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Remarkable	  Scien6st	  
•  Gury	  Marchuk	  

•  Gury	  Marchuk	  Born	  8	  June	  1925	  
Petro-‐Khersonets,	  Orenburg	  Governorate,	  
USSR	  Died	  24	  March	  2013	  Na6onality	  
Russian	  Alma	  mater	  
Leningrad	  State	  University	  Thesis	  	  (1957)	  
Gury	  Ivanovich	  Marchuk	  (Russian:	  Гурий	  
Иванович	  Марчук;	  8	  June	  1925	  –	  24	  
March	  2013)	  was	  a	  prominent	  Soviet	  and	  
Russian	  scien6st	  in	  the	  fields	  of	  
computa6onal	  mathema6cs,	  and	  physics	  
of	  atmosphere.[1]	  Academician	  (since	  
1968);	  the	  President	  of	  the	  
USSR	  Academy	  of	  Sciences	  in	  1986–1991.	  
Among	  his	  notable	  prizes	  are	  the	  
USSR	  State	  Prize	  (1979),	  Demidov	  Prize	  
(2004),	  Lomonosov	  Gold	  Medal	  (2004).	  

	  



Remarkable	  Coincidence	  



Outline	  

•  Examine:	  Why/How	  do	  large	  scales	  lose	  
predictability?	  

1)	  Adjoints	  +	  Predictability=Singular	  Vectors	  
2)	  Ra6onal	  approach	  to	  ensemble	  
3)	  Fraternal	  twin	  experiments	  
4)	  Singular	  vectors	  vs	  cascade	  



Unaccounted	  Influence	  of	  Marchuk	  

•  English	  versions	  of	  
work	  in	  book	  appears	  
in	  1980’s	  

•  Dan	  Cacuci	  analyzes	  
Climate	  Sensi6vity	  
using	  adjoint	  
methods	  

•  Use	  in	  Varia6onal	  
Data	  Assimila6on	  

•  Use	  in	  Generalized	  
Stability	  and	  
Ensemble	  Predic6on	  



1.	  Adjoint	  Operators	  and	  
Predictability	  

Clearly	  related	  



The	  ECMWF	  approach	  to	  the	  
simula6on	  of	  ini6al	  uncertain6es	  

MOST	  DANGEROUS	  DIRECTIONS	  
Perturba6ons	  poin6ng	  along	  
different	  axes	  in	  the	  phase-‐space	  
of	  the	  system	  are	  characterized	  by	  
different	  amplifica6on	  rates.	  As	  a	  
consequence,	  the	  ini6al	  PDF	  is	  
stretched	  principally	  along	  
direc6ons	  of	  maximum	  growth.	  	  
	  
The	  component	  of	  an	  ini6al	  
perturba6on	  poin6ng	  along	  a	  
direc6on	  of	  maximum	  growth	  
amplifies	  more	  than	  a	  component	  
along	  another	  direc6on	  .	  	  

t=0 

t=T1 

t=T2 



Singular	  vector	  defini6on:	  	  
the	  linear	  equa6ons	  

Consider	  an	  N-‐dimensional	  nonlinear	  system:	  	  
	  
	  
	  
Denote	  by	  z’	  a	  small	  perturba6on	  around	  a	  6me-‐evolving	  trajectory	  z:	  
	  
	  
	  
	  
	  
	  
The	   6me	   evolu6on	   of	   the	   small	   perturba6on	   z’	   is	   described	   to	   a	   good	   degree	   of	  
approxima6on	  by	  the	  linearized	  system	  Al(z,t)	  defined	  by	  the	  trajectory.	  	  

∂y
∂t
= A(y, t)

∂ "z
∂t

= Al (z, t) "z

∂z
∂t
= A(z, t)

Al (z, t) =
∂A(z, t)
∂z z



Singular	  vector	  defini6on:	  
	  the	  linear	  propagator	  

The	  perturba6on	  z’	  at	  6me	  t	   is	  given	  by	  the	  6me	   integra6on	  from	  the	   ini6al	  state	  
z’(t=0)	  of	  the	  linear	  system:	  
	  
	  
	  
The	  solu6on	  can	  be	  wri|en	  in	  terms	  of	  the	  linear	  propagator	  L(t,0):	  
	  
	  
	  
The	   linear	   propagator	   is	   defined	   by	   the	   system	   equa6ons	   and	   depends	   on	   the	  
trajectory	  characteris6cs.	  The	  E-‐norm	  of	  the	  perturba6on	  at	  6me	  t	  is	  given	  by:	  
	  

