCTO KIACCOM), TA€ P —
HOMED KJjacca, OyJleM IMOHMMATh IPyHiy OMM3KUX APYr K Jpyry
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(B HEKOTOPOii BHIOPAHHON METpPHKE) JEMEHTOB MHOXKeCTBa X . DTa
CPYIITa 5JIEMEHTOB PACIIONOKEeHa Ha HEKOTOPOM YIAJTEHUH OT JPYTHX
TPYIIIL JIEMEHTOB 1 HE paB6HBa.eTC${ Ha CTOJIb 2K€ yJaJICHHbIE JaCTH.

Uepapxueit H?, rie (Q — KOIMUeCTBO ypOBHEl B MEpapXUH, Ha
MHOKecTBe X Ha3bIBAETCS CHCTeMa mogMHoKkecTB (kmaccos) Cp C X,
p=1,..., Takas, 4TO:

1) X C HY;

2) ecnmn pasmuunele knaccel Cp, u Cp uz H Q umeror HemycToe
nepecedenne, To o0 C), C Cy, mubo C) C Cp.

Ypoeuem W1 = {ci,... ,ng}, rme q =0,...,0Q — HOMEp yPOB-
HSI, Py — YUCIO KJIaccoB Ha sToMm yposue, 1 < p, < N, uepapxun
H® masbiBaeTcs crcTeMa MOJMHOMKECTB (KJTACCOB) C} raxag, uro:

Q
1) HO = U 9§ ;

q=0
2) X Ccvf, VYg=0,...,Q;

3) mea moobx Kracca Cf n C} omHOrO ypOBHS HEpAPXUI IMEIOT
TOJIBKO mycroe nepecevenue, T.e. ecm Cf C Ul n Cl c Wi, To
C’gﬂClq:®Hle7ép.

OCHOBBIBH.?ICB Ha 9TUX OIIPpeae/IEHNAX, MO?KHO CKa3aTh, 9YTO KazK-
Toe HAOJIIOAEHNe IIPEeICTaBIIeT CODO0i OTHOPOTHOE MHOMKECTBO, CO-
CTOsIIIIee U3 OJHOTO DJIEMEHTA MHOXKeCTBa, X :

Czo = {xl}a 1= I,—N,
a COBOKYIIHOCTDH 9THX 3JIEMEHTOB
vy ={C7,...,C}}
€CTh MCXOJIHOe MHOXKECTBO, WJIU HYJIEBOI YPOBEHb HMEPAPXUU, T.€.

N
X=0)={JC}
=1

Ha mociegaem ypoeHe () BOCXOIAIIEH HepapXun BCE SJIEMEHTHI MHO-
KecTBa X TPUHAJIEKAT eIUHCTBEHHOMY KJIACCY:

¢ ={c?), =X
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Harnanno mepapxmio MOXKHO TPEICTABUTL B BUJIE JEPEBa, Y3JIbI KO-
TOPOT0 — KJIACCHI, & BETBU — CBSI3W MEXKTY KJIACCAMU HA PA3TNIHBIX
YPOBHSIX MepapXuu.

Sajaueit mepapxudeckoit Kjaccudukaiun MHOKecTBa X =
= {x1,...,zNy} aBaserca nocrpoenne uepapxun HY o1HOpPOIHBIX
kiaaccoB C #Ha X . AJIropuTMbl nepapXudeckoil KiaaccuuKaImi CTpo-
SIT TaKWe MepapXui, MOCaeJ0BaATEIbHO ONMpEeIessas YPOBeHb 33 YPOB-
meM. [Ipu 3TOM Ha KaxKJIOM YPOBHE MEPAPXUU JOIKHA OBITH BBHIYHUC-
JIEHA ¥ MPOAHAIM3UPOBAHA, MATPHUILA, CBsI3eil MEXK Y BCEMU KJIaCCAMU
JMAHHOTO MEePApXUUIeCKOro YpoBHs. B KauecTBe CBA3EH MCIOMB3YIOTCS
PaCCTOSTHUST MEXKly MHOXKeCcTBamMu (Kjaccamu) B mpocrpancree R™.
Meroabl KaaccupuKAIUN PA3INIA0TCSA [JIABHBIM 00pa3oM Criocoba-
MU BBIYACTEHUS PACCTOSTHUN MEXK Ty KTACCAMI.

Bribepem 115t onipeeIeHHOCTH B KAYeCTBe MepPhl OJIN30CTH KJIac-
COB paccrosiHue B eBKn10Boi Merpuke (14.2.2). Torma na nHavaanb-
HOM ypoBHe uepapxuu npu ¢ = 0, KOrga KJIacChl COCTOST U3 OTIE/Ib-
HBIX 1emenToB C; = {z;}, paccrosiHue MeKj1y HUMU BBIUHCISIETCS
o dopmyie

m 1/2
2. CF) = plaisay) = | 3 (wi(k) = ;(8)?
k=1
Ha 6osee Boicokux ypoBHax uepapxuu npu ¢ > () HEKOTOPbIE KJIACChI
Cf moryT conepxath uucio srementos m(Cf) > 2. B stom ciyuae
YI00HO KasKIbIil KJIACC XapaKTepu30BaTh CPEIHUM JIEMEHTOM, KO-
TOPBIN HABBIBAIOT MEHTPOUIOM:

_ 1
x(Cg) = m(CY) Z Li
p z; €C}
a PACCTOSTHUE MeXK/Iy KJIACCAMU OMpeJIe/INTh Kak paccroguue (14.2.2)
MEXKy MEeHTPOUTAMMU:

m

1/2
p(C1.CD) = | @) — fw)?|

k=1

Torma ecim Aad KaacCHPUKAIME B KAUECTBE PACCTOSHUS MEXKITY
KJTaCCaM¥ MCIOJIB3YETCS €BKJIMI0BO PACCTOTHUE MEXKy IeHTPOMU/Ia-
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MU KJIACCOB, TO IIEHTPON, HOBOTO KJIacca Ha CJIEeLYIONeM ypoBHe g+ 1
MOKHO BBIYHCIUTH O (popMmyJie

#(Cf") = ai(C]) + (1 - )z(C}),

rae 0 < o < 1 — HeKOTOpBIt BeCOBOI KOI(MDDUITHEHT.

SameTuMm, UTO, 33ajaBas BECa KJIaCCOB OJUHAKOBBIMU U PABHBIMU
1/2, MbI HOAYYMM METOJ| MePapXUYecKol K/aaccu(UKaInm, U3BeCT-
HBII KaK MeToll MeanaHbl. Ecin o 3a1aTh B BUIE COOTHOIIEHUS

-1
o =m(C)[m(Cf) +m(Ch)]

rae m(C}), m(C¥,) — 1ucna snemenTos MHOXKeCTBA X , KOTOPBIE IpU-
nagexar kiaaccam Cf m CY, COOTBETCTBEHHO, TO MOTYYHM METOJ
KJIaCCU(DUKAINY, UMEHYEeMbIii KaK MeTOJ] MeXKI'DYIIIOBOIO B3BEIIeH-
HOT'O CPEJIHEro.

I[Tocrpoerue Bocxozsimeit nepapxun HC ma MuoxecTBe X MOKHO
3aMMCaTh B BUJIE CJIEAYIONEr0 NTEPAINOHHOTO IPOIECCa.

1. [Iyctb MBI y2Ke mMeeM pasbueHne Ha OJTHOPOIHbIE KJIACCH Ha
yposue Wi nepapxuu H Q. Mcnons3yss m3secTHyio (151 JAHHOTO
YPOBHSI) MATPHILy MEXKKJIACCOBBIX DACCTOSHUIL, HaiieM Takue J1Ba
knacca Cf n Cf, Ha 9TOM yPOBHE, DACCTOSHHE MEXKJy KOTOPBIMH
MUHUMAJIBHOE!:

p(C, C) = min{p(C{, CJ}.
i#]

2. JIng moaydeHns HOBOTO YPOBHS \I/g:;ll nepapxun H? o6benn-
HUM HalieHHbie OymKaiime Kracchl B oauH Kiaacc. JIpyrue xiaacco
HOBOTO YPOBHS BO3bMeM C TIPEXKHEr0 YPOBHSA B HEM3IMEHHOM BUE

(6unapnas knaccudukanus). [lycrs, manpumep, | < m, Toraa

citl= cC4,  p<l,
cit'= clucy, p=11<m,
cetl= C4, I<p<m,
C’g"’l = C’g_,_l, p>m.

Taxkum o6pa3om, HOBBII ¢ + 1 ypOBEHb MEPAPXUU COCTOUT U3 TIOJY-
YeHHOT'0 HOBOTO KJIACCA W BCEX KJIACCOB MPEIBIIVIIEr0 YPOBHS, 33
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HCKJIIOUEHnEM 00beIMHIeMbIX. UNCI0 KIACCOB HA HOBOM YPOBHE 0y-
J€T Pg+1 = pg — L.

3agayva. /[okazaTb, 9TO SHTPOMNUS CUCTEMBI C KOHEIHBIM MHO-
JKeCTBOM COCTOSTHMII TOCTHTAeT MAaKCHMyMa, KOIJIa BCE COCTOSHIS
PaBHOBEPOSATHBI.

Pemnenue

PaccmorpuM 3HTPOIHUIO CHCTEMBI

H(X)=-> pilogp (14.2.6)
i=1

KakK (QYHKITUIO BEpOATHOCTEN P1, P2, . .., Pp U HAHJIEM YCTOBHBIN 9KC-
TpPeMyM 3TOi (DyHKIUU MpU yCIOBUU

n
> pi=1
i=1

[Tonb3ysich MeTomOM HeOmpeIeIeHHbIX MHOXKuTeeH Jlarpanxka, Oy-
IeM HCKATh SKCTPeMyM (hDyHKITII

n n
F:—zpilogpw(zpi—l).
1=1 1=1

Huddepernupys 3T0 BbIpaXKeHue 1o pi, P2, . .., Pp U IPUPABHUBAS
[IPOU3BO/HBIE HYJIIO, IIOJIyYUM CUCTEMY yPaBHEHUIA:

logp;+loge+A=0, wm logp;=-A—loge, (i=1,2,...,n),

OTKY/Ia BUHO, YTO SKCTPEMYM (B JAHHOM CIydIae MAKCHMYM) TOCTH-
raeTCst P PABHBIX MEXK Ty C000i 3Hauenusx p;. U3 ycnosus (14.2.5)
BIJIHO, YTO IPH 3TOM
1
bPr=p2=...=Pn= —,
n
a MaKCUMaJlbHas 3HTPOIMA CUCTeMbl PaBHA

Hppor(X) = logn,

TO eCThb MAaKCHMaJIbHOe 3HAa4YeHUe SHTPOMUU CUCTEMBI C KOHEYHBIM
9HUCIOM COCTOSTHWIT PABHO JIOTAPUMPMy YHUC/TIa COCTOSHWIT U TOCTHTA-
eTcd, KOTHA BCe COCTOAHUS PABHOBEPOSATHHI.



JEKIIUSA 15

BAPUAIIMOHHOE YVCBOEHUE JTAHHBIX
C NCIIOJIb30BAHUEM COIIPSIYKEHHBIX
VPABHEHUI

15.1. IlocTranoBka 3amaun

[Ipu pemennn psiga IPaKTUUECKAX 33249 IaCTO BOSHUKAET HEOD-
XOAUMOCTHb OIECHUTH Ha OCHOBE JaHHBIX Ha6JIIO,[[QHPII>'I mapaMeTphbI
HEKOTOpoii Momenu. Ecimm MBI mMeeM €10 C JIMHEHHOW MOJIENTBIO,
TO I/IHTepecyIOH_H/Ie HaC TapaMeTpPbl MO2KHO OII€EHUTH OINTUMAaJIbHBIM
06pa3oM B BH/IE JUHEHHBIX KOMOMHAIMA JAHHBIX HAOJIIOLEHII, BOC-
TOJIB30BaBIINCH, HAITPUMED, METOJaMU HANMEHBIITNX KBa/JAPaTOB, pe-
IYKIWE WA CTATHCTUYECKON Pery/Ispu3ali.

OpmHako mMMeeTcs IMUPOKHUI KJIACC 3a7ad, KOIUa MOJIEJH sIBJIs-
I0TCd HEeJIMHENHBIMA U JOCTATOYHO CJIOKHBIMM. B 9TOM (;quae mapa-
MEeTPBI MOJE/IH MOXKHO OIEHNTDH Ha OCHOBE BAPUAIIMOHHOIO YCBOEHHS
MTaHHBIX C HCIIOIBL30BAHIEM METOINKM COMPSKEHHBIX YPaBHEHHII.

Bapuannonnoe ycBoeHme MTaHHBIX OCHOBAHO HA MUHUMHI3AIIAN
mrrpaduoit dyaxknum J(X) no OTHOMIEHWIO K BapuanusM BEKTOPA
napamerpoB X . lIrpaduas dyukuusa J(X) 0OBIYHO BKIIOYAET WH-
dopmanuio B BUE IBYX CIaraeMbIX:

1) OTKJIOHEHU A Me?Kﬂ;y n3MepdeMbIMU BEJIMYMHAMN W SKBHUBa-
JIBHTHBIMI BEJINYUNHAMH, [IOIYYEHHBIMIA HA OCHOBE MOJIEJIH;

2) OTKJIOHEHUSI OTEHNBAEMBIX TAPAMETPOB OT AIPUOPHBIX 3HAYE-
HUU.



Jleknmst 15. BapuanuoHHOE yCBOEHHE JAHHBIX 161

[Tockosbky miTpadHas GyHKINUS CTPOUTCS KaK JUHEHHAs KOM-
OuHAIMS IBYX BEJIUYUNH, UMEIOIIUX, BOOOIIE TOBOPS, PA3IHIHY O pa3-
MEPHOCTH ¥ JIUCTIEPCHIO, TO KarKI0€e CIaraeMoe CIelyeT HOPMUPOBATD
Ha ee JIUCIEPCHIO.

BHaveHne BEKTOPa mapamMerpoB X, KOTOPBI obecrednBaer Mu-
HrMyM mrpaduoit dyuknun J (X ), 6y1eM cauTaTh perneHnem Haiieii
3a/TAMH.

15.2. Teopusa

IIycrs y mac umeerca moaenb H | KOTOpast OMUCHIBAET CBA3b BXOJI-
HBIX TapaMeTpoB X C W3MepsieMBbIMU BemdanHaMu R:

R = H(X). (15.2.1)

Paccmorpum rusbepToBbl mpocTpancTBa E u F co cKaSpHBI-
mu npoussegenusivu (, )gu ( , )p coorBercrBerHo. O6o3Ha-
unM depe3 L suHelinslil omepartop, geiictBytommit 3 E B F. Ilycts
CYIIECTBYET OJHO3HAUHBIN HEPEepPBIBHBIN JUHeHHbIH omeparop L*,
nmeiicrBytommii m3 F' B E, Takoii, 9ro mag aoboro X € E u a060ro
Y € F BoimonHgeTcd COOTHOIIeHue Jlarpanzxka

(LX,Y)p = (X,L*Y)p. (15.2.2)

L* B 3TOM ciiyuae HA3bIBAIOT COMPSI?KEHHBIM OMEPATOPOM IO OTHO-
IeHuto K oneparopy L.

