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Problem statement

We consider large sparse systems with symmetric and positive definite (SPD) matri-
ces arising from the discretisation of PDEs:

Az =b, AR 2 € R" beR" nnz(A) < n*. (1)
The standard method to solve such systems is conjugate gradient (CG) method. Con-

vergence rate of CG is determined by /k(A), where k(A) = |Amax| /| Amn|. Practi-
tioners need to rely on effective preconditioners P for faster convergence of CG.

In this work we make us of the duality between sparse matrices and graphs to obtain
vertices and edges:

Ar=b—=>G=(V,€), wherea;j=¢,; €E,bj=v, € V. (2)

Main idea is to learn such a preconditioner P(#) that can outperform classical pre-
conditioner P in terms of effect on spectrum:

k(P(O)A) < k(P'A) < K(A). (3)
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Choice of loss function

Previous work [3] used a message-passing GNN to construct preconditioner in the
form of Cholesky decomposition P(0) = L(6)L(8)!, where L(8) = GNN(6, A, b).

Pros: Cons:

= Preserved sparsity pattern; = \Worse than classical P:

= Controlled properties; = Unstable learning:

= Shallow size and single inference. ] Gow for | ;
= Loss overflow for large systems.

Proposed approach

We propose a PreCorrector. Our architecture fed with L from the |C decomposi-
tion to GNN and trained to predict a correction for this decomposition:

L(0) = L+ a - GNN(, L, b), (4)

where « is a learned parameter coefficient.
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Figure 1. PreCorrector scheme that takes IC(0) as input.
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A natural choice is || P — AH? [1]. It is not optimal since its tends to minimize high
frequency ComeonentS first. One can tackle low frequency components with loss
|(P — A)A~Y|| .. We can rewrite latter loss with Hutchinson’s estimator [2]:

[(P—A) A5 = |[PAT = 1|5 = T ((PA™ = )T(PA™ = 1)
e~ N(0,1). (5)
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Assuming we have a dataset of linear systems A;z; = b; e = b;, P = L(0)L()" and
A b = x;, we obtain:

1 N
L= ; |L(O)L(B) =i — bl (6)

Loss (6) appeared earlier in [3]. Now we provide an understanding that this loss is
a good choice because it mitigates low frequency components.

Loss 107¢ 1079 107 w(PrA) AL AL
|P—All., 123447 155453 182454 571 0.0033 1.88
|(P— M)A, 42+17 55421 67+25 60  0.1406 8.40

Table 1. Comparison of loss functions. Number of CG iterations on the diffusion equation with 0.7
on grid 64 x 64. During training Hutchinson trick is applied for both losses. 'Condition number and
eigenvalues are calculated on a single sampled linear system.

Matrix x(P~1A) Amin Amax ||LLTA™! — ]H; Bound A\min  Bound Amay
A 87565 17.5506 1536813.4 - - -
(LoL{)'A 749 0.0016 1.2 1.04 - 10° 9.7-107" 230

(LOLO)T) "4 78 0.1981 155  1.73-103 8.4-1073 4157

Table 2. Condition number, spectrum and value of different losses for a sampled model from
diffusion equation with variance 0.7 on grid 128 x 128. The loss value is calculated directly with A~

Dataset

We test PreCorrector on SPD matrices obtained by discretization of elliptic equation:
—V - (k(z)Vu(z)) = f(z), inQ
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Figure 2. Coefficient function k(z) = exp (¢(x)) for grid 128 x 128 with different variances.

Resutls
Same algorithmic complexity
Time (iters) Time (iters) Time (iters)
Grid Method Pre-time to 107° to 107° to 107
co st AELR e o
PreCor[IC(0)] 2.0-107° O.?677lf3(.)é())78 0.13250;3(.)5())79 O'ggg . 30..§>79
1282128 ICH(1) 38103 0.720 £ 0.098  0.902 £ 0.122 1.048 £ 0.141
(95 + 3.5) (119 + 3.4) (139 + 3.5)
PreCor[ICH(1)] 5.4-107° O'A(goofz%?ﬂ O.?6943f2(.)é())78 0'7(;)7853(.)1())86
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Time (iters)  Time (iters)  Time (iters)
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64 x 64
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Previous work
Time (iters)  Time (iters)  Time (iters)
Grid Method Pre-time to 1073 to 1076 to 1077
32 x 32 PreCor[IC(0)] 1.6-107° o.(<);110 f&?% o.(()2580 f&?% O'(()??SO fo(_)ﬁ%
NN(a) 250 Vi EI U EQ O <o
IC(0) 16104 O%gl;il()i))lo O(l:ji:lOg)lQ 0?915;&(())3)14
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GNN [3] 2.5-1073 nant nan! nant
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