!z (t) = !z0 + Al (z, s)ds
0

t
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Simula6on	  of	  ini6al	  uncertain6es:	  
	  the	  singular	  vector	  approach	  

The	  problem	  of	  the	  computa6on	  of	  the	  direc6ons	  of	  maximum	  growth	  of	  a	  6me	  
evolving	  trajectory	  is	  solved	  by	  compu6ng	  the	  singular	  vectors	  of	  K=E1/2LE0-‐1/2,	  i.e.	  
by	  Rayleigh-‐Ritz	  equivalent	  to	  solving	  the	  following	  eigenvalue	  problem	  :	  
	  
	  
	  
	  
	  
By	  defini6on,	  the	  singular	  vectors	  depend:	  

–  on the initial and final time metrics E0 and E; 
–  on the linear propagator L(t,0); 
–  on the time-evolving trajectory along which they are computed; 
–  on the optimization time interval.	  

E0
−1 2L*ELE0

−1 2v =σ 2v



In	  Ensemble	  Weather	  Predic6on:	  
Singular	  vectors	  and	  Bred	  vectors	  are	  used	  

Basic state jet 

Singular vector (upper) 
Bred vector (lower) 

Singular vectors are the fastest growing structures into the future 
Bred vectors are the fastest growing structures from the past. 
 
Prediction of a nascent (SV) or mature (BV) probability density 
SVs  are EOFs of unstructured initial errors 
BVs  are EOFs  of structured initial errors 
SVs evolve toward BVs 

Basic state 

S.V. 

B.V. 



2.	  A	  Ra6onal	  Approach	  to	  	  
Ensemble	  Predic6on	  

Not	  Just	  the	  ’Most	  Dangerous’	  
Degrees	  of	  Freedom	  



The	  probabilis6c	  approach	  to	  NWP:	  
	  ensemble	  predic6on	  

A complete description of the 
weather prediction problem can be 
stated in terms of the time 
evolution of an appropriate 
probability density function (PDF).  
 
Ensemble prediction based on a 
finite small number of deterministic 
integrations appears to be the only 
feasible method to predict the PDF 
beyond the range of linear growth. 
 
We must be strategic in sampling 
to capture the most important parts 
of PDF evolution 

fc
0 

fcj 

reality 

PDF(0) 

PDF(t) 

Temperature Temperature 

Forecast time 



Probabilis6c	  view	  of	  Predictability	  
with	  a	  Hydrodynamic	  analogy	  

Given	  a	  linearized	  dynamical	  system	  
	  
Consider	  the	  evolu6on	  of	  
a	  density	  of	  states	  
	  
Liouville	  equa6on	  
	  

dx / dt = f (x,t) ≈ Ax =V (x,t)

p(x,t)

∂p ∂t +∇•(Vp) = 0
Initially, p(x,0)  is a tight distribution that dynamically broadens in time  
For short time uncertainty is small and linearity of deviations  is reasonable 
 
For  time order Δt Singular Vectors = Eigenvectors of the Rate of Strain Tensor for V 
For a linear system SV’s are EOF’s of the PDF at t=Tinit and t=Tfinal 



Opera6onal	  Singular	  Vectors	  
500hPa	  Ini=al	  State	  
12	  UTC	  17	  January	  1987	  

Six	  leading	  Singular	  Vectors	  
Note	  small	  scale	  and	  local	  nature	  



Sensi6vity	  of	  growth	  rate	  to	  
op6miza6on	  6me	  	  

36hr	  
24hr	  
12hr	  



Some	  (second)	  thoughts	  
	  on	  selec6ve	  sampling	  

• 	  Reduced	  sampling	   is	  ONLY	  efficient	   if	  one	   is	   interested	   in	  a	   few	  ques6ons	  only	  
(e.g.	   sample	   ini6al	   uncertain6es	   domina6ng	   forecast	   error	   growth	   defined	   in	  
terms	  of	  total	  energy	  during	  the	  first	  2	  days).	  	  

• 	  Reduced	  sampling	  based	  on	  singular	  vectors	  (ECMWF)	  is	  valid	  only	  in	  the	  linear	  
regime,	  requires	  a	  tangent	  forward	  and	  adjoint	  model.	  SV	  perturba6ons	  are	  metric	  
sensi6ve.	  