B ciywae komeunomepubix mpocrpancts F u F| korma ( , )
MpeCTaBIseT cobOi eBKINIOBO CKAJISPHOE MPOW3BEIEHNE, MATPHUIA
omeparopa L* ecTh TPaHCIOHUPOBAHHASA MATPHIA OmepaTopa L.

IIycrs BexkTOp mapamerpoB X, OnuChHIBaOMMil cocrosuue husn-
YeCKOI CUCTEMBI, CBsI3aH C BEKTOPOM JAHHBIX HaO/MomeHuit R ¢ mo-
MoIbio cootHomenus (15.2.1), npuduem omeparop H Oyaem cautarh
HEJIMHEIHBIM.

Huddepennman § R MOXKXHO BBIPa3uTh depes3 muddepertuman 0 X
B BHUJIE

SR =H 6X, (15.2.3)

’
rne H — juHeiiHbIi omepaTop, moayYeHHbli myTem auddeperimnpo-
!
BaHus oneparopa H. Omeparop H 3aBUCHT OT HEKOTOPOTO CPEIHETO
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(IPOTHOCTUYECKOTO) COCTOSTHWSI CUCTEMbI, OTHOCHTEIBLHO KOTOPOTO
MIPOBOUTCS JTUHEAPUBAIIUS.

JI1s1 OIpe/esIe st COMPszKeHHOro oneparopa H * samumrem co-
OTHOIIIEHHE

(H'6X,0R)p = (0X,H *0R) . (15.2.4)

DT0 ypaBHEHUE ONpPEesieT CONPSIYKEHHbBIN JTUHEHHBIN oepaTop Ha-
el MOJEsIn.

Paccmorpum Teneps ckasspuyio mrpadHyo (yHKIUIO, OMUCaH-
HYIO BbIIe, KoTopyto obozuaunm J(X). Ona MoXKeT OBITH 3amucana
B BHJE C/IELYIOLIET0 COOTHOIIEHUS:

1 _
JX) = SUX = Xg) P (X = Xg)t 1525

+ (R —Ro)"O™Y(R — Ry)},

rae X, — ampHOpHOe 3HadeHHe BeKTopa X; [y — BEKTOp JaHHBIX
nabmogennii; R = H(X) — Bexrop 3nauennii cucremsr H, coorBer-
CTBYIOINX COCTOsiHUIO0 X ; P — KOBapualMOHHAsT MATPUIIA, BaApPUAIU
BekTopa X; O — KoBapualMoHHas MaTpuia OMKMOOK HabJII0IEeHMIT;
BepxHue cuMBOJb 17 u ”—1” 03HAYAIOT TPAHCIOHUPOBaHUE 1 0Opa-
IIIEHUEe COOTBETCTBEHHO.

OnruMabHBIM pPEIIeHreM HaIleil 3aa49u OyIeM CINTaTh TO 3HA-
yenne X, koropoe obecneumBaer munumyMm dynknumonana J(X).
Hna naxoxgenuss munuMmyma J(X) MOXKHO BOCIOTB30BATHCS, Ha-
npuMep, MeTooM HbioToHa. 9TOT MeTo TpedyeT BBIUUCTEHUS MeP-
BOIt u BTOPOit npon3BoaHbIx 0T dyHKImonana J(X), mosromy mans-
I11e MbI OCTAHOBUMCSI Ha CIIOCODAX BBIYMCIEHUN STUX MPOM3IBOIHBIX.
Cam xe meron Heioroma Oymer ommcan B CIEIYIOMEM MyHKTE TOM
JIEKITUH.

Boswmytenne §X BekTopa X COOTBETCTBYeT BO3MYIIEHUIO OJ
dbyukumonana J(X), koropoe xapakrepmsyercs rpagueHToMm VxJ
B BuU/i€ COOTHOIIIECHUA

5J = (VxJ,6X)p. (15.2.6)

J siBisiercst takxke pyakmueir R. Bosmymenune 0R, 00ycioBIeHHOE
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0X, B coorBercrBun ¢ (15.2.3) xapakrepusyercst rpagnentom V gJ
B BHJIE COOTHOIIEHUS

8J = (VgJ,6R)p. (15.2.7)

YunreiBasg ypasuenne (15.2.4) u ompejesneHue COMPSIKEHHOTO
oneparopa B coorHommenun (15.2.2), nomyanm

VxJ =H*Vgl. (15.2.8)

[IpeumytecTBo 910i (DOPMYJIBI COCTOUT B TOM, UTO JIETKO MOYKHO
BBIYUCTUTH TpajueHT J mo X, maxe eciu J ciooxkuag QyHKiug X .
Dro ciyuait, korma H wHenwneliHas mojgenb. Kiaccmueckuit MeToJ,
KOTOPBIM COCTOUT B BO3MYIIEHUN KaxKI0¥ KOMIOHEHTHl X ¥ BBIUUC-
JIBHUW COOTBETCTBYIOIINX BO3MYIIEHUil, TPeOyeT CTOIBKO WHTErpPHU-
poBanusa H, ckonbko mMeercs kommnoneHT X . Korga B pemenun nc-
MTOJTb3YETCA METOIMKA, COMPSI’KEHHBIX YPaBHEHWI, TpeOyeTcs: TOIBKO
OJTHO WHTErpUpOBaHUe NpaMoit Momenn H W OTHO MHTErpupOoBaHUe
CONPsizKEHHOH Mozeu. B ancTo jimHeitHOM Ciiydae 3aTparhl HA UUC-
JIEHHOE WHTErPUPOBAHUE COMPSIZKEHHON MOIE/N TAKOTO YKe MOPSIKA,
KaK U Ha mpsiMoe wHTerpupoBanue H momenu. i 3amadum ¢ 60/1b-
M 9UCJIOM CTEeIeHeil CBOOOIbI BBIMTPHIII BO BPEMEHU BBIYUCTICHUT
OTrPOMHBIA.

Bripaxkenne mjig rpajgumenta QyHKINY 3AMUIMIETCS B BUJIE

VxJ =P X - X,)+ H*O"'{H(X) — Ro}. (15.2.9)

Takum ke 06pa30M MBI MOXKEM TOYHO BBIYUC/IATH MATPUILY BTO-
PBIX IPOU3BOAHBIX (DYHKIMU CTOMMOCTH TIO OTHOIIEHWIO K X, KOTO-
pyio Ha3wIBaIOT mpou3BoHOi [ecce:

Jy =P '+ H*O'H + H*O0""{H(X) - Ry}.  (15.2.10)

Ecmu cunrars, yro H(X) — Ry Maio B TOYKE MUHUMYMA, TO BbIPa-
"
JKeHne 1714 Jy mprodbpeTaeT BH/

Je =P '+ H*O'H . 15.2.11
X
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15.3. Omnpenenenue muanuMyma mmrpadHoii pyHKIUN

s onpenesienrs MUHUMYMa IITPadHON (DYHKIUU BOCIIOIL3Y-
emcst Merogom Hetorona. Ilycts umeerca dbyukunonan J(X), ko-
TOPBINI MOYKHO AIMPOKCUMUPOBATH psiioM Teitiopa B OKPECTHOCTH
TOUKH X4

J(X)

Q

(Xg) + (7 (Xg), X = Xy)+
(J' (X)) (X = X,), (X — X)) +... (15.3.1)

_l’_

J
1
2

Bynem cuurars, uro dyakunonas J(X) Beimykasiii u gocratod-
HO XOPOIIIO alIpPOKCUMUPYeTCs cBouM psijoMm Teiijopa 10 BTOpOro
yrena. Eem J(X) — kBagparwuansiii pyHKIMOHAT, TO BBIDAKEHUE
(15.3.1) 6yner rounsiM. [Ipomuddepenimposas Beipaxkenne (15.3.1)
o X, nojay4um

J(X) = J (X,)+J (X,)(X — X,). (15.3.2)

[Torpebyem Tenepb, 9ToObI B TOUKe X, BBEIIOTHAIOCH HEOOXOIH-
MO€, a JJI¢ BBIITYKJIOTO @yHKHI/IOHaJIa n O10CTaTOYHOE, yC/IOBHUE MU-
!
mnvyma J (Xg) = 0. Torna n3 Beipaxkennst (15.3.2) momy«anm

X~ X, - [ (Xg)]_l,]’ (X,). (15.3.3)

Onnaxo Ha nmpakTuke X, Mbl He MOXKeM 3a/1aTh TOYHO B TOUKE MUHU-
MymMma. B nporuBHOM city4ae He Ob1I0 Obl HEOOXOIMMOCTH PEeIIaTh 3a-
nady Ha mouck munuMyma dyukmpuonana J(X). [losromy st Haxo-
xaeanst MuanMyMa J (X)) 0OBIYHO MCIIOMB3YeTCst CeMyoas PeKyp-
peHTHas mpolleaypa. BHauase B KauecTBe HYJIEBOTO MPUOIUKEHUST
nomaraem X, = X ) a crenyroume npubmmxerns X %) pemenns
33191 Ha MUHUMYM BBIYUCISIOTCS 0 (popMmyJie

X0 x(k-1) [J" (X(k_l))]_l,]' (X k=1, (15.3.4)

Tpajuent dynkmponana J (mpomssoguyio Dpeie), a TaKiKe
BTOPYIO TTPOM3BOIHYTO J" (mpoussoanyio Tecce) ya06HO BBIYMCIUTE
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no dopmymam (15.2.9) u (15.2.11) coorBercrenno. [loxcraBus stu
dbopmysst B (15.3.4), mosyunm COOTHOIIEHWE JTst OEHKH BeKTOpa X
cocrosianst cucrembl H (X') urepanmontsiv merogom Heiorona

’ ! -1
B [P*I +HA(XED)0 1 H (X(kfl))] VxJ(XFEDY, (15.3.5)

Bamernm, uro ureparuonnbiii mporecc (15.3.4) maxe st cuib-
HO BBITYKJIOT0 (DYHKITHOHAJIA CXOUTCS JIUIIb IPU JOCTATOYHO XOPO-
meM BeIbope HavdaJbHOro npubsrmxkerus. OHAKO MTpocTast MOIUQU-
Kanmg Merona HbioToHa mo3BOJIsieT yCTPAHUTH STOT HEJOCTATOK. B
MouduupoBanaoM Meroge HbioToHA MUHUMUBUPYIOIIAS TOCIET0-
BATEJIBHOCTH CTPOUTCS 110 (DOPMYyJIe

x k) — x(k-1)_

= [ (X D) I x®Y) k=12, (15.3.6)

(X 0) — pavamsHoe IpubIIKEHNe); 9UCTA A\, HAXOAATCS W3 PEIIeHUs
OJTHOMEPHOM 3a/1a9u

-1

JX® = g(x®=0 -\ [ (x G (xE0)) =

1

= min JX®D - A[S(XED)] TS (xED)) (153.7)

0<A<0

Mpgr nomy«anm obbranelii Meronq HeioToHa, ecin momokuM Bee A
PABHBIMY €INHMUIIE.

Metoz cuera mo dopmymam (15.3.6) u (15.3.7) cxoxurces, ecin B
[poIecce BBIUUCIEHNIT He HAPYNIAeTCsl OJI0KUTEIbHAsS OIPe/IeseH-
mocts J (X *)).

Bamaua 1. [Tycrs usmepenns nekoropoit cucrembl H(X) = R
3a/JAI0TCS B BHUJIE BEKTOPA

et
Ry |’
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riae BekTop X = (21,2,%3)" XapakTepusyer COCTOSHHE CHCTEMBI
H(X). Monens cucremsr H(X) 3aganuM B BHJIe HEJHHEHHOTO OIe-

paropa
et1T1+bize—ciz3
H(X) = e02T1+b2x2 —cox3

Torma muddepenrman d R MOXKHO 3amncaTh Kak (MYHKIHIO THd-

depennuasia 0X:
SR =H (X)X,

rie X — HEKOTOPOE COCTOSIHHE CHCTEMBI, B OKPECTHOCTH KOTOPOTO
MPOBOJWUTCS JIMHEAPU3AIINS.

BorancuTs MaTpuiy conpsizxennoro oneparopa H *(X).

Pentenne

Boranciuy BHagane smneiinsii oneparop H (X). Tyrem aud-
dbepennupoBanug Beipazkerus qiusg H(X) momydanm

, alea1$1+b1$2—01$3 blealfvl-l-blm—clm - e01T1+biza—c123

H(X)_a2ea2$1+b2$2*02$3 b26042$1+b2$2*62$3 _C2ea2$1+b2$2*62$3

Tak KaKk B KOHEYHOMEPHOM CJIydae JefiCTBUTEIbHAS MATPHUIA CO-
’
npsizkennoro oneparopa H *(X) npeacrasiser coboit TpaHCIOHUPO-
’
Banuyio marpuiy H (X), To mosmyamm

alealfvl-l-blm—clm a26a2$1+bzxz—c2fb3
Hl* (X) — b16a1m1+b1:1:27c1m3 b26a2$1+b2$27czm3
_Clea1$1+b1$2*61$3 _026a2$1+b2$2*62$3

3anaua 2. [lycts mMmeeTcs: KBaPATHIHbBIN (DYHKITHOHAJ

J(X) = 2?2 + 1023,

x=(4)
T2

1 3aJaHa IIPOU3BOJIbHAA TOYKa

e

uz R?. Haittur meromom Heiorona mummvym dbynxmmonana J(X).
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Pentenne
"
s pemenust 3amaan Beraucyium Matpuity lecce J u obparHyto
"
k meit (J ) !, koropwie mmeroT Buj
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YACTD III

IMHAMUKO-CTOXACTUYECKUE
MOJIEJIN

JEKILU A 16

AJITEBPANNYECKA{4A TEOPUA HEKOTOPBIX
CTATUCTUYECKNX METO/10B

B nexmmm 11 661710 BBEIEHO ONpeAeIeHre eCTECTBEHHOTO OPTOTO-
HAJIBHOTO 6a3uca B mpocTpancTse RY |, KOTOPOMY IPHHAIIEKUT CIy-
JaiiHoe BeKTOpHOe nosie {x}, Yepe3 nporeaypy MUHUMUBALMUA CPeJi-
HEKBaIPATUIHON OMMOKN

n
0-721, =< “$_Zaz‘ﬂz“2>a VHSN,
i=1

r7Ie MEHAMYM HINETCS II0 BCeM BO3MOXKHBIM 6Gasmcam B RY.
Bruto mokazano, 4To dTOT 0a3MC MOPOKIAETCS CHUCTEMOi COb-
CTBEHHBIX BEKTOPOB KOBAPHAITMOHHON MATPUITHI

C=<zz’ >, Cyp; = \ipi

¥ 9TO B CIy9ae Pa3/IOKEeHUs & M0 dTOMY Da3ucy
n
T = Zaiﬁpi R <a;a; >= )\i(si]’.
=1

[Tycrs reneps x = x(t,0) ectb caydaiiubiii BEKTOPHBII IPOIECC,
ompejiegeMblii mapaMerpamMu ¢ (BpeMs) U CJIyJaiiHbIM apaMeTpoM
0. CchopmysmpyeM CIeAyIOMIyIO 3a1ady:
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Omnpenenuts cucTeMy 6a3uCHBIX BeKTop-byukmmit {@;(t)} B RV,
KOTOpasl JOCTABJIsAIa ObI MUHEMYM CJIeAYIomeMy (byHKINOHATY:

b n
o =< [11alt,0) = Y ailO)pi(t)|Pdt >, Vn <N,
o i=1

TIe MUHAMYM OepeTcs 0 BCEBO3MOXKHBIM DA3UCHBIM CHCTEMAM B RN,

MoOXKHO IOKa3aTh, 9TO 3TOT MHHHMYM JOCTHUTAETCS Ha CHCTEMeE
{¢i(t)}, KoTOpas siBisIeTCS pelenneM CieyIoei ClIeKTPaIbHOI 3a-
JTQUN:

b
/C(t1,t2)%(t1)dt1 = X\ipi(t2),

rne C(ty,ts) =< z(t1,0) 27 (t2,0) > — koBapmanmonHas MaTpuIa
JTAHHOTO CJIYYaiffHOrO MPOIeCCa. IJTA CUCTEMA SABJISIETCS CUCTEMOI
Kapynena-Jloena.

Bo Bcex paccMOTpPEHHBIX C/IyYasgxX MbI IMEEeM JIeJI0 C aHncamb/ieM
cirydaiiabix BeanunH. Ecan ciyvaliHblil MpoLece SBJSETCS CTallno-
HAPHBIM U 3PTOJAMIECKUM, TO YCpPEIHEHNE M0 aHCaMOJII0 MOYKHO 3a-
MEHUTH yCPeJHEHUEeM 10 BPDEMEHMU.

B macrogreit meknu MBI pACCMOTPUM CIydail, KOT/Ia MbI IMeeM
JIeJIO C MPOM3BOJIBHBIM KOHEYHBIM MHOYKECTBOM BEKTOPOB (3TO MO-
KeT ObITh, B 9aCTHOCTH, M KOHEYHAsT BHIOOPKA HEKOTOPOIrO CJIydaii-
HOTO TIOJIS WJIM KOHEUHbI HabOp BPEMEHHBIX peaji3aluii HeKOTO-
poro ciaydaitHoro mpormecca), u copMyIMpyeM MUHUMU3AIUOHHBIE
3a/a4, aHAJIOTUYHbIE PACCMOTPEHHLIM BBIIIIE.

CrarucTudeckuM MeTO[aM, TAKUM KaK MEeTOJ eCTECTBEHHBIX Op-
TOrOHAJIBbHBIX COCTABJIAIONINX, NI METO/ PA3JI0XKEeHUN 10 CUHTYJIAD-
HbIM 6a3ncam, Wik MeTO[ KAHOHMYECKOr'0 KOPPEJISIMOHHOTO aHaJ M-
3a, MOYKHO JIaTh MPOCTYIO aJredpandecKyo WHTepIpeTanuio. Pa3am-
0a MeXX/ly 9TOH MHTepIperalnueil U mHTepuperanueil MareMarude-
CKO# CTATUCTUKM 3aKJ/II0YACTCA B CICAYIONUX TPEeX MOMEHTaX.

Bo-niepBhix, B ciaydae aarebpandeckoil MHTEPIPETAIIUN HET HU-
KaKOi HEOOXOMMOCTH HAKJIAbIBATE JIOTIOJTHUTEIbHBIE OIPAHTYEHUS
Ha XapakTep aHAJIU3UPYEMOT0 00bEKTa — MHOYKECTBA BEKTOPOB B Be-
IIECTBEHHOM €BKJIMJOBOM IIPOCTPAHCTBE RN wmm rpyImie MHOXKECTB
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B BEKTOPHBIX IPOCTPAHCTBAX PA3IUYIHON pazmepHocTu. CTporas Ma-
TeMaTu4veckas CTATUCTUKA TPeOyeT CTPOTUX OMpEeeeHIi: peain3a-
[uel Kakoro KJIacCa CIydaiHbIX IPOLECCOB dBJILETCA JIAHHOE MHO-
JKECTBO, UTO sIBJIIETCS 3aJiadell 9acTO XOTsS U HEe CJIOXKHOU C TOUKH
3penusi (GOPMYJIMPOBOK, HO TPYIHO MPOBEPAEMOIl B MPAKTHUIECKUX
uccyienoBanngax. Hampumep, eciv Mbl UMeeM J1eJI0 C BpeMEHHOi pea-
Jin3aryeil HEKOTOPOro CJIyHYaifHOI'O MPOIECCa, TO JIJIs IPAKTHYECKOT0
000CHOBAHHOTO UCIIOIH30BAHUST METOI0OB MATEMATUIECKO CTATUCTH-
KM HaM HYKHO ODOCHOBAHWE, 9TO WMCCAEIyEeMbIil ITPOIECC sIBISIETCI
SProUYECKUM CTAIIMOHAPHBIM TTPOIECCOM.

Bropoit MoMeHT cBsi3aH C aHaJIM30M OMIMOOK MCIOIB3yeMOro Me-
toma. [Ipu crarucTuydeckoit MHTEpIpeTAIN, KAK IPABUIIO, OCHOBHOI
OITUOKO# SIBJISIETCS OIMINOKA, CBI3aHHAS C KOHEYHOCTHIO BBIOODKHU.
KoucrpykTuBHbIil epexor oT 3T0# OmubOKY K OIMnOKe METOa ABJIs-
eTcd TPYAHOU 3aJa4eil MaTeMaTUu4eCKO CTATUCTUKU.

1 maxowner, TpeTuit MOMEHT CBI3aH C WHTEPIIPeTalueil pesy/bra-
TOB BBIYUCTEHUI. Arefpandeckasi TeOpHs MO3BOISIET HHTEPIIPETH-
pOBaTh pe3y bTATHI pH JiI000it JyinHe BHIOOPKH, Oe3 TpeboBanus Ha,
AIMMPOKCUMAIIIIO COOTBETCTBYOMuUX (yHKIMi pacnpenenerus. Oj-
HAKO CTATUCTUYECKAsT WHTEPIPETAIns JAeT BO3MOXKHOCTH ITOJIyde-
HUs JTOTIOTHUTEIBbHBIX 3ak/ouennii. HampuMep, u3 HOpMaJIbHOCTH
COBMECTHOW (DYyHKIINW PACIPEIETCHAS IBYX CIyIalHBIX BEJIMIUH U3~
3a OTCYTCTBUS KOPPE/SIUil MEXKIy HUMHU CJIEIyeT WX CTATHCTHIE-
CKas He3aBUCUMOCTH, UTO JAET AIPUOPHYIO OIEHKY Ha CBA3U MEXKIy
JIIOOBIMU WHTETPUPYEMBIMHU (DYHKIIUSIMUA OT ITUX BEJIUUNH.

B kauectBe mpumepa ¢opmymrpoBaHue aaredpandeckoit mHTep-
npeTanuu CTATUCTUYECKUX METO0B IIPOBEIEM [IJIsi METOJA eCcTe-
CTBEHHBIX OPTOTOHAJIBHBIX COCTABJISIOIIUX.

PaccmorpuM B eBKimgoBoM mpocrpanctee RY co cxamsprbiM
npomssesenneM (¢, 1)) = o’ 1) MHOXKECTBO BEKTOPOB

{¢'}, = i=1,..1

Cdopyupyem muozkecTBo Marpui: @ = o'o!T rne ! — BexTop-
CTPOKA.

UsBectno (cm. 3amady 1), uro cdopMUpoBaHHAS TaKUM 00-
pPa3oM MaTpuia @Z ABJIAETCA CHMMeTpI/ILIHOﬁ ITOJIOZKUTEJIBHO-
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moJTyoripeie/ieHHoit MaTpuiieil panra 1. 9T0 03HAYAET, UTO €CIU MbI
peraeM pobsieMy Ha COOCTBEHHBIE 3HAUEHUST

'nt = e »

oA >0, =0,k=2,...,N.
I[Monygyenme warpuisr ® MOXKHO TPOBECTH JIPYTUM ITyTEM.

N .
[Mycts @ = Y &' . I[lockombky @' — CHUMMETPUUHBIE MTOJIOXKU-
i=1

TEeJIBbHO-TIOIyOIIPEIe/IEHHBIe  MaTpuilbl, TO P Takke cumMmMerpumd-
Ha ¥ TOJOXKUTETbHO-TIOMyonpeieiena. I3 MHOXKecTBa JIMHEHHO-He-
3aBUCHMBIX BEKTOPOB goi obpaszyeM MpPSMOYTOIbHYIO0 MATPUILY, CTOJI0-
maMu KOTOPOit OyIyT BEKTOPHI JAHHOIO MHOYKECTBA

ANV = [l 0% e

Herpynuo Bumerh, 9TO
o = AAT

¥ CBOYICTBA 3TOH MaTPHUIIBI CJIEIYIOT U3 CAMOTO €€ OIPeIe/IeH s, eC/IN
Au A" paccmaTpuBaTh KaK OIMEPATOPHI, AefiCTBYIONINE U3 IPOCTPAH-
crea R 8 RN u RN 8 R! coorercreenno:

ATpe R, peRN, u (AATp,p) = (ATp,ATp)>0.

Cdopamympyem ciemyiomyio 3aady: onpeaenuts 8 RY cucremy 6a-
3UCHBIX BEKTOPOB {1’} Takyio, 4To

N I
2 i k2] .
(1Al = > > ")) = min_ (16.1.1)
k=1i=1 {w"}vk>1.
o e{p'}
rae ||Al|p — Hopma @pobennyca mMaTpuibl A.

Tax kax HOpMa PpobeHuyca mpeacTaBasgeT coboil HE UTO UHOE,
KaK KOPEHb KBAJIPATHBI OT CyMMbI KBAJPATOB €BKJIUIOBBIX HOPM
BEKTOPOB ', T0 3ama4a (16.1.1) cocronT B TOM, 4TOOBI HAfiTH TAKOM

k
6azuc {Y" } k=12, n), C TOMONIBIO KOTOPOTO MBI MOIIH GBI AIIPOK-
CHMUPOBATH BCE MHOJKECTBO BEKTOPOB {('}(j_1 2 . 1) TIPH 3a/[aHHOM
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uncie wreHoB pazmoxennsd n (1 < n < N) ¢ MEHEMAJIBHON IIO-
rpemHocThio. B reodusnke Takoil 6a3uc HA3BIBAIOT €CTECTBEHHBIMU
OPTOTrOHAJIBHBIMHA COCTAaBJIAIOIIIUMMA.

Hockomeky [|Al|% = tr®, To B (16.1.1) ||A||% MoxkHO 3aMeHUTSH
Ha 3aJa49y HaXOXKIEeHWA MaKCUMYyMa

n I

> > (k)2

k=1:=1

a (16.1.2)

110 BCEM BO3MOYKHBIM OPTOHOPMUPOBAHHBIM OA3MCHBIM CHCTEMaM B
RYN s kax0ro bUKCHPOBAHHOTO N, TOCKOIBKY || A||# anst mammo-
0 MHOXKECTBa, {(,01} ABJIgeTCd BeJIWYNHON 3amaHHOi. Pemenne sToit
3aJa4u HalijleM, OIUpPasdaCh Ha CACAYIOLLYI0 TeopeMy JIMHEHHON aJjire-
opsl (cM. 3agady 2):

Teopewma 1. [Tycrs mama spMuTOBa MaTpPUIla S, COOCTBEHHBIE 3HA-
JeHndA KOTOPOHl yIOPSTOUEHbI CIEIYIOMNM 00pa3oM: A1 > g > ... >
> An. Torma maa 1000 OPTOHOPMUPOBAHHOW CHUCTEMBI BEKTOPOB
{z'} u moboro n, 1 <n < N, CIpaBeJyINBO HEPABEHCTBO

n

=1

=1
Pemenue 3amaun (16.1.2) Ha ocHOBE 9TOi TEOPEMbI BHITEKAET CIIEIY-

FOIIIM 00Pa30M.

. n .
Mycrs o' = Y abzk, rae {zF} — npoussonbmas opromopmupo-
k=1

panHas cucrema B RY |

N
i (0 ky — kT i iT i i\2
aj, = (¢ 2") =", @l =D ()
i=1
Ecmu zF = 4%, roe % — coberBennsie BexTops Marpumsr ®, To

I .
S (¢f, %)% = Ay, . Heiicrurensho,

=1

e = (29", 9F) =
1 I 1
=Y (@' Tk yb) =3 (0 9N TeE) = Y (')
=1

=1 =1
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n .

CremoBaresibHo, a = Y. Aj, ecin B KadecTse {x'} B34Th COOCTBEHHBIE
i=1

BexTopsl {¢'}. Ecimm {z'} — mpousBonbhas cucrema, To

1 1 I
Y (¢ )2 = (¢P' et at) = Y (9%ah, a¥) = (Bt 2b),

=1 =1 =1

¥ COTJIaCHO TeopeMe 1

n n
1=1 k=1

Takum o6pasom, uckoMmblii MunumyM (16.1.1) mocturaercsa wa cob-
CTBEHHBIX BeKTOpax Marpuisl ® = AAT.

Bocmonb3yemcst Terepb METOIOM CHHIYISPHOTO PA3/I0KEHUsT Mar-
tpurpl A. V3BecTHO, 9T0 JIFOOYIO TPSIMOYTOIBHYIO MATPHUILY MOYKHO
npesncrasuth B Bujge A = UBV', rne U,V — oprorosanbubie Ma-
tputsl pazmepaoctu N X N u I X I coorBercrBento, a B — mpsimo-
yTOJbHAS MaTPUIIA

o1 ... 0

0 ... ON

0 — CUHTYJApHBIE uncaa, o; > 0, n Aad ompeseseHHOCTH MBI CUIU-
taeM, uro I > N. Marpunst U u V' 006pa3yioT CHCTEMBI JIEBBIX U
IPaBbIX CUHTYJIAPHBIX BEKTOPOB. HOCKOJH)Ky 9TW BEKTOPHI YIAOBJIE-
TBOPSIIOT COOTHOIIIEHUSIM

Avt = o,
i (16.1.3)
u' = o0,
To pemenue 3amaun (16.1.1) peanusyercs JIEBBIMU CUHTYJISIPHBIME
BEKTOPAMHU DPA3JIOKEHUS MATPUIBI A, KOTOpbIe MOXKHO IMOJTY9HUTD,
penms criekTpambayio 3agaay AATu! = y2u', wm, yumresas To-
xaecto & = AAT w3 dul = \ut, e A\ = Z2
O/IHAKO B CHHTYJIIPHOM DA3JI0KEHUU MBI IMEEM eIlle TIPABYI0 CH-
CTEMY CHHTYJISIPHBIX BEKTOPOB — COOCTBEHHBIX BEKTOPOB MaTPHUIIBI
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AAT. Murepnperanuio 5Toif CHCTEMBI MOXKHO IIOCTPOHTH IBOSKIM
obpazom. MOKHO TpaHCIIOHHPOBATH MATPUIy A W MOCTPOUTDL pe-
mreane 3agaun (16.1.1) mns marpuis AT7 opuYdeM Caegbl MaTPHUIL
AAT u AT A, oueBuano, 6yayT coBnaarh. Ecam MBI yCIOBHO Ha30-
BeM pazMepHOCcTh N pa3MepHOCTHIO MPOCTPAHCTBA, a PA3MEPHOCTH
I — pa3MepHOCTHIO BpPEMEHM, TO BCE YTBEDKICHUS OTHOCUTETHHO
MIPOCTPAHCTBA W BPEMEHU B TOM Ciydae OygayT "CuMMeTpUYHbI .