• 	  Reduced	  sampling	  based	  on	  breeding	  vectors	  (NCEP)	  is	  easier	  to	  implement,	  less	  
expensive,	  but	  it	  does	  not	  emulate	  the	  scale-‐selec6ve	  effect	  of	  observa6ons	  during	  
the	  analysis	  cycle.	  
	  



EXAMPLE: distribution bias 

Ideally histogram is flat. Wings are over-populated. 
               Predicted distribution too tight. 



3.	  Fraternal	  Twins	  
a	  natural	  way	  to	  study	  predictability	  

error	  growth	  

Strategic	  Sampling	  	  
has	  built	  in	  bias	  that	  might	  

affect	  long	  term	  predictability	  



KE	  spectrum	  fraternal	  twin	  experiments	  
T180	  (1.5°)	  resolu6on	  GCM=Truth	  	  

Leaving	  RESOLVED	  ini6al	  state	  unchanged	  
gradually	  coarsen	  resolu6on	  



‘Streamfunc6on’	  Spectrum	  fraternal	  twin	  

Large	  scales	  dragged	  along	  by	  synop6c	  scales	  



2D-‐Turbulence	  Closure	  Predic6on:	  
Small	  scale	  satura6on-‐>inverse	  cascade	  of	  error	  

	  



Both	  look	  more	  like	  the	  GCM	  and	  less	  like	  	  
	  	  	  	  	  the	  satura=on	  inverse	  cascade	  picture	  

Fraternal	  Twin	  	  2D	  and	  
Quasigeostrophic	  Turbulence	  

5d	  
4d	  
3d	  
2d	  
	  
1d	  
	  
	  
	  
	  
	  
	  
1/2d	  

5d	  
4d	  
	  
2d	  
	  
1d	  
	  
	  
	  
1/2d	  

Barotropic	  Model	   Quasigeostrophic	  Model	  



4.	  Singular	  Vectors	  and	  the	  
Inverse	  Cascade	  of	  Error	  

	  Pu�ng	  the	  pieces	  
together	  



QG	  basic	  State	  and	  Error	  Snapshot	  

QG	  Model	  	  	  
	  
Instantaneous	  	  
Streamfunc6on	  	  	  	  

Instantaneous	  	  
Fraternal	  Twin	  
QGPV	  error	  field	  

Ac6ve	  regions=regions	  of	  hydrodynamic	  strain	  



Error	  vs	  Leading	  SV	  

Instantaneous	  
Fraternal	  Error	  
In	  QGPV	  

Leading	  Energy	  Norm	  
Singular	  Vector	  
QGPV	  field	  

Ac6ve	  regions	  also	  regions	  of	  large	  amplitude	  in	  leading	  singular	  vector	  

Lagrangian	  PV	  Dynamics	  means	  	  
Fluid	  Strain	  equates	  to	  Phase	  Space	  Strain	  



Conclusions	  

•  Use	  of	  Adjoint	  Sensi6vity	  Analysis	  in	  Ensemble	  
Weather	  Predic6on	  (evidence	  of	  Marchuk’s	  
strong	  and	  broad	  influence)	  

•  Probabilis6c	  /Hydrodynamic	  interpreta6on	  of	  
Singular	  Vectors	  

•  Satura6on/Inverse	  Cascade	  Ideas	  require	  
Modifica6on	  

•  Singular	  Vectors	  for	  Analysis	  of	  Informa6on	  
loss	  



The	  End	  

Thank-‐you	  	  
and	  	  

Ques6ons?	  
	  



EXTRA	  SLIDES	  



	  Nonlinear	  terms	  can	  only	  conserva6vely	  exchange	  energy	  	  
Spectral	  proper6es	  can	  be	  go|en	  by	  dimension	  analysis	  





Decomposi6on	  in	  space	  at	  t=0	  



Growth	  a�er	  one	  day	  



Spa6al	  growth	  at	  3	  days	  



By	  Rayleigh-‐Ritz	  also	  are	  vectors	  with	  maximal	  growth	  	  in	  energy	  norm	  
BVs	  build	  the	  ini6al	  error	  covariance	  into	  the	  norm	  

Error	  Growth	  is	  ‘almost’	  linear-‐	  use	  this	  



Outline	  

•  Review	  the	  basics	  of	  3D	  vs	  2D	  turbulence	  and	  its	  
QG	  partner	  

•  Constraints	  and	  self-‐consistency	  	  of	  QG	  
•  Beyond	  QG	  to	  Nastrom-‐Gage	  	  range	  
•  Some	  high	  resolu6on	  studies	  
•  How	  to	  break	  QGT	  and	  get	  N-‐G	  spectrum	  
•  Poten6al	  predictability	  and	  modeling	  implica6ons	  
and	  other	  stuff	  going	  on	  in	  the	  atmosphere	  	  



Two	  ques=ons	  of	  a	  mathema=cal	  nature:	  
	  
	  	  Is	  there	  a	  maximum	  principle	  for	  predictability?	  
	  