[IpencraBum Temeph ¢! B Buje pasoKeHHs II0 JIEBOIl CHCTeMe
CHUHTYJIIPHBIX BEKTOPOB:

=Y ot (W =y

u obpasyem cucremy I-mMepHBIX BEKTOPOB: al = {a%} € R.I . Hepr;:[—

!, u crenoBarebHO, ' ~ v, T.e.

Ho Buzerh, uro o = ATuF = oy
C TOYHOCTBIO JIO MHOMKHTEIsS 0;. DTO O3HAYAET, UTO ECIU MHOXKe-
CTBO BEKTOPOB {'} MBI HA30BEM MHOKECTBOM peasM3aliuii, To pea-
mmsarn Koahdunuentos Oypoe paznoxkernus { @'} mo cucreme cob-
CTBEHHBIX BEKTOPOB MAaTPUIIbI @ OPTOTrOHAJIBHBI, U 3TU DeaJIN3allnun
3a/AI0TCsl CUHTYIAPHBIMUA YUCIAMU U MPABLIMUA CUHTYJISIPHBIMU BEK-
TOPaAM¥ CHHTYJISIPHOTO PAa3JIoyKeHust MaTpuiibl A.

OcranoBuMcs Temepb Ha MpobJieMe eTUHCTBEHHOCTH CHOPMYITH-
posanuoit 3amzaun (16.1.1). Boobuie rosopsi, e IMHCTBEHHOCTD MOJTY-
YEHHBIX PA3/IOKEHUI CIe/IyeT U3 eUHCTBEHHOCTH MPUBEIEHUS CHM-
MeTpudaHOil Marpunbl K auaronansaomy sumy. (IIpun dbopmynuposa-
HUE TTPOOJIEMBI €JIMHCTBEHHOCTH MbI, KOHEYHO, MOJPa3yMeBaeM Op-
TOHOPMHUPOBAHHOCTH BEKTOPOB.) HeTpymHo nokasars, 4To npeacras-
nenne S = Q'AQ, rne Q — oproronanbHas Marpuna, A — amaro-
HAJIbHAS MATPUIA, IPUYEM IIPEJICTABICHIE

Al... 0
A= Do
0 ... \y
eIMHCTBEHHO, ecyu Bce A;(S) pasmmunel. Ecam ke na MHOXKeCTBe
{Ai} cymecrByior KpaTHbIE \; C KDATHOCTBIO 1M, TO B COOTBETCTBYIO-

IIIEM 172;-MEDPHOM MPOCTPAHCTBE MOYKHO BBIOPATH MPOU3BOJIBHYIO OpP-
TOHOPMUPOBAHHYIO CUCTEMY BEKTOPOB. B 3TOM cwmbIC/Ie pa3jiokeHue
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OyZeT HeeIMHCTBEHHBIM. DTO 3aMedaHue HyKHO BCETa UMETh B BU-
Iy, KOTJ]a CPeIM BBIYMCIEHHBIX 3HAYEHWT \; €CThb BeJUYUHBI, OII3-
KKe IpyT K JApyTy. YCTONIHBOCTh Bhrancaennnix snadenuit {4}, {\;}
MOYKHO HMCC/I€JOBATh METOIOM MAaJjIbIX BO3MYIIEHHMIA.

ITockonbky cummerpuunasa marpura ¢ obpasyercs yMHOKEHU-
em A na A" To mpu 3amaHHBIX OmmMOKAX 3JeMEHTOB MaTpHILl A
marpuia ¢ OymeT BO3MYIMATHLCA TAKKE CUMMETPUIHON MaTPHIIEH.

[Iycte MBI uMeeM mpobjieMy Ha COOCTBEHHBbIE 3HAYMEHUS s
HEBO3MYIIIEHHOI ¥ BO3MYIIIEHHO cucrem:

dep' = N,
: : : : (16.1.4)
(@ +0P) (" +6¢") = (N +0N) (" + 6¢").

Cuntag, uro [[0®] < |||, [|6¢°] < 1, |6A| < |A|, ¢ TounocTsIO 1O
MaJIbIX BTOPOT'O MOPAAKa MOXKHO HAIIMCATH!:

DIt + 5Pt = SN’ + Nidt. (16.1.5)
Yuuoxag (16.1.5) ckangpHo ma 1)*, momydmm
(D69’ ") + (009", 9') = 6Ai + Ni(9',9").
Ho (®6¢°, ) = (64, ®ypt) = X (0%, 4p*). Cenosarensuo,

O\ = (6D, b). (16.1.6)
IIycrn _ o
St =" ol (16.1.7)
J#i

B (16.1.7) MbI 10/2KHBI BBIOPOCUTH W/IeH C 4 = j, T.K. 1" — c0b-
CTBEHHBIN BEKTOP, OMPENEIeHHBI ¢ TOYHOCTHIO JIO MHOXKUTES, 1
MBI JIOJIXKHBI UCKATh 01’ B MOAMPOCTPAHCTBE, OPTOTOHATBLHOM 1’

Y@y’ + 5Byt = SN+ N Dl
i#£] i#£]
nJjim

> (i = Aj)adap! = Sxigt — 6Dy’ (16.1.8)
i#]
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Yuuoxag (16.1.8) ckangpuo Ha 1)/, momyamm

ol = (5¢¢i’¢j). (16.1.9)

J Ai — A
Herpymao Bumers, uTo ommbKa BBIYUCIEHUS COOCTBEHHOTO BEKTOPA
Oymer TeM MeHbIIle, YeM CHJIbHee "OTAeseHo” A; OT OCTAJbHBIX COD-
CTBEHHBIX YUCEI.

Bagaua 1. IIycts M = ¢! | ¢ € RV.
Pemiuts npobiiemy Ha cOOCTBeHHBIE 3HAYEHUS st MaTpuiibl M.
Pemnenue

Nmeem Mip' = M)t TTokaskem, 4T0 @ €CTh COBCTBEHHBIH BEKTOD,
a COOTBETCTBYIOMee COGCTBEHHOE 3HaueHne \; = (¢, p)p = ¢! .

HeitctBurensao, My = o ¢! ¢ = (p,¢)p = A1p. Marpuma M —
[OJIO?KUTETHHO-TIOYOIPEIeIeHa, TaK Kak

(Mz,z) = (p"2)> > 0.
M — cuMmerpudHasi MaTpUIa, CJIegoBareabHo, sce A;(M) > 0.
N
Crnen marpunsr M ects tr M = Y2 A(M) = ¢T'¢ = A\ Cnenona-
i=1

TesibHO, Bee \i(M) =0, ecn ¢ =2,...,N, 10 ecrb rank (M) = 1.

3amaua 2. Ilycte Ay > Ao > ... > Ay — coOCTBeHHBIE YHCTA
SpMHUTOBOI Marpunel S. Jokazarb, 4TO mId JH000H OPTOHOPMEPO-
BAHHOI CUCTEMBI BEKTOPOB (L1, ..., T))

K K
> X > (Swi,xi).
i=1 i=1
Pentenne
Uckomblit MaKCHMyM MOXKHO OTBICKATH ITPU MOMOIIX TTOC/IEI0Ba~
TeJBbHOCTU OIlepalluii:
K N
Z(Smi,xi) < max (Sz,z) + Z(Sxi,mi) < max (Sz,z)+
— TERN — TERN
i=1 1=2
N

+£rﬁ}1<(5'm,$) + E(Sazz,xz) <. < 321%}]%(8:1:,:1:) + iriz?l((Sm,x)—F

N
+o 4 max (Sz,@) = AL+ .+ Av = DN,

zlzy,xles,....xlaey_g =

YTO BBITEKAET U3 U3BECTHBIX COOTHOILIeHU Paest.
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QOPEKTNUBHOE YNCJIO CTATUCTUNYECKN
HE3ABUCHUMBbBIX CTEIIEHEV CBOBO/bI

Paccmorpun BekTopHoe ciyuaiinoe ose {¢}, ¢ € RN, < p>=0
¢ KoBapuanuouuoit marputeit C' =< ¢ <,0T >, IMelolee HopMaJjbHOe
pacupeneneHue

1 _
e ——| ) (17.1.1)

N 1
(2m) = |C]2
rie |C| — onpexpennrens marpunst C. Ilycrs ¢; — coberBenHbIE BEK-
Topbl Marpuiibl C' (ecTeCTBeHHbIE OPTOrOHAJBHBIE COCTABJISAIONINE,
(¢i,15) = dij, a A\j — ee cobcrennble uncaa). Torma MOXKHO mepeii-
TH K TJIABHBIM KOMIIOHEHTAM:

P = Zaid)i

2
(O~ ') 35
i 7
rre
<o, 0 >= 6ij>\ia
TO €CTh \; €CTh JIUCIEPCHs], ov; ¥ { @} — CTATUCTHYECKH HE3aBUCUMBI,
< «; >= 0. Hanomauwm, ato

N
=1
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[Tose 1) mpuBeEHO OPTOTOHATBHBIM MpeobpaszoBanueM K momio {a},
KOMIIOHEHTBI KOTOPOT'O (¥; CTATUCTHYECKN HE3ABUCUMBI, U IUCIO STUX
KOMIIOHEHTOB paBHO pa3MepHocTn mnpocrpancrsa RY. Ecimm ¢ —
HOPMAJIbHO pPacCIpeesieHo, TO «(; — TaKXKe HOPMAJIBbHO pacIpese-
JIEHBI. 3aMETUM, OJHAKO, YTO B PEAJbHBIX TOAAX (HAIIPUMED, METEO-
POJIOrMYECKNX), KaK IpaBuao, orHomrenme Ai(3. A\;)~' — komeumno
(A1 > X2 > ... > An); eciu N — 00, T.e. MBI HAXOJUMCSI BHE PAMOK
[IEHTPAJIBHOM MPEJIeTHLHON TEOPEMBI, TO3TOMY Mbl HE MOYKEM DeIraTh
3aJ[a9n O PaClpeeieHn HeKOTOPBIX (DYHKIIMOHAJIOB, C/IU OHU STB-
JISTIOTCST CYMMAaMU CTATUCTUYIECKYM HE3ABUCUMBIX CJIYUIANHBIX BEJIH-
qura. YT0OBI 3TO CAEIaTh, HY?KHO KAKMM-TO 00PAa30M MPUATH K CTa-
TUCTUYIECKN HE3ABUCHMBIM BETMUNHAM, MMEIOIIM OJMHAKOBYTO (MK
HOYTH OJMHAKOBYIO) Aucrepcuio. PaccMorpum QyHKIMOHAT "9Hep-
run” noJist ¢

N N
E= W) =) ¢ =) of,
=1 =1

ABJAIONINNCA CYMMOU CIydYaiiHbIX BeanunH. Bemwmumna F aBadger-
Cd TaKzKe CaydaiHoll BeJIMYuHON U, cjieloBaTe/IbHO, UMeeT HEeKOTO-
poe pacmpezeserHue. XOPOIIO W3BECTEH PE3Y/IbTaT, UTO €CIu (v —
HOPMAJIbHO PACHpPEeJeIeHbl N CTATUCTUYECKNA HE3aBUCHAMBI U TUCIIED-
CHU (yj pPABHBI MEXKy coDoii, T.e. < a? >= ), ro E nmeer x?-pac-
npenenenne. B namem caydae < «; > He paBHBI MeXK Ty OO0t 1, cjie-
JI0BATEIILHO, Pacipe/iesienie F MoxKeT He ObITh Y 2-PacIpe/ieIeHIeM.
MoKHO MTOCTABUTH CAEAYIONTYIO 330a9y: MPEICTABAM CIYIAlHyIo Be-
muanay E B Bume cymmber N* KBaJpaToB CIydaiiHBIX BEJIUTHH %’27
Taknux 49ro < v; >= 0, < ,),2_2 >= az, i — pacmupejejaeHbl HOpMaJib-
HO, TakK, 9TO0BI pacupeneneHue F ObLIO pacupeieseHueM C TO# ke
cpenHeil BemmanHOM n mucnepcueit. s XZ—paCHpe,HeJIeHI/IH

N
<E>=) <7} >=N*d,
i=1
D(E) =< (E— < E >)? >=2N*d".
CnenoBaresbHO,

_2<E>?

<E>’=N*¢* u N*= DB (17.1.2)
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C npyroit CTOpOHBI,
< E>= Z)\Z =S ZCZ‘Z',
i
D(E)=2Y A =2 > d
i i

CnenoBaTesbHO,

(Zx) ()
N* = : =

2N 226
) i g

(17.1.3)

C reoperudveckoii Touku 3penns (opmynast (17.1.2) u (17.1.3) — 3x&-
BUBAJIEHTHBI, OJJHAKO OHW HE SKBUBAJEHTHBI, €CIM MbI MOJIb3YEMCs
BMECTO aHCAMOJIS KOHEUHBIMI BPEMEHHBIMU DSITAMH.

C mOMOIIBIO0 AHAJOTMYHBIX PACCY YK IEHUH MOYKHO BBECTH MTOHATHE
qncia 3HPEeKTUBHBIX HE3aBUCUMBIX CTeleHeil CBOOOIbI B3aMMOJIeii-
cTBusi (KOBapHUaIllMm) ABYX CIydaifHbIX MO/

[Iycts MBI mMeeM fBa caydaiineix monsa {¢}, n {1}. Moxwuo mo-
CTPOUTH KOBAPUAIMOHHYIO MATPUILY

ME<<,0<,0T>.

MpsI yke 3HAEM, YTO €C/IM MbI PA3JIOKHUM TIOJE (Y M0 COOCTBEHHBIM
BeKTOpaM (p Marpuiibl M M™* a mose 1) mo cOOCTBEHHBIM BEKTOPAM
marpurisl M*M, 1O ecTb

0= apr, = B,
k

T0 < i, - f; >= k; * Ok, TJIe O — CUHTYJISIPHBIE YUCTa MaTpHUIbl M.

B mamnoit 3amadue KOPPEISIAIO MEXKIY ABYMS TOJSIMU MbI 33aeM

TOJIBKO Yepe3 KPOoCC-KOBApUAIMOHHYIO MaTpuity M.
Cdopmyupyem HOBbIE CIydaifHbIE OIS CIEAYIOMUM 00pa3oM:

o =D ek, =" etk
K K
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T7e g , P — JIeBas U MpaBasg CUCTEMbI CHUHTYJISIPHBIX BEKTOPOB Ma-
Tpunel M, a < 'y,% >= Ok, Y — HOPMaJILHO paclpeaejieHbl U CTaTHh-
CTUYECKN HEe3aBUCHUMBI.

BoruncnanMm KoBapuanuoHHYI0 MATPUILY IS 9TUX Tmoseit. meem:

<@ P T >=N"N" <y > ppp) =
i

=Y <> e = opertf =M.
k k

OueBnHO, uTo 17151 Totedt @' u 1)’ cucremsl @y u 1y, OyayT ecTecTBeH-
HBIMU OPTOrOHAJbHBIMU cocTaB sttonumu. CrienoBaresnbHo, ¢ dek-
TUBHOE YNCI0 HE3ABUCHMBIX CTEMEHel CBOOOIBI MBI MOYKEM OTTpeje-
JINTH JJIS 9TOV KOBAPUAIIMOHHONW MATPUIIBI MOJIsd, IPUYEM OHH, OUe-
BUJIHO, PABHBI MEXK/Iy CODOIi:

()
-

DTy BEJIMUMHY MBI OTPENENM KaK duCI0 3(DPEKTUBHBIX CTermeHeit
CBODO/TIBI B3AUMOJIEUCTBUS MEXKIY IBYMS MOJISIMU.

N*



JEKIIUSA 18

JINHENHBIE IMHAMUWKO-CTOXACTUYECKUE
MOIEJIN

Paccmorpum uHEHY 10 IUHAMUKO-CTOXACTUYIECKYIO MOJIE/b

Oy

ot +Ap =171, @ lt=to= o, (18.1.1)

rie A — BemecTBeHHasi KBaJIpaTHas MaTpuia pasMeprHoctd N X N,
@ € RV, f € RN, A ne 3aBucur or t, W KOMIOHEHTHI BEKTODA, f
OyIeM CIUTATh TAYCCOBBLIMEU (PYHKIMAMHU, 0-KOPPETUPOBAHHBIMHU TIO
BPEMEHM, T.€.:

< fit) fj(#") >= By 6(t — t'). (18.1.2)

Jluneiinbie cucrembl Tuna (18.1.1) nmeror GosbIIOH NpakTHYECKHit
CMBICI. B wacTHOCTH, ¢ IOMOIIBIO TAKHUX CHCTEM MOXKHO YCIIEIIHO
OIHUCHIBATH HUI3KOYACTOTHYTO U3MEHINBOCTH aTMOChepHON MUPKY -
I[UH, €C/IU B KadecTBe oneparopa A B3dTh JIMHEAPU30BAHHBIN OTHO-
CATEJIbHO CPEeJHEro COCTOAHUA OIlepaTop UCXOAHOU HeJUHEWHON 3a-
maun. [Ipr 3TOM HEOOXOAMMO TIPEANONI0KUTh, ITO UCXOTHAS 3aa5a,
MOPOXK/IAeT AWHAMUIECKHN Xa0C, KOTOPBI MOXKeT OBITH 3aKOAMPO-
BaH KaK CTalMOHAPHBIN caydvaiinblii npouecc. Pemenne (18.1.1) mo-
JKeT OBITH BBINUCAHO B SBHOM BHE:

t
o(t) = e o + /e*(t*T)Af(T)dT. (18.1.3)
to
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He cumxkag obmuocTu mpobjembl, OygeM cuuTaTb, 4TO o = 0,
< f(t) >=0.

Kosapnammonuyio MaTpuiry 5TOT0 CIydaifHOTO MTPOIEcca MOXK-
HO TIOJIYYUTDH NMPSIMBIMHA BBIYUCIEHUSIMU, HE BBIMUCHIBAS YDPABHEHUS
®okkepa-Ilnanka (cm. Kostukun B, 1980 r.) agist nioTHOCTH Be-
POSITHOCTH:

C =< o(t) Tl (t') >=

ot
= //e_(t_T)A < f(r) ff(n) > e~ =mAT grdr (18.1.4)

to to

Bemovmmag, ato < f(t) f1(r) >= BS§(t — 1), momyamm

t
C(t,t') = /6_(t_T)AB€_(t’_T)ATdT. (18.1.5)
to

[Tosryuum Temepsb ycioBue, Ipu KOTOpoM ¢(t) Byer onucsBaTh CTa-
[UOHAPHBINA C/IydalHbIi IIPOLECC.

s crammonapuoro npouecca C(t,t') = C(t' —t), npu ycnosun
t =t', dbynkmua C(t,t') = C(0) me momkHa 3aBUCETH OT BPEMEHH,
Te. 2 C(0) =0.

Huddepenupysa (18.1.5) o spemenu npu yciaosuu ¢ = t', mo-
JIy9UM yPaBHEHHE

oC

— =B- AC —CcAT. 18.1.
5 C-C (18.1.6)

CaenoBarTeabHO, €CIU IPOLECC CTAIMOHAPHBIM, TO
AC +CA" = B. (18.1.7)

B ypasuennu (18.1.7) C' u B 110 onpe/ieieHnio MoI0KHTeIbHO-0IPe-
JleJIeHHbIe MATPHIBL.

Ypasuenne (18.1.7) 6p110 mosydeno JIAmyHOBBIM Kak HEOOXOH-
MO€ M JIOCTATOYHOE YCJIOBHE TOrO, YTO peajbHble 4acTH COOCTBEH-
HBIX 9uCes] MaTpuifsl A Obtn Gombine Hysts. JIAmyHOB qOKa3as, 9To
ypasuenne (18.1.7) paspemmmo npu J060it marpune B, u B 3TOM
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ciydae C' Takke OygeT S3pMUTOBOI MATPUIlEH M MOXKET ObITh Tpej-
CTaBJIEHA B BHUJE:

C = / e 4 Be A" dt, (18.1.8)
0

ec/Ii BCe CODCTBEHHBIE 3HAUEHUSI MaTPUIIBl A JieyKaT B MpaBoii TOJTy-
wrockoctn, T.e. Re A(A4) > 0.

CrpaBeyinBa, CJIeIyIOIasi TeoOpeMa:

Ecnu Bce cobeTBeHHbIe 3HAUEHWsT MATPUIBI A JiekaT CTporo B
IPaBOil MOYILIOCKOCTH, TO TPHU JI000H CAMOCOIPSIZKEHHON U MO0~
JKUTETHLHO-OMpeIeIeHHON MaTpuile B MaTpudHOe ypaBHEHUe

AC +CA* =B (18.1.9)

OJTHO3HAYHO PA3PEIMMo, u mpu 3ToM perrenne C sBJISETCS CaMOCO-
IPAXKCHHOU U II0JIO?KUTEJIbHO-OIIPEe/IeHHOI MaTpunei.

O6paTrHO, eciu CyNIECTBYIOT MOJIOKUTETHHO-OTIPEIe/IEHHbIE Ma-
rpunbt C' u B, cea3annbie ypasuennem (18.1.9), To Bech cnekTp ma-
TpHUIbl A JIEKUT B TPABOi MOJYIJIOCKOCTH (OKA3ATETBECTBO TEOPE-
MBI IPUBEJEHO B 3aﬂaqe). OCHOBHOIT BBIBOJ, KOTOPBI# Clieyer u3
9TON TEOPEMBI C TOYKW 3PEHUsI TEOPUU CAyUIANHBIX MMPOIECCOB, 3a-
KJTIOYAEeTCS B TOM, 9TO JjIsi TOro urobbl ypasuerue (18.1.1) omuchr-
BaJIO CTAIMOHAPHBIH CIyYaifHbBII TPOIIECC ¢ 0-KOPPEJTUPOBAHHOMN Mpa-
BOil 4acThI0, HEOOXOIUMO, ITOOBI OTIepaTop A OBLIT JUCCUTATHBHBIM,
T.e. peaJibHbIe YaCcTh BCeX COOCTBeHHBIX unces A ObLau OoJbiie HYJIs,
a HE3aBUCUMO BBIYNCTEHHBIE KOBAPUAIIMOHHBIE MATPUIIHI PEITeHnsT 1
IPaBOil YaCTU JOJIZKHBI YIOBJIETBOPATH yPaBHEHUIO JIgmyHOBA.

Kak nmpaBuji0, Ha KOBapUAIMOHHYIO MaTpUIly B HaK/IaIbIBAIOTCS
bosiee KecTKue yC/IOBUs, HAPUMED YCJIOBHE HEKOPPEIUPOBAHHOCTU
KOMIIOHEHTOB B, Tak 4T0 B =~ 02E, E — TOXeCTBeHHAs MATPHIIA.
B srom ciyuae ypasuenue (18.1.9) npusogures K BUmLy

AC + CA* = 2,

n ero pemnieHne npeacTraBuMO B BUE
o0
C =o? / e~ Me AL, (18.1.10)
0
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IIycTn
o= [ ot o= [ saear
— 00 —o0

ectb mpeobpasosanust Pypwe byukiwmii ¢ u f. Ypasuerne (18.1.1)
TOTJIA JIErKO MPeodpaszyercst K YPaBHEHWIO JJIsT (0, U f,,:

iwpy + Apy = fu, (18.1.11)

njaim
(iWE + A)‘Pw = fu-

ycrs < @, @0 >= C,,, < fu fF >= B, riie ¢, u f,, — KOMILIEKCHO
conpszkennble pyHKuu. Torma,

C, = (iwE + A)7'B,((iwE + A)™H* =
= (iwE 4+ A)7'B,(—iwE + AT)7".
Ecmu monoxuts B, = 02E, 10 C,, mpeobpasyerca K CIeIyIomeMy
BUJY:
C, = 02[(AT —iwE)(A 4+ iwE)|™" =

= o) [ATA+ W’ E +iw(AT — A)|7 (18.1.12)
[IycTn
o0 o0
P = / o(t)etdt,  f, = / f(t)e™tdt

Torma ypasuenue 11 @, Oyaer uMerb BU

iwpy + Spy = fu.

CooTrBercrByIOIIas KOBapUAIIMOHHAST MATPUIIA IS BEKTOPA, (O, MO-
JKeT ObITH 3amucaHa CIeIYIONUM 00pa3oM:

Co =< 0o @8 >=(iwE+8) ' < fu fF > (—iwE + 8) L.
Ecm < f, fI' >= 0%E, 1o

C, = 0*(S? + W?E) L.
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B pamkax Taxoro mpeICTABIEHWS MOYKHO BBIUYUCIUTH OTHOCHUTE h-
HBIH BKJIAT TUCTIEPCUH, TPUXOISIIENCS Ha TIEPBYIO €CTECTBEHHYTO Op-
TOTOHAIBHYIO COCTABAAIONIYIO (coOCTBeHHBIN BekTOp Marputst C,)
kak GyHKINo w. Ilycts cobecrBennbie yucia MaTpuiibl Cy, yopsiio-
YEHbI 10 Mepe Y6LIB3HHH:

A >8> L > N

Torma MCKOMBIT OTHOCUTEIBHBIA BKJIAT MOYKHO BBIUYUCIUTE CIETYIO-
M 00paz3oM:

Y 2}&a+ ) et

3

w 2 —1

my

rie 0;(S) — coberBennbie uncaa marpuist S. U3 dopmysr (18.1.13)
CJIeJIyeT, 9YTO MBI UMeeM MOHOTOHHOE HApaCTAHUe m, IIPU MOHOTOHHOM
ybbiBanumn w. JleficTBuTesibHO, MycTh Wy > wy. Torma

520in(S) + 0 02,5,(S) +
Z(S)+w? T 63(S)+wd’

Tak Kak A\;(w? — w?) > Apin (W? — w?).
Acumnrormuecku npu w — 0 mMeem

Cw w~>0 (SZ)

7 TIpeJIeJTbHBINT OTHOCUTENBbHBIN BKJIAJ B AUCIEPCHUIO /IS CYTIEPHU3-
KX 9aCTOT OyIeT paBeH OTHOIIEHHUIO

E mzn

Henast obparuaoe npeobpazosanne Pypbe s marpuipl Cy,, MOXKHO
MOJTyYNTh KOBapUanuoHuyo Marpuiy C(7).

ITycrs () — oproronajbHast MaTPUILA, W3 COOCTBEHHBIX BEKTOPOB
marputisl S. Torma marpuia C,, MOXKeT OBITH IIPeCTaBIeHa B BUIE

-1

1

_ 2
C,=0°QD 75224_&)2

Q'
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rie D(-) — quaronajbHas MATPUIA, JTEMEHTAMU KOTOPOii ABJIAIOTCS
di; = (02 + w?)~L. [locme HeCTOKHBIX MPEOOPA3OBAHMIL TIOTY M

1

o
1
— 42 I ! =
C(r)=o0 27T/QD T o Q' cos wrdw
— 00

~—

oo
1 1
Z;O/QD 7 ) @ coserdy =

D %e—hwi QI —

i

=Q "; D (%T"sz‘) Q.

)

Orciona Beipaxkenue 1y C'(0) 6ymer umers Buj

OTMernM, 9YTO ecIM MBI XOTHUM TOJYyYHUTH BbIpaxKenwe i Cr =
= D(67|T‘5i), TO KOBAPUAIMOHHYIO MATPHUILY JJIA IPaBOi 9acTh HY K-
HO B34Tb KaK

< fu T >=02%5.