	  	  Can	  state	  dependent	  error	  growth	  bounds	  be	  useful?	  



Recall	  the	  cascade	  concept	  of	  3D	  
turbulence	  	  



By	  Rayleigh-‐Ritz	  also	  are	  vectors	  with	  maximal	  growth	  

QG	  simple	  enough	  to	  dynamically	  analyze	  predictability	  



	  Atmospheric	  spectrum	  inspired	  
by	  two-‐dimensional	  turbulence	  

Some time scales: 
 
Teddy~ (E(k)k3)-1/2 
 
Trossby~ k/β 
 
Rhines scale 
Length at which: 
 
Teddy  = TRossby 

-5/3 range Teddy~k-2/3 
-3  range   Teddy~ const 

Wavenumbers near 10 correspond 
to both the Rhines scale and the  
injection scale. Energy cascade to 
Large scales is inhibited by  
Rossby  wave motion . 
 
Few Rossby wave resonances 
      and few wavenumbers 



Can	  we	  explain	  the	  Nastrom	  &	  Gage	  
Spectrum?	  



How	  do	  things	  change	  in	  2D?	  
Nonlinear	  terms	  conserva6vely	  exchange	  

	  both	  energy	  and	  enstrophy	  



In	  2d	  turbulence	  the	  enstrophy	  
conserving	  range	  gives:	  

[E(k)] =L3T-2     

[η]=T-3   and   [k]=L-1 

So  E(k)= C2η2/3k-3 



How	  do	  we	  decide	  direc6on?	  
Use	  a	  variant	  of	  Fjorto�	  Theorem	  



The	  Spectral	  Enstrophy	  transfer	  is	  then	  
constrained	  as	  follows:	  



On	  to	  QGT	  :	  Summary	  of	  Mid-‐la6tude	  QG	  theory	  
	  beta	  plane	  (dx=a	  cos(Φ)dλ,	  dy=a	  dΦ)	  



Scaled	  equa6ons	  have	  several	  small	  terms	  

•  Rossby	  number	  Ro=U/(f0L)	  is	  ~0.1	  
•  If	  L	  is	  restricted	  so	  that	  L<<a	  then	  βL/f0	  	  is	  also	  
~0.1	  

•  Burger	  number	  B=S(p)P0/(f0L)2	  	  is	  order	  1	  
•  Perfect	  for	  asympto6c	  expansion	  in	  Ro	  
•  Expand	  all	  dependent	  variables	  in	  a	  series	  in	  
powers	  of	  Ro	  	  and	  match	  powers	  	  



At	  order	  zero	  we	  get	  a	  linear	  system	  	  
constant	  	  coefficients	  	  

	  The	  solu6on	  can	  be	  	  given	  as	  a	  superposi6on	  of	  
	  iner6a	  gravity	  waves	  and	  vor6cal	  modes	  	  
with	  frequencies	  

2/12
0

2 ))((
2

lkgHf ++±=±σ

for	  iner6a	  gravity	  waves	  and	  
	  	  	  	  	  	  σ0=0	  for	  vor6cal	  modes	  



At	  1st	  order	  restrict	  mo6on	  
	  to	  slow	  6me	  scale:	  

	  Nonlinear	  QG	  equa6ons	  	  
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 Similar to two–dimensional  non-divergent governing 
equations.  Isomorphic  if variation in p is ignored  and: 

ψ2  ∇≡q
Note: We also get diagnostic equation for divergence 
The QG omega equation      Lω=F 
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	  Quasi-‐slow	  manifold	  and	  	  QG	  turbulence	  
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Fjorto9	  Constraints	  

nnn

nnn

nnnn

nnn

ecENeE

cae

caEa

cL

dVLEN

dVLE

∑∑

∑∑

∫
∫

==

≡

==

−=

=

−=

2

22

22

2

2

 and  

Let 

  ,

)(Enstrophy  Pot.
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E	  

c1	  

c2	  

Cannot	  maintain	  balance	  if	  
Energy	  moves	  toward	  large	  n	  
Energy	  cannot	  be	  cascaded	  	  
	  	  	  	  	  	  	  	  	  	  	  to	  small	  scale	  



Implica6ons	  of	  QG	  	  Turbulence	  

•  Poten6al	  Vor6city	  analog	  of	  2D	  vor6city	  
•  Poten6al	  Enstrophy	  cascaded	  to	  small	  scale	  with	  
zero	  flux	  of	  total	  energy	  (KE+APE)	  

•  Total	  energy	  spectrum	  α	  k-‐3	  	  
•  Ro(L)=	  (Enstrophy)½/f=	  constant	  	  
•  Ri(L)-‐>	  ∞	  as	  L-‐>0	  
•  No	  new	  instabili6es	  	  
•  QGT	  unbreakable	  down	  to	  3D	  isotropic	  scales	  
	  Energy	  containing	  eddies	  QG	  -‐>all	  scales	  QG	  



How	  can	  we	  then	  explain	  the	  
Nastrom	  &	  Gage	  Spectrum?	  



Some	  possibili6es	  
	  (that	  could	  work)	  	  

•  Inverse	  cascade	  of	  balanced	  turbulence	  due	  to	  
injec6on	  of	  energy	  by	  small	  scale	  convec6on	  
(Gage,	  Lilly)	  

•  N2	  scaling	  (Kimura	  and	  Herring)	  
•  Stra6fied	  Turbulence	  (Lindborg)	  
•  Surface	  geostrophic	  dynamics	  at	  the	  
tropopause	  (Tulloch	  and	  Smith)	  

	  



Height	  dependence	  
of	  the	  spectrum	  (SGT?)	  

Compensated 
Spectrum 
E(k) x k5/3 



Links	  to	  limited	  area	  modeling	  

Examine	  band	  limited	  
Predictability.	  
	  
Only	  permit	  errors	  in	  	  
Large/Small	  scales	  



HOMME	  	  and	  Spectral	  
results	  (Taylor	  and	  Williamson)	  



Dry	  hydrosta6c	  dynamics	  
Held-‐Suarez	  forcing	  

Bottleneck? 



Earth	  Simulator	  
Takahashi et al tuned viscosity 

Full moist physics Comparison with dry dynamics 



HS	  forcing	  height	  dependence	  and	  
comparison	  with	  aqua	  planet	  

QGT no longer dominant for L<100km 
            What is going on?  



Restrict	  mo6on	  to	  slow	  6me	  scale:	  
	  Nonlinear	  QG	  equa6ons	  	  
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 Similar to two–dimensional  non-divergent governing 
equations.  Isomorphic  if variation in p is ignored  and: 

ψ2  ∇≡q

NB: We also get diagnostic equation for divergence 
The QG omega equation      Lω=F 

)()/( 22 ψωω FSf pp =+∇



HypotheAcal	  Curved	  Slow	  Manifold	  

Question: How is G(R) spectrally distributed? 



QG	  Turbulence	  
Poten6al	  Vor6city	  



Balanced	  Divergent	  Wind	  spectrum	  
from	  QG	  	  

wavenumber 

Rot 
Div 
Ens 

Rot 
Div 
KE 

wavenumber 



What	  (I	  believe)	  
may	  be	  going	  on	  

•  Divergent	  wind	  spectrum	  	  –5/3	  
•  Due	  to	  balanced	  gravity	  waves	  
•  Collision	  course	  breaks	  QG	  

dynamics:	  vort	  &	  div	  same	  size.	  	  
•  Not	  part	  of	  QG	  or	  balanced	  

ordering	  	  
•  Divergence	  amplified	  by	  moist	  

processes	  
•  Transi6on	  moves	  upscale	  
•  Pathway	  to	  isotropy	  and	  3D	  

turbulence	  
•  KE	  dissipa6on	  	  increases	  thru	  

forward	  cascade	  



Some	  un-‐answered	  ques6ons?	  

•  What	  actually	  happens	  in	  the	  atmosphere	  ?	  
•  Can	  we	  theorize	  without	  QG	  turbulence?	  
•  Will	  predictability	  es6mates	  change?	  
•  How	  QGT	  dissipate?	  
•  Are	  we	  parameterizing	  subgrid	  momentum	  
exchange	  	  correctly?	  (Stochas6c,	  bo|leneck)	  

•  How	  will	  modeled	  climate	  change	  with	  mesoscale	  
variability?	  