[IpeobpazoBanne Pypbe aBTOMATHYIECKH TPeOyeT CyIIeCTBOBAHIS
perienns HAa OECKOHEYHOM TPOMEXKYTKe Bpemenu. Heobxoammoe
VCJIOBHE CTAIIMOHAPHOCTH IIPOIECCA, OIMCHLIBAEMOrO YpaBHEHHEM
(18.1.1) wum ypapuenunem (18.1.6) n paccmarpuBaeMoro Kak 3ajia-
va Koru, mjiss KoTopoit ObLIO0 BBIMUCAHO aHAJIUTHUYECKOE DEIeHue,
Tpedyer JTOTOTHUTENBHBIX YCIOBUI, TPUBOASIINX K CTAIMOHAPHOCTH
nporiecca. UHTYUTUBHO SCHO, YTO MbI JOMKHBI UCKTFOUUTD TTEPEXO0]I-
HBIIl TIPOIECC — MEPEXOJT OT TPOU3BOJILHOIO PACIPEIETEHUs K CTa-
nuoHapHoOMy. EcCau 9TOT mepexoj] aCUMIITOTHIECKH OECKOHEYeH, TO
to MBI JOMKHBI BHIOPATH PABHBIM —00. BBISCHUM, HACKOJIBKO CIIpa-
BEJJIMBO 9TO yTBEp:KeHue st ciyuas, kornga A = S u B = o?E.
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I3 (18.1.5) ciexyer, 9To

t t
C(t,t') = / e SN pe ST dr = o2 / e ST g =
to to
t
— g2 S(t+t) /estdT _ %Z(e—S(t—l-t’)S—leQSt _ ezSto) _

t0

_ _ _ _ !
— g2 S(t—t) g1 _ ;2,-S(t+) 25t0

Bce npoBeeHHbIe Oepaliiy 3aKOHHBI, T.K. omeparopsl e >t 5 §~1
KOMMYTHUPYIOT pyr ¢ apyrom. 13 (18.1.5) cremyer, uro C(t,t') Oy-
JeT KOBAPHAIMOHHON MATPHUIEl CTAIMOHAPHOIO MPOIECcCa, eCIIH
e?5% = () (mynesoit marpue), T.x. (S¢, ) > 0, cOBCTBEHHbIE UICTA
marpunesl S — §(S) > 0, To HEOOXOAUMOE U JIOCTATOYHOE YCIOBUE
9TOTO ecTh t) = —00. VTak, mpu 3TOM yCIOBUU MBI HUMEEM

C(r) = 028 1 5T = QD <%e/\”> Q' ,
2

y7’Ke N3BeCTHBIIl HAM Pe3y/IbTaT.

U3 (18.1.12) crenyer acumnroruka: C, — [ATA]™! npn w —
0. D10 acuvmrormaeckoe coorromenue C, = of[AT A]~" apmserca
YaCTHBIM CIydaeM (OIyKTYAIHOHHO-THCCHITAIIOHHOTO COOTHOIICHST
(18.1.9). Coornomrenne (18.1.9) mocur nHazBamme (IYyKTYaImOHHO-
JMCCUNIAIMOHHO# Teopembr jyist ypasaerns (18.1.1), mockonbKy ycra-
HABJIMBAET CBSI3b MEXKIy JHHAMHYIECKNM JUCCHIATHBHBIM OIEPATO-
POM U KOBapHUAIMOHHBIMI MAaTPUIAMK CIyIaifHbIX ITPOIECCOB.

Paccmorpum Teneps crreyiomyto 3agaqy. [ycrs A = AT = § —
CHMMETPUYIHBIN TTOJOKNTEIBHO ONpeeeHHblil onepaTop. Paccmo-
TPHUM 33149y

Iy

- — _4=0. 18.1.14
8t+8(’0 [y @li=0=0 (18 )

Ecnu cHOBa TOMOXKNATE, 9TO f — J-KOPPETMPOBAHHBIN 110 BpeMeH!
mporiecc
< f@t) f(tF) >=0?Es(t — ty)
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u B = 0?E, to u3 (18.1.8) ciexyer, uro

ee 2

C(0) = o? /e—2Stdt = %S‘l. (18.1.15)
0

[Ipencrasum tenepn, uro npasas dacth f B (18.1.14) cocrout u3s
nByx dacreit: f = f1 + fo, tme fi — caydaitHbIil porece ¢ XapakTe-
PUCTUKAMU, OTTUCAHHBIMU BHIIIE, & fo — HECTyUIANHBIN HE 3aBUCSIIINI
OT BpemeHu BeKTOp. B cuity smmeiinoctn 3amaun (18.1.14) ee pere-
HIEe MOYKHO MPEJICTABUTH B BHJIE CYMMBI JIBYX PEIeHMUI:

Y =@+ P2,

I7Ie 1 — PACCMOTPEHHBI HAME C/IyUaiiHbIH IPOIece, a @y = S~ fo.
Ecm < fi >=0, 10 < ¢ >= S™ fy.
B cuiy coornomenust (18.1.15) Gyaem nmers

2
oo = —=C ' fo,
(o)
nJjm

2
<p>=—=C"'fo (18.1.16)
ag

13 (18.1.16) cemyer BaxKHOE CI€JCTBUE AUCCUTATHBHO-(DIYKTY-
AIMOHHOI TEOPEeMBbI JIJIsT TAHHOTO CJIydasi: OTKINK cucrembl (18.1.14)
Ha TIOCTOSTHHO JIEHCTBYIONIEe He 3aBUCINEE OT BPEMEH! BO3MYIIEHIE
oIpeedercd KOBapruallmoHHOI MaTpulleil caydaifnoro mnpoiecca o,
ONHMCHIBAEMOr0 3TUM ypaBHeHueM. JIpyrumu cjioBaMu, eciu Mbl 3HA-
eM KOBAPHUAIMOHHYIO MATPHUITY CTAIIMOHAPHOTO CIYJaHOrO MpoIec-
Ca ¢, TO MHOTUE XaPaKTEPUCTUKN OTKJ/INKA CHUCTEMbI Ha HMOCTOAHHO
MefiCTBYIONIee BOBMYIIIEHIE MBI MOYKEM BBIUUCINTH, HE 3HAs OTepa-
topa S. Coornomenue (18.1.16) sBisierca npumepom TyGOKOii CBsi-
3U MEXKJIy BHYTPEHHUME CBONCTBAME CTOXACTUIECKUX CUCTEM W WX
OTKJINKAaMH" Ha ITOCTOAHHO ﬂeﬁCTByIOHlHe HeC.Hy‘Ia.ﬁHbIe BO3MYIICHUSA.

Bepuemca k coornomrennsam (18.1.12) u (18.1.14), T.e. paccmo-
TpUM CIydail mpomsBosbHON Marpuibl A. 113 dhopmyn (18.1.12) u
(18.1.14) cnexyer BakHOe 3akjiouenue: npu w — 0 (mas obsa-
CTH HU3KHUX 9YaCTOT) COOCTBEHHBIE (DYHKIMHM KOBAPUAIMOHHON Ma-
TpUIBI (€CTECTBEHHBIE OPTONOHAIBHBIE COCTABJIAIONINE) CJIyYaiiHOTO
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nporecca, omuceBaeMoro ypasuenueM (18.1.1), ¢ B = 02 E nomKHEI
CXOJUTHCA K COOTBETCTBYIOIIUM COOCTBEHHBIM (DYHKIIUAM MATPHUITBI

-1
AT A. Taksxe momKHEI cxoquThea otHomrenna \; (C,,) [Z )\Z-(Cw)] K

~1
coorsercTByRommM coorHommennsm \;( AT A) [Z )\i(ATA)’l] . dpy-
TUMU CJIOBAMHE, STH OTHOIUIEHUS B 00/IACTH HU3KUX YACTOT ABJISIOTCS
KBa3UMHBAPUAHTAMU. 13 9TOr0 MOXKHO C/€TaTh MOJe3HbIE BBIBOJIBL.
Paccmorpum cHoBa 3a1ady, ananornanyio sagade (18.1.14):
0
a—f+A<,o:f1+f2, (18.1.17)
rie fi — caydaitabiit mporece, a fo — Hecayugalnbiit BekTop. [lpesn-
crapuM pemenne cucreMbl (18.1.17) B Bume ¢ = @1 + g, 111 @3 =
= A"l fy. Mneem
ool < AT PRI =
o (A)

r7ie 0%, — KBaJpaT MUHUMAIBLHOTO CHHTY/ISPHOTO 9HCTIA MATPHUIB A
(MaxcumasbHOro cobersentoro unciaa marpumst (AT A)7h).

Pasencro (18.1.18) mocruraercs, eciun fo €CTh CHHTYJISIPHBIi
BEKTODP, COOTBETCTBYIONMI 0. DTO O3HAUAET, UTO O ONpPEessier
MaKCHMAJIbHO BO3MOXKHBI OTKINK cucteMbl (18.1.17) ma mocrosm-
HOE BO3MYINEHUE fy B CUCTEME TIpu 3ajauHoii HopMme || fo|| = const.

OTHOpMEpPYEM MaKCHMATBHO BO3MOXKHBIII OTKJIMK HA HEKOTODBIf
CpeJHuiT OTKJIMK TIPK OHOM 1 TOi ke HopMme || fal

| foI?, (18.1.18)

Dlieille DA > M(0)

13 mociesHero COOTHOLIEHUST CIIELYET, YTO HTOT IIapaMerp € TOY-
HOCTBIO JI0 MHOYKHUTEJISI ONPEesIseTcsl KBA3HUHBAPHAHTOM CHCTEMBI
(18.1.18) B 0obsIaCTM HUBKHUX YACTOT.

=K =
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BBIUNCJIEHUE I'NIABHBIX KOJIEBATEJIBHBIX
MO/I, (POP-AHAJIN3).
£-CIIEKTPbI HECUMMETPUYHBIX MATPUIT
(CTIIEKTPAJIBHBIE TIOPTPETHI)

B mpenpiaymmieit eKun MBI pacCMOTPEIN ypPaBHEHTE
AC +CAT = F, (19.1.1)

KOTOpPO€ IIO3BOJIAET BBIYUC/IUTL MaTPHUILY AB 3a1a4e

9 | ap=f. (19.1.2)
ot
3mas kopapuanuonueie Marpunpl O =< gl > u F =< f T >.
To ecTh 3TO COOTHOIIEHNE TTO3BO/ISIET PEIIATH OOPATHYTO 3aadYy, HC-
MOJIB3ysl SMIMPUYECKHEe JaHHbie Hab/IogeHnii s ¢. KoHedHo, Mbl
JTOMIZKHBI TTPU 3TOM MPEJITOMOKUTE, UTO TPOTIECC ( ABIACTCS IPTOJIN-
YECKUM, & TaKZKe CJIeIaTh allPUOPHBIE IPEINOI0KeHus 0 Marputie F'.
CobcrBennble (DYHKIUN MATPUTIBI A, COOTBETCTBYIOIINE MUHU-
MAJIBHBIM IO MOJYJIFO COOCTBEHHBIM HUHUCTIaM, HOCAT HA3BAHUE TJIaB-
HBIX KOJe0aTeTBHBIX MOJI, TOCKOIBKY, KaK MPAaBUIO, omeparop A —
HECUMMETPUYEH U er0 COOCTBEHHBIE UMCITA, SBJISIOTCS KOMILIEKCHBI-
vu. Hanomuum, uro wu3 coornomenns (19.1.1) creayer, uro
ReA(A4) > 0, eciiu (Cp, ) > 0 u (Bep,p) > 0. Munmbie gacti Im A
OyyT OmpenesisiTh MEPUOIbI COOCTBEHHBIX KOJIEOAHMIT CHCTEMBI.
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IIpu paccmoTpennu TUHERHON TUHAMIKO-CTOXACTUIECKOH CuCTe-
MBI B IPEIBIAYIIEN JEKITHH Mbl (DAKTUIECKU TTPEIITOIATAJIN, YTO CTO-
XaCTU4YeCKad AUHAMHWKa, OIMUCBhIBaeMasd CI/ICTQMOI‘/JI7 ABJIAETCA BbBIHY-
JKJIEHHOI - MBI JTa2Ke TIPEJINoIarajin, YTO HadaIbHbIe TaHHbIe PABHBI
HYJIIO, ¥ BC JIMHAMUKA OIPEIE/IsIeTCs IPaBoil 9acThio. B HacTOAIIEH
JIEKITUU MBI OY/IEM MCCIe0BATH CAyYail, KOT/a MpaBasi YacTh sIBJISeT-
Cs1 BEJIMYMHOMN MaJIoit (IIIyMOM), U CTATUCTUKA PEIIEHWs! OIIPe/Ie/IseT-
C HAYAJbHBIMI JTaHHBIMHE, T.€. MBI OyeM HCCIeT0BAThH 'COOCTBEHHBIE
Koebanus”’ cucTeMbl. B 5TOM Cydyae aHa/M3 IVIABHBIX KOedaTe/b-
HBIX MOJ MOXKET OKa3aThCs 3ajadeil MpUHIUIHNAIBLHO.

ILTIH KOHCTPYKTUBHOCTHU ﬂa..HbHefIIHeFO N3JIOXKEHU A 3alIUIIIEM Ha-
Iy UCXOJHYIO CHUCTEMY B JMCKPETHBIE MOMEHTHI BPEMEHU

@It = By + fI. (19.1.3)

Ypasuenne (19.1.3) M0KHO paccMaTpUBaTh KaK JUCKPETU3AIMIO 11O
BpPEMEHHU JINHEHHOro HeomHopoaHoro ypasuenus (19.1.2). Moxkno,
HaIpUMep CIUTATh, ITO

B=(E-14), f=r1,

TO ecTh cobcrBennble yHKIMU A n B coBmagaior. [I0CKOJBKY MBI
mpeaiojiaraeM, 4ro @ — CTAlMOHAPHBIA IProAuYeCcKUil CiydaiHblil
IIPOIECC, TO IIPU BBIYUC/JIECHUN KOBAPUAIMOHHBIX MaTPHIL

C=<gl¢">, Cr=<p/™y’>

orepanyy yCpeaHeHNs 110 aHCaMOJII0 MOYKHO 3aMEHUTh YCPEIHEHUEM
10 BpeMeHH. [IpeammosoKuM Tenephb, YTO IILyM fj HE KOPPEJHUPYET C
@), T0 ecTh

<P’ >=0,
riae @ — HyﬂeBaH MaTpuIia. B 9TOM C.quae COOTHOIITEHNE, CBA3bIBA-
fomee C,C' u B, byner uMeTh BHT,

C. = BC. (19.1.4)

Omno monyuaercss ymuoxennem (19.1.3) crnpasa wa @' 7 u ycpenme-
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urem o aucambsro. Tak kak (Cp, @) > 0, To ectb Marpumna C He
BBIPOKIEHA, OyJeM MMETh

B=0C,C .

Cdhopmynupyem mpobsiemy Ha COOCTBEHHBIE 3HAYEHWS JIJIST HECHM-
MeTpUYHBIX Marpul B n B* :

By = Nihi,  BYp7 = Nith. (19.1.5)

Byznem cuntars, aro {1;} u {¢}} — mommHble cucremMbl cOOCTBEHHBIX
BEKTOPOB B KOMIIJIEKCHOM mpocTparcTse ZV | tak uro

o =Y aity, o = (0, 97), (Pi,¥5) = bij, Aidi = [Aif*. (19.1.6)

[Moxcrasss (19.1.6) B (19.1.3) u ymHOKAs CKaJISIPHO Ha 1), TIOITY-
IMM ypaBHEHHE [T v

ol = N + & (19.1.7)

Orcroma ' .
o TP = (NP P + 6, (19.1.8)

roe 0; = |5i|2 + )xiagéi + méil

Cunrtasg BeIUYUHY €; MaJIOil, MOXKHO BBLIEIUTH ABYMEPHOE IIOJ-
NPOCTPAHCTBO M3 JIBYX IVIABHBIX MOJI, COOTBETCTBYIOIINX |A\;|, eciu
|A\i| moCTATOUHO CHIBHO OT/IEIEH IO MOJYJTIO OT OCTAJTBLHBIX COOCTBEH-
HBIX guces. Kcim \; — KOMILJIEKCHO, TO 9TO MOAIPOCTPAHCTBO Oy1eT
O65{3aTeﬂBHO ﬂByMeprIM, T.K. HCCHeﬂyeMaﬂ HaMW MaTpHIla BeIe-
CTBEHHA ¥ KOMILIEKCHBIE COOCTBEHHBIE YHC/IA BXOMAT KOMILIEKCHO-
CONIPAKEHHBIMU TTapaMU. OTMeTI/IM TaK>Ke, 9TO n3 yC.HOBI/Iﬂ yCTOﬁ-
quoctu (19.1.7) u muccunaruBrOCTH Omeparopa A ciemyer, 9To

|>\i|2 < 1.

N3 (19.1.7) u (19.1.8) BmgHO, YTO yCIEIIHOE BBIAETEHNE TVIABHBIX
KOJI0aTETBFHBIX MO/JL JOPKHO OBITH CBSI3aHO C JOKA3aTEHCTBOM OT-
JIETUMOCTH MAKCUMAJIBHOTO 0 MO/TYJTF0 COOCTBEHHOTO YHC/IA Ollepa-
Topa B oT ocTaabHBIX COOCTBEHHBIX UNCEI, T.€. 9Ta MPObIeMa, TPSMO
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CBsI3aHA C MPODJIEMOil yCTONIMBOCTH BBIYUCICHUST COOCTBEHHBIX UH-
CeJl HeCHMMETPUIECKUX MATPHUI] MPH TTPOU3BOTHHBIX BO3MYIIEHUIX
ee 9JIEMEHTOB. DTa MpobJjiemMa pPeraeTcss Ha OCHOBE ONpPe/IeJIeHus -
CIIEKTPa, MATPHIIBI.

IIycte A ecrb N X N mpousBOJIbHAsT MATPUIA, C BEIIECTBEH-
HBIMU 3JIeMeHTaMu U A Tak:Ke npousBosibHag N X N wmarpuia
|A]l < e||All. e-cnekrpom A (A) marpunbr A mMbl Gyjem Ha3bIBaTh
00'beINHEHNe CIIEKTPOB BCEX BO3MOMKHBIX CIIEKTPOB MaTpuil A + 4.

Omnpenesiernue.

Kowmmrekcroe ancio A € A (A), ecu cymecTByer Takasi MaTpu-
na Bosmymmenus A (||6]] < e||A]]), uro det (A+ 6 — AE) = 0.

[Tokaxewm, aro A € A.(A), ecnmu cymecrsyer Bexktop y(||y|| # 0)
TaKOM, 4TO

(A = AE)yl < el Allllyll- (19.1.9)

[Mockomsky ||[(A — AE)y|| > onl|ly||, tne on — MuHEMAIBHOE CHHTY-
nsproe uncao marpunpsl A — AE,| to u3 (19.1.9) cremyer, aro

on < ellAll (19.1.10)

[Iycts U,V — nopmuposanusie (||U|| = ||V| = 1) cunrynapmsie
BEKTOpBI MaTpuilbl A — AF, oTBedaliole CUHTYISIPHOMY 9UCIY 0N

(A= AE)U =onV, (A*—AXE)V =opnU. (19.1.11)

Bribepem
A=onVUT.

Torma
(A+ A —XE)U =(A—-AE)U — AU =onV —onV =0.

Tak kak ||Al| < on, oy < ¢||A]|, To ||A]| < e||A|| u A ecTsb coberBen-
Hoe 3HaueHue omeparopa A + J§, To ecTb

A € A(A).

Hoxkaxxem obparnoe, uto eciu A € A (A), TO CymecTByer BeKTOD Y
TaKOM, 4TO

(A = AE)yl < el Allllyll-
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Heiicteurenvho, u3 A € A (A) BeiTekaer cymectoBanme A
Al <ellAll, det(A+ A —AE) =0,
TO €CTb CYIIECTBYeT HEHYJIeBOI BEeKTOD Yy TaKOMi, 4TO
(A+A—-XE)y=0,

njiim

(A= AE)Y = —dy.

Orcrona
[(A=AE)yll < [I6][ ]l < ellAll [[yl-

Urax, Mb1 nokazasm, aro ecm A € A (A), To
on(A=AB)|lyll < [[(A=AE)yll < ellAll lyll,

To ectb 0N (A — AE) < ¢||A].
DTO YC/IOBHE MOYKHO MEpEeNucaTb B TEPMHUHAX MAKCHUMAJIBLHOIO
CHHIYJISPHOTO YMCIIa, /s pe30ibBenThl Marpuipl A — (A — AE) L

1
(A= XE)" | =01(A—-XE)"! >

> . (19.1.12)
ellAl

Taxkum 06pazoM, CpaBeINBO CAEIYIOIIee YTBEP2KAEHUE:

Touka A TPUHAIIEKUT £-CIIEKTPY MATPUIIBI A, ecum HOpMa pe-
30/bBeHTE MaTpuel A e Menbire, gem (]| Al]) L.

PesynbraTroM 9TOT0 yTBEPXKIEHUS SBJISIETCS TPOLEIYPa BBHIYUC-
JIEHWS E-CIIEeKTPa MATPHUIBI A, TIOCTPOEHNE ee CIEeKTPAJTLHOTO TOpP-
TpeTra — W30JMHUI Ha KOMILJIEKCHO TIJIOCKOCTH, COOTBETCTBYIOIIIX
KayKJIOMY 3aJanHoMy uuciy €. Omupenesisis € Iy 3aJaHHBIX OITHO0K
Boruncyenuss Marpun, C' u C, MOXKHO U3 CIEKTPaJILHOrO noprpera B
OIPEIEIUTH TOYHOCTb BBIYUCEHNUS UCKOMBIX CODCTBEHHBIX UUCE.

Bepuemcsa k dopwmysne (19.1.4) Boramcienuns Marpunbl B s
yYPaBHEHUS

Ot = Byl + 9. (19.1.13)

Mycrs {¢/}(j € [1, ..., J]) — 3aJaHHOE MHOMKECTBO BEKTOPOB.
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Bamaay (19.1.13) MOXKHO paccMaTpPUBATH KAK 3aJ1ady HAXOXK/Ie-
HUS 9JIEMEHTOB MATPUILI B 1pu ycaioBun

J
>l — B! ||” = min.
=1

DTO ecTh MeTOJ] HAUMEHbINNX KBaparToB. HeTpyaHo mokazarh, UTO
npouemaypsbl Boraucaenus no gpopmyse (19.1.4) u merogom HanMeHb-
X KBaJpaTOB SKBUBAJEHTHBI APYT JIPYTY.



JEKIIUS 20

HEJIMHEMHBIE TNHAMUKO-
CTOXACTUYECKUE MOJEJIN. AHAJIOT
OJIIVKTYAIIMMOHHO-IVUCCUIIAIITMOHHBIX
COOTHOIIIEHU

OHOM U3 BaXKHEAIUX 33084 TEOPUN KJIUMATA ABISETCS OIEHKA,
cpenHell 1 MAaKCUMaJIbHO BO3MOXKHON aMILIATYIbl OTKJINKA HA ITOCTO-
JHHO JeficTByomiee MaJioe Bodmyienue. [lockonmbky armocdepa Kak
dusmyeckuit 00bEKT He JOMYyCKAeT MPIMOro (DU3NIECKOrO SKCIIEPH-
MEHTa, JIjId PEeIIeHust ITON 3aa4qu, TO 0coD0e 3HAUYEHWE B PEIIeHWH
9T0it TpobJIEMBbI TPUOOPETAIOT TEOPETUIECKIE OIEHKU U PEe3YIbTAThI
YUCJIEHHBIX 3KCHIEPUMEHTOB C I‘.}IO6H.JII)HBIMI/I KJIMMATUYECKUIMMN MO-
nenasgyvu. OuH 13 BO3MOXKHBIX TEOPETUYECKUX IO/IX00B, OCHOBAH-
HBIA HA WCIIOJIB30BAHWW JIMHEWHON JIWHAMWKO-CTOXACTUIECKON MO-
eI IS OMMCAHUS HU3KOYACTOTHON M3MEHYHMBOCTH aTMOChEepHOi
TUPKYJIAINN, 6]31.}'[ KpaTKO O6Cy)K,[[€H B npe;u;m;gym,eﬁ JICKIIUW.

B macrosmieit TeKnm MBI TPUBeeM IIPUMED TOCTPOEHUS aHAJIO-
ra (l)JIyKTyaI_[I/IOHHO—,Z[I/ICCI/IHa.L[I/IOHHOI‘O COOTHOIICHUA JJId JUHAMHWYIEe-
CKOJ KOHEYHOMEPHOU HeIWHEWHON JIMYyBUJIJIeBOU CUCTEMBI, HaXO/Id-
meiicsd B paBHOBECHH, 1 MOKaKeM, UTO IIPU COOTBETCTBYIOIINAX YCJIO-
BUAX JUHAMAYECKUIT OIIepaTop JIMHEAPU30BAHHON OTHOCUTE/IBHO Pe-
IIEHUS 33/1a9d MOYKeT OBITh BBIPAXKEH Yepe3 KOBAPUAIMOHHYIO Ma-
TPUILYy PEIIeHUsI.
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Urak, paccMoTpuM cuCTeEMY HETUHENHBIX ypPaBHEHUH

ui :Ql(uat)a
ou; 20.1.1
u € RY, uiz%, uw={u},i=1,..N. ( )

Bynem cuntars, urto pemenne cucrembl (20.1.1) ymoBsierBopsieT
YPaBHEHUIO HECXKUMAEMOCTH

0,
— =0. (20.1.2)

7
Bynmem tak:xxe mpegmnosaraTh, YTO cucTeMa 00,13/ 1aeT KBaIPATUIHBIM
3aKOHOM COXPaHEHUA

1 2
E = §2Z:u (20.1.3)

B npuHIume MOKHO IpeanoaraTh CynecTBOBAHNE HECKOIBKUX KBa-
IPATUIHBIX 3aKOHOB coxpanenusi. Hampumep, st ypaBHEHUi reo-
(bu3mIecKoil THAPOIMHAMUKE 9TO MOTYT OBITH 3aKOHBI COXPAHEHMUS
SHEPTUN W SHCTPOMUNM WIN SHEPTUN W MOTEHINAILHON 3HCTPOdUH.
B srom ciayuae maa cucremsr (20.1.1) MOXKHO 3ammucaTbh HEKOTODBIi
0000ITIEHHBIIT 3AKOH COXPAHEHUS

1
M= > miug (20.1.4)
3

rae m; > 0. B mobom caygae (m; = 1 wim m; # 1)

oM .
— =M=0. (20.1.5)
ot
Paccvorpum arcam0b1b peatm3arnuit JAaHHON CHCTEMBI, 33IaHHON aH-
caMmbJieM HadaIbHBIX JAHHBIX. BymeM cunTaTh, 9TO paclpeie/eHre
JUIS U YAOBIETBOPSAET HOPMAJIHLHOMY 3aKOHY

P(u) = Cexp (— % Z mzuf) (20.1.6)
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(C — HOpMEPOBOUYHAST KOHCTAHTA), T.€. BCE U; — CTATHCTUIECKH He3a-
BuCHMBL, 1 < u; >= 0. HeTpyaHo mokasars, 9T0 U3 BCeX BBIMIENPH-
BEJECHHBIX YCJIOBUI C/Ie/IyeT, 4YTO BEKTOPHBIA Cly4ailHbIA IIpoLecc u
SIBJISIETCSI CTAIIMOHADHBIM.

HeiicrBurensro, aus cucremb (20.1.1) ¢ yerosusivu (20.1.2) u
(20.1.5) cnipaBegyinBo ypasHeHue JlunyBusList

AP 0P oP
i~ o T ZZ. Uiz =0 (20.1.7)

[Moncrapmsas (20.1.6) B (20.1.7), moxyunm

or .0 1 o
v —Xi:ula—ui{Cexp(—E ;mlul)} =
= C’(Xi: tu;m;) P = C%_Af P=0.

CanenoBarebHO, %—1; = () ¥ IPOIECC CTALMOHAPEH. JTO O3HAYAET, YTO

BCE CTATUCTUIECKIE XaPAKTEPUCTHUKI, 3aBUCSIINE OT IBYX MOMEHTOB
Bpemenn t,t', 10JKHBI 3aBUCETH TOIBKO OT ' — t.

Bosmyrum renepn cucremy (20.1.1) Masnbiv BHENIHUM BO3eii-
CTBHEM

= Qi(u',t) + 5fi(t). (20.1.8)

Bymem cuwmrath Jf; BEIUIUHON HACTOIHKO MAaJOi, 9TO Ha OTpE3Ke
Bpevenn (0,%) a1 ONMCaHUsT OTKJIOHEHUST BO3MYIIEHHOTO DENeHust
OT HEBO3MYIIEHHOTO MOXKHO JmHeapu3oBaTh cucremy (20.1.8) orro-
CUTEJIbHO HEBO3MYIIEHHOrO perrenud. [lycTsb

6ui = U,; — Uy , (511,1 |t:0: 0.
Ypasuenue mjs 6u OyaeT UMeTh BUL
du = J(u)ou + 6 f, (20.1.9)

riae J(u) — marpuia fkobu qa cucremsr (20.1.1). Hamomunwm, 9To
B custy coorHomenust (20.1.2) cien 9Toii MATPHUIILI PABEH HYJIIO.
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Ypasuernne (20.1.9) mMoxkHO (BOpMATHLHO 0OPATUTH, UCIOTBH3YsI
mMarprunayto Gyakmmio ['puma

t
Su = /G(t,t')af(t')dt', (20.1.10)
0

WIN B TIOKOMITOHEHTHO# (hopme

t
Su; = Z/Gij(t,t’)afj(t’)dt’. (20.1.11)
J o

Yepennsas (20.1.11) no ancam6.1i0, motyauM
t
< du; >= 2/ < Gyj(t, ") > af;(tdt'. (20.1.12)
)

B cuy cranponapuocru npouecca < Gyj(t,t') > nomkuna 3aBucers
TOJBKO OT pasHocTu t — t', TO ecThb

< Gi]’(t, t,) >= éi]’(t — tl).

[ycrs C(t — t') =< u(t) u? (#') > — xoBapmarnuonHas MaTpuna pe-
IITEHUd.

B nokomnonentnoit dbopme Cyj(t—1t') =< u;(t) u;(t') >. 13 Toro,
9TO U; — CTATUCTHYECKM He3aBucuMbI, ciaeayer, uro C'(0) — amaro-
HasbHag Marpuna, T.e. Cjj =< u? > &;; (§;; — cumson Kponekepa).