•  What	  is	  the	  role	  of	  moisture?	  
	  



Rapid	  error	  growth	  in	  a	  turbulence	  closure	  
inverse	  cascade	  

Lorenz	  proposes	  	  
3	  ways	  to	  es6mate	  
Predictability	  
	  
1)	  Model	  experiments	  
2)	  Analogues	  
3)	  Turbulence	  closure	  
	  
All	  imperfect	  

Example	  of	  closure	  
model	  	  



Moisture:Convec6vely	  Coupled	  
Equatorial	  	  Gravity	  Wave	  spectra	  

Zagar et al (2009) 

Eastward Westward 



Climate	  Simula6on	  in	  HOMME	  



The	  End	  

Thank	  you	  for	  your	  a|en6on	  
Ques6ons?	  



Recall:	  
QG	  equa6ons	  with	  constant	  f	  
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Note	  similarity	  to	  two–dimensional	  	  non-‐divergent	  governing	  
equa6ons.	  	  Isomorphic	  	  if	  varia6ons	  in	  p	  is	  ignored	  	  and:	  

ψ2  ∇≡q



	  Nastrom	  &	  Gage	  Spectrum	  
The	  real	  atmosphere	  not	  2D	  or	  3D	  



	  Atmospheric	  spectrum	  
from	  analyzed	  data	  

Some	  6me	  scales:	  
	  
Teddy~	  (E(k)k3)1/2	  
	  
TRossby~k/β	  
	  
Rhines	  scale	  
Length	  at	  which:	  
	  
Tedyy	  	  =	  TRossby	  

-‐5/3	  range	  Teddy~k1/3	  
-‐3	  	  range	  	  	  Teddy~	  const	  

Wavenumbers	  near	  10	  correspond	  
to	  both	  the	  Rhines	  scale	  and	  the	  	  
injec6on	  scale.	  Energy	  cascade	  to	  
Large	  scales	  is	  inhibited	  by	  	  
Rossby	  	  wave	  mo6on	  .	  
	  
Few	  Rossby	  wave	  resonances	  
	  	  	  	  	  	  and	  few	  wavenumbers	  



Climate	  Simula6on	  in	  HOMME	  



What	  we	  think	  	  
is	  going	  on	  

•  Divergent	  wind	  spectrum	  	  –5/3	  
•  Due	  to	  balanced	  gravity	  waves	  
•  Collision	  course	  breaks	  QG	  

dynamics:	  vort	  &	  div	  same	  size.	  
Not	  part	  of	  QG	  ordering	  

•  QG	  cannot	  be	  broken	  by	  small	  
scale	  Rossby	  number	  	  

•  Divergence	  amplified	  by	  moist	  
processes	  

•  Transi6on	  moves	  upscale	  
•  Pathway	  to	  isotropy	  and	  3D	  

turbulence	  
•  KE	  dissipa6on	  	  increases	  thru	  

forward	  cascade	  



Chris	  Velden	  (U.Wisc/CIMSS)	  

	  	  Predictability:	  How	  long	  can	  we	  accurately	  
predict	  this?	  

Water	  
Vapor	  
Channel	  

‘Predic6on	  is	  hard-‐especially	  into	  the	  future’	  
	  	  	  	  	  	  	  	  	  	  	  A|ributed	  to	  Neils	  Bohr	  



Evolving	  2D	  Turbulence:	  
simplest	  example	  

t=0	  

t=3-‐4	  



Evolving	  2D	  Turbulence:	  
simplest	  example	  

t=0	  

t=3-‐4	  



Backsca|ered	  vor6city	  tendency:	  
fraternal	  twin	  

),( YXMX =! ),( YXMX =!

),( YXMX =!