Jlasiee MBI MOKayKeM, 9TO CIIPABEJIUEO G LY OIIEee COOTHOIICHUE:

Cij (1) =< u} > Gij(7). (20.1.13)

JlokazaTesibCTBO STOTO COOTHOIIEHUS OyJeT OCHOBAHO HAa BBIOOpE
CrenuaabHOTrO Buaa BosMmytnerus ¢ f. Paccmorpum cucremy

7 =0. (20.1.14)

[Tockonbky g—g = 0, To ycioBHE HECXKAMAEMOCTH IS 3TONH CHCTe-
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MBI BeImosTHeHO. OdeBngHO, uT0 cucreMa (20.1.14) nveer naTerpast
Y = %yQ. Bamaaum s cucrembl (20.1.14) HOpMasbHOE pacmpese-
JIeHHe

1
Pi(y) =C eXp(—gmij)

u BBIOEpEM < y2 >=< u? >. [locKOMBKY ¥ ¥ Yy CTATUCTUIECKN He3a-
BHUCHUMBI, TO KoOMOuaUpOoBanHas cucrema u3 N + 1 nepemenubix Oymer
UMeThb pacIpe/ie/lenne

1

- 1
P = PP1 = CC1 exp(—§ Zmlu? - §m]y2)
7

PacemoTpum Temephb CIeIyIONIyI0 BOZMYIIEHHYIO CHCTEMY:
u; = Qi(u) + e a(t)di;y(t),
g = —ca(t)u;j(t),

rje € — Majoe dncio, a(t) — npousBosbHas (DyHKINA Bpemern. B
9TOI BO3MYIIIEHHOM CUCTEME BBITIOIHAETCS ypPaBHEHNE HECXKIMAEMO-

(20.1.15)

CTH

U COXpaHSeTCsl KBaPATUIHBI UHTETpaa y %(u? +4?)
2

0 u? y?
&(Z o + ?) = 6a(t)5iijj — Ea(t)ij =0.

Brmonnenne 3TrX IBYX YCIOBHUiT O3HAYAET, KAK MBI TIOKA3aJI1 BBIIIIE,
CTAIMOHAPHOCTH TAKOI'0 KOMOWHMPOBAHHOIO CIyYaifHOTO MIPOIIECCa,
U, CIe/IoBaTeIbHO, paclpejesieHe BeEPOITHOCTU OCTAaeTCd HEeBO3MY-
[IEHHBIM. B 9aCcTHOCTH, MBI MOXKEM YTBEPXK/IaTh, YTO OTCYTCTBYET
BO3MYIIIEHE BTOPOI'O MOMEHTa

§ < wui(t)y(t) >=0.
C TOYHOCTBIO JI0 MAJIBIX BTOPOTO TOPSIJIKA M0 € MMEEM

< y(t) ou (t) > + < ui(t) oy(t) >=0. (20.1.16)
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U3 ypasuenns (20.1.15) ciemyer, 9T0 OTKJIMK CHCTEMBI Ha TAKOTO
COpTa BO3MYIIEHUE €CTh

t
du; (¢ 5/sz Yy (t')dt,
0 (20.1.17)

t
Sy(t) = —e / a(t)u; (¢')dt.
0
[Moncramsas (20.1.17) B (20.1.16), moxyunm
t
g/ < Gyt )y )y(t) > — < w;()ui() >)de' = 0.
0

C TOYHOCTBIO JO £ CHCTEMBbI IJId U U y ABJIAIOTCA HeSaBI/ICI/IMbIMI/I,
TaK 9TO C 3TOM TOUYHOCTBHIO CHpaBe,D;JII/IBO COOTHOIIIEeHue
< Gij(t, )y (ty(t) >=< Gi;(t, ') >< y* > +o(e).

Or6pachiBas 4ieHbl C £2, MOTyYnM

&t/a(t')(éij(t ) <> — < ug(#)ui() >)dt = 0.
0

B cuy npoussosnsrocTH 0(t') ByseM OKOHYIATETbHO UMeTh
<uf > Gij(r) =< u;(t)ui(t) >= Ci;(r). (20.1.18)

Bripazkenne (20.1.18) MOXKHO 3amuicaTh B MATPUIHON hopme:
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HEMNPOHHBIE CETU

B ekt 6ymeT KOPOTKO OTMCAaH KJIACC METOJOB, KOTOPBI CPaB-
HUTEJILHO HEJIABHO CTAJI UCIOAb30BAThC B pusuke armocdepsl. Ca-
MO HA3BaHME TOTO KJIACCA METOIOB — HEHPOHHBIE CETH — TOBOPHUT
0 TOM, 9TO €ro UCTOPHUS BOCXOAUT K OWOMOruu Mo3ra. UTobbl u3jio-
JKenne ObITI0 60/Tee KOHKPETHBIM, MbI M3TOKUM U0 HEHPOHHBIX Ce-
Teit Ha TpUMeEpe 0DOOIIEHNS METO/Ia eCTECTBEHHBIX OPTOTOHAJIBHBIX
dbyukuuit (EO®). Hanomunm, 9T0 B OCHOBE METO/A €CTECTBEHHBIX
OPTOTOHAJBHBIX (DYHKITHI JEXKUT CJAEYIOIIee YTBEPKICHIE:

[ycts Mbl uMeem caywaiinoe sextoproe none {@G}, ¢ € RV,
u HyJaeBoe cpenmee < ¢ >= 0, < - > — ocpeJHeHHe MO0 AHCAMOJIIO
COCTOSHUIA.

Mycrs {€;} — 6asuc B RN . Toraa BekTop 3 MOXKeT 6bITH PasJio-
JKeH II0 3TOMY Daszucy

N
= e
i=1

[Mycrs m < N. IlpeacraBum ¢ CaeayrommuM 0bpa3oM:

m N m
=) aidi+ Y ad=)y aé+e
i=1 i=m-+1 =1

Wi

Y= it =E.

Ih

=1
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Cdopmynupyem samady mununmmsanun ||€]| npu dbuxkcupoBas-
HOM m: Haiith {€;} Taxkoe, aTobbl < ||€]| >= min. /Toxkazano (yrex-
must 11), uTo pemrenmem 3T0it 3amaun aBasierca cucrema EOD —
cucTemMa COOCTBEHHBIX BEKTOPOB KOBAPUAITMOHHONW MATPHUITBI

C=<ggl >,
C& = \ié.
[TocTpoenne npubMKEHUsT MOXKHO TPEICTABUTHL B BUIE JEHCTBUS

ABYX JIMHEUHBIX OIIePaTOPOB:
1) onmeparopa npoektuposamna RY — R™:

J:Pm@'a

rze oneparop Py, ecTh IpsiMOyTOIbHAS MATPUIA, i~ CTPOKA, KOTOPOit
eCThb €;;

2) onmeparopa, mepeBoAANIero BeKTop u3 R™ B RN:
o T 7
¢ =Pnyp,
rJe Pg; — wmarpuna, TpancrnonupoBannaa ¢ Pp,. Takum obpasowm,

pa3oKeHne <,A5 = gl: Q;€; MOYKeT OBITh TPECTABIEHO B CJIEIYIOIEM
BHJIE: =1 R
¢ = Py Pud.

OueBugno, uro ecau m = N, 1o P ecrb opToroHajibHas MaTpuUlla, u,
cnenosarensuo, PP = E.

DTy TPOLEAYPY MOKHO
MIPEICTABUATE KaK (PYHKITHOHNI-
pOBaHME HEKOTOPOIl HEWPOH-
HOI1 cetu (puc. 21.1). Ha Bxo-
e 9Toit cetm ecth N HeHpo-
HOB, KOTOPBIE OTOXK/JECTBJISA-
FOTCA C KOMIIOHEHTAMHI BEKTO-
pa . N HeiipOHOB CB3aHBI C
T, HeiDOHAMHU C TIOMOIIIBIO JIH- Puc. 21.1
HeitHOTO omeparopa P B man-

HOM KOHKPETHOM CJ/IyYae. OTOT 3Tall MOXKHO Ha3BaTh ITAIIOM KOIHUPO-

—

Banwug. Pe3yibrarT KOAUPOBAHWS €CTh BEKTOP 1 C 1M JIeMEHTAMU —
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metiponamu. lagee m mHeiipoHOB cBa3aHbI ¢ N HeifipoHAMM oTmepa-
TOPOM PT — 510 s1an eKOMMpOBaHnd. B mammoii 3aga4e mpobiema
3AKJIIOYAETCs B TOM, 4TODBI HAWTH 3/1eMeHThI oneparopa P mpu yciio-
Buit, uro < |82 >=< ||@ — F||> > MunmMambua.

CosepirreHHoO 0YeBUIHO, 9TO HUKTO HE 3aIPEIaeT HaM B KAIeCTBE
0TIepaTOPOB KOJNPOBAHNS U JEKOIUPOBAHUS NCIIOIH30BATh HETIMHE-
Hble ortepaTopbl. JIpyrumu cjaoBamu, CBA3M MeEXKJy HEHpPOHAMH MO-
ryT OBITH HeuHEHHBIME. B 3aBUCHMOCTH OT KOHKPETHBIX 3384 UUC-
JIO CJIOEB HEIPOHOB MOXKET OBbITh Pa3IUYHBIM. TakkKe Pa3IudHBIMEI
MOTYT OBITH U HeJuHeiiHble cBa3u. Hampumep, oOBIYHO B KadecTBe
HEeJIMHETHON CBA3M UCIOIB3YIOT Tuiiepbondecknii Tanrenc. s Ha-
XOXK IeHUsT HEM3BECTHBIX MMapPaMeTPOB CBA3U Pa3pabOTaHO MHOXKECTBO
METOJIOB, KOTOPBIE B JIAHHOW JIEKITUU MBI 00CYKJIaTh He OyIeM.
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IIpnnoxkenne 1

KpuTuueckne TOYKN pacupeeaeHus x>

Hucmno YpoBeHb 3HATUMOCTH
cremneHet
CBOOOIBI

0,01 | 0,025 | 0,05 | 0,95 0,975 0,99
1 6,6 5,0 3,8 | 0,0039 | 0,00098 | 0, 00016
2 9,2 7,4 6,0 | 0,103 0,051 0,020
3 11,3 | 9,4 7,8 | 0,352 0,216 0,115
4 13,3 | 11,1 | 9,5 | 0,711 0,484 0,295
5 151 12,8 | 11,1 | 1,15 | 0,831 0,554
6 16,8 | 144 | 12,6 | 1,64 1,24 0,872
7 18,5 | 16,0 | 14,1 | 2,17 1,69 1,24
8 20,1 | 17,5 | 15,5 | 2,73 2,18 1,65
9 21,7 19,0 | 16,9 | 3,33 2,70 2,09
10 23,2 | 20,5 | 18,3 | 3,94 3,25 2,56
11 247 | 219 | 19,7 | 4,57 3,82 3,05
12 26,2 | 23,3 | 21,0 | 5,23 4,40 3,57
13 27,7 | 24,7 | 224 | 5,89 5,01 4,11
14 29,1 | 26,1 | 23,7 | 6,57 5,63 4,66
15 30,6 | 27,5 | 25,0 | 7,26 6,26 5,23
16 32,0 | 288 | 26,3 | 7,96 6,91 5,81
17 33,4 | 30,2 | 276 | 8,86 7,56 6,41
18 348 | 31,5 | 289 | 9,39 8,23 7,01
19 36,2 | 329 | 30,1 | 10,1 8,91 7,63
20 376 | 342 | 314 | 10.9 9,59 8,26
21 389 | 355 | 32,7 | 11,6 10,3 8,90
22 40,3 | 36,8 | 339 | 12,3 11,0 9,54
23 41,6 | 38,1 | 35,2 | 13,1 11,7 10,2
24 43,0 | 394 | 36,4 | 138 12,4 10,9
25 44,3 | 40,6 | 37,7 | 14,6 13,1 11,5
26 456 | 419 | 389 | 154 13,8 12,2
27 47,0 | 432 | 40,1 | 16,2 14,6 12,9
28 483 | 44,5 | 41,3 | 16,9 15,3 13,6
29 49,6 | 45,7 | 42,6 | 17,7 16,0 14,3
30 50,9 | 47,0 | 43,8 | 18,5 16,8 15,0
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IIpunnoxxkenune 2
Kpuruueckne Toukn pacupeaenenus CThIOJeHTa
T‘II/ICJ‘IOU YpoBenb 3HaMUMOCTH ¢ (IBYCTOPOHHSAS KPUTUIECKAs 0B1aCTh)
crerneHei
cBOOOIBI

k 0,10 | 0,05 0,02 0,01 | 0,002 0,001
1 6,31 | 12,7 | 31,82 | 63,7 | 318,3 637,0
2 2,92 | 4,30 6,97 9,92 | 22,33 31,6
3 2,35 | 3,18 4,54 5,84 | 10,22 12,9
4 2,13 | 2,78 3,75 4,60 7,17 8,61
5 2,01 | 2,57 3,37 4,03 5,89 6,86
6 1,94 | 2,45 3,14 3,71 5,21 5,96
7 1,89 | 2,36 3,00 3,50 4,79 5,40
8 1,86 | 2,31 2,90 3,36 4,50 5,04
9 1,83 | 2,26 2,82 3,25 4,30 4,78
10 1,81 | 2,23 2,76 3,17 4,14 4,59
11 1,80 | 2,20 2,72 3,11 4,03 4,44
12 1,78 | 2,18 2,68 3,05 3,93 4,32
13 1,77 | 2,16 2,65 3,01 3,85 4,22
14 1,76 | 2,14 2,62 2,98 3,79 4,14
15 1,75 | 2,13 2,60 2,95 3,73 4,07
16 1,75 | 2,12 2,58 2,92 3,69 4,01
17 1,74 | 2,11 2,57 2,90 3,65 3,96
18 1,73 | 2,10 2,55 2,88 3,61 3,92
19 1,73 | 2,09 2,54 2,86 3,58 3,88
20 1,73 | 2,09 2,53 2,85 3,55 3,85
21 1,72 | 2,08 2,52 2,83 3,53 3,82
22 1,72 | 2,07 2,51 2,82 3,51 3,79
23 1,71 | 2,07 2,50 2,81 3,49 3,77
24 1,71 | 2,06 2,49 2,80 3,47 3,74
25 1,71 | 2,06 2,49 2,79 3,45 3,72
26 1,71 | 2,06 2,48 2,78 3,44 3,71
27 1,71 | 2,05 2,47 2,77 3,42 3,69
28 1,70 | 2,05 2,46 2,76 3,40 3,66
29 1,70 | 2,05 2,46 2,76 3,40 3,66
30 1,70 | 2,04 2,46 2,75 3,39 3,65
40 1,68 | 2,02 2,42 2,70 3,31 3,55
60 1,67 | 2,00 2,39 2,66 3,23 3,46
120 1,66 | 1,98 2,36 2,62 3,17 3,37
00 1,64 | 1,96 2,33 2,58 3,09 3,29

0,05 | 0,025 | 0,01 | 0,005 | 0,001 0,0005

Yposenb 3naunMocTH ¢ (OIHOCTOPOHHSAS KPUTUIECKAT 00JIACTD )
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