M(X,Y)	  
vs	  
M(X,0)	  

t=0	  

t=3-‐4	  



Important	  difference	  between	  
2D	  and	  3D	  turbulence	  

2D	  turbulence	  
•  Enstrophy	  cascade	  [η]=T-‐3	  	  
•  [E(k)]	  =L3T-‐2	  
•  E(k)=	  C2η2/3k-‐3	  
•  T-‐2	  =[E(k)]/L3	  =k3	  [E(k)]	  
•  T(k)~Constant	  
•  Errors	  from	  small	  scale	  take	  	  

longer	  and	  longer	  6me	  to	  
reach	  large	  scale	  (algebraic)	  

	  

	  

3D	  turbulence	  
•  Energy	  cascade	  [ε]=L2T-‐3	  	  
•  [E(k)]	  =L3T-‐2	  
•  E(k)=	  C3ε2/3k-‐5/3	  
•  T-‐2	  =[E(k)]/L3	  =k3	  [E(k)]	  
•  T(k)~const	  x	  k-‐2/3	  	  
•  Errors	  from	  small	  scale	  take	  

a	  fixed	  6me	  to	  reach	  large	  
scale	  	  

Butterflies take a long time to influence large scale 2D weather 
Too long compared to forcing at other scales 



Chris	  Velden	  (U.Wisc/CIMSS)	  

Can	  we	  describe	  this	  as	  two	  
dimensional	  turbulence?	  

Water	  
Vapor	  
Channel	  

Horizontal	  turbulence	  in	  mid-‐la6tudes	  
Atmosphere	  a	  thin	  fluid	  	  D/L<<1	  



EXAMPLE:	  Spectral	  models	  and	  erroneous	  
small	  scales	  

Schema=c	  GFD	  energy	  spectrum	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  cutoffs	  
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Simplest	  closure	  

Dynamics	  of	  Y(k)’s	  condi6onally	  
	  	  	  	  	  	  dependent	  on	  X(k)’s	  



Evolving	  2D	  Turbulence:	  
simplest	  example	  

t=0	  

t=3-‐4	  



Backsca|ered	  vor6city	  tendency:	  
fraternal	  twin	  

),( YXMX =! ),( YXMX =!

),( YXMX =!

M(X,Y)	  
vs	  
M(X,0)	  

t=0	  

t=3-‐4	  



Probabilis6c/Stochas6c	  view	  of	  
Predictability	  

Given	  a	  random	  dynamical	  system	  
	  
Consider	  the	  evolu6on	  of	  
a	  density	  of	  states	  
	  
Fokker-‐Planck	  equa6on	  
	  

!x = f (x,t)+ D !w

p(x,t)

∂p ∂t +∇ ! (fp) = D∇2 p

Singular vectors represent the time adjustment of the FP equation 
              Bred vectors effects of the initial  state p(x,0) 



How	  to	  get	  to	  quasi-‐geostrophic	  model	  

Start	  with	  Primi6ve	  Equa6ons	  
In	  Non-‐dimensional	  Form	  

R=U/fL	  the	  Rossby	  Number	  
B=D(N/fL)**2	  the	  Burger	  Number	  

For	  small	  Rossby	  Number	  Asympto6c	  
Expansion	  and	  Resonance	  Condi6on	  	  
Gives:	  

qt + J(ψ,q) = 0

Same	  form	  as	  2D	  vor=city	  equa=on.	  Invert	  3D	  ellip=c	  operator	  



Important	  difference	  between	  
2D	  and	  3D	  turbulence	  

2D	  turbulence	  
•  Enstrophy	  cascade	  [η]=T-‐3	  	  
•  [E(k)]	  =L3T-‐2	  
•  E(k)=	  C2η2/3k-‐3	  
•  T-‐2	  =[E(k)]/L3	  =k3	  [E(k)]	  
•  T(k)~Constant	  
•  Errors	  from	  small	  scale	  take	  	  

longer	  and	  longer	  6me	  to	  
reach	  large	  scale	  (algebraic)	  

	  

	  

3D	  turbulence	  
•  Energy	  cascade	  [ε]=L2T-‐3	  	  
•  [E(k)]	  =L3T-‐2	  
•  E(k)=	  C3ε2/3k-‐5/3	  
•  T-‐2	  =[E(k)]/L3	  =k3	  [E(k)]	  
•  T(k)~const	  x	  k-‐2/3	  	  
•  Errors	  from	  small	  scale	  take	  

a	  fixed	  6me	  to	  reach	  large	  
scale	  	  

Butterflies take a long time to influence large scale 2D weather 
Too long compared to forcing at other scales 



Singular	  vector	  analysis	  of	  fraternal	  twin	  
error	  growth	  

QG	  model	  	  
State	  
	  
	  
Error	  
growth	  

Error	  
growth	  
	  
	  
Leading	  
SV	  

Rapid	  growing	  structures	  organize	  the	  stochas6c	  backsca|er	